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Motivation

• Identification of a local thermodynamic pressure(s) for

description of strongly inhomogeneous equilibrium

systems (e.g. warm, dense matter).

• Possible constraint of equivalence of thermodynamic

and mechanical concepts of pressure.

• Extend definitions to local equilibrium states of

hydrodynamics with spatially varying temperature.

• Thermodynamic and mechanical definitions of local

pressures different.

• Practical consequences.



Non-uniform system at equilibrium

Thermodynamics 

Equilibrium averages 



same as (intrinsic) virial 

theorem 

local pressure 

Aside – relationship to DFT 



Not unique – one choice: 

More generally: 

How to choose                          ?   Compare mechanical concept of  pressure.  



local conservation law for average momentum density (Heisenberg dynamics) 

with 

Equilibrium average 

“pressure tensor”  

mechanical pressure   

Direct calculation gives    

So good candidate for local pressure 



Consistency of thermodynamic and mechanical concepts suggests

the local pressure should be chosen as

Coupling of thermodynamic and mechanical properties
(Pozhar, Gubbins, and Percus, Phys. Rev E48, 1819 (1993))

It follows directly that   



Two local pressures identified, but not the same. 

Both can be written as local virial averages 

Summary

However, thermodynamic pressure can be chosen to be the same as mechanical 



Macroscopic conservation laws – origins of hydrodynamics

local rest frame, both pressure tensor 

and dissipation



Local equilibrium hydrodynamic pressure tensor, pressure

Local equilibrium “thermodynamic” pressure

generalization of  grand canonical ensemble 

“thermodynamics” 



Hydrodynamic and thermodynamic pressures different

Global pressures are the same 

but cannot add                          to                        for 
alternative  thermodynamic choice :

Comment: difference persists in the uniform temperature limit



Can hydrodynamic pressure/ pressure tensor be chosen differently?

Yes 

But still cannot correct the pressure differences 



Summary

• Local pressures can be defined from equilibrium grand potential 
(thermodynamics), but not unique.

• Local pressure can be defined from equilibrium average stress 
tensor (mechanics)

• Local pressures can be equated by appropriate thermodynamic 
choice

• Similar results for local equilibrium states, but freedom to 
require equivalence excluded by spatially varying temperature.

• Different pressure for hydrodynamics requires care in using DFT 
results (thermodynamics) for practical calculations


