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We formulate and apply the EOM-CC method to determine, recursively, any order and any process
frequency dependent hyperpolarizability. Combining the theory with systematically chosen
n-aug-cc-pVXZ bases, we attempt to converge to the basis set limit. Our best ‘‘relaxed’’ result is
29.860.5 a.u. forbSHG compared to an experimental value of211.061 a.u. and 720640 a.u. for
gdc-SHG compared to 8406120 a.u. If orbital relaxation could be neglected, the results are
210.260.5 a.u. and 730640 a.u., falling within the error bars. ©1997 American Institute of
Physics.@S0021-9606~97!03348-5#
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A number of papers have studied the hyperpolarizab
ties of the FH molecule with correlation since 1979.1–8 A
critical analysis of all the high-level calculations until 1995

concluded that, contrary to several other molecules wh
theoretical frequency-dependent hyperpolarizabilities agr
to within about 10% with gas phase experimental data,
theoretical results for FH showed an error of about 20
Despite the small difference, and the very small magnitu
of the FH hyperpolarizability that can enhance the perc
error, high-level, correlatedab initio theory should be able to
unambiguously provide agreement to within 10% for suc
simple molecule, or the experimental value9 should be recon-
sidered.

In prior theoretical work, the frequency dependence h
been estimated from time-dependent Hartree–Fock~TDHF!
theory,5 or from multiconfigurational linear respons
~MCLR! theory.4 However, the former is uncorrelated an
the latter includes mostly nondynamic correlation wh
much of the magnitude of hyperpolarizabilities arises fro
the large dynamic correlation effects. The latter are, perh
most accurately and conveniently included via coupl
cluster ~CC! theory, but except for some Kerr effec
studies,10 the prior CC results have not included the cor
lated frequency dependence that is consistent with
theory. In this letter we have generalized the equation
motion ~EOM-CC! method to recursively and analyticall
compute correlated, frequency dependent hyperpolariza
ties, toany order. This provides a correlated measure for t
dispersion effect. Furthermore, although many differ
kinds of basis sets have been considered which appear
offer consistent results, there has not been a more system
study based upon a series of n-aug-cc-pVXZ basis11 to at-
tempt to further eliminate this degree of uncertainty in t
calculations. Here, we present such EOM-CC frequen
dependent results along with several other bases, to atte
to find basis set limit results.

The EOM-CC approach in its CI-like approximation12–14

offers a convenient recursive treatment of second12 and
higher-order properties. We simply consider the usual per
bation expressions that can be used to define such freque
J. Chem. Phys. 107 (24), 22 December 1997 0021-9606/97/107(24
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dependent properties.15 Hence, all of the frequency
dependent polarizabilities can be written in the conveni
form,

x i 1i 2 ..i ni n11

~n! ~vs ;v1 ,v2 ,...,vn!

5P~ i kvk!^0u~11L!q̃i 1
uh&R~2v12v22•••2vn!

3^huq̃i 2
uh&R~2v22v32•••2vn!* •••* ^huq̃i n

uh&

3R~2vn!^huq̃i n11
u0&, ~1!

where P( i k ,vk) denotes all the (n11)permutations of the
pairs i 1vs ,i 2v1•••and

R~vx!5^huE02H01vxuh&21 ~2!

is the resolvent operator for the particular frequencyvx .
Also q̃i5q̄i2^q̄i&,where ^q̄i&5^0u(11L)q̄i u0& and q̄i

5e2Tqie
T.

Here, L is the deexcitation operator introduce
previously,16 andqi denotes thei th component of the dipole
moment vector. It should be clear from the above that,
erationally, the repeated evaluation of the vectors

T i j
~2!~vx!5^huq̃ j uh&T i

~1!~vx! ~3!

and

R~vy!T i j
~2!~vx!, ~4!

where

T i
~1!~vx!5R~vx!^huq̃i u0& ~5!

are the critical computational steps forall hyperpolarizabili-
ties in the perturbation theory definition. This is actually a
complished by solving the corresponding linear equations
which the first is

R21~vx!T i
~1!5^huq̃i u0& ~6!

rather than taking the inverse of the resolvent.12 Hence, there
is no truncation of the excited states defined over the c
figurationsuh& as is often the case in sum over state appro
mations. Obviously, we can go to any order hyperpolar
10823)/10823/4/$10.00 © 1997 American Institute of Physics
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TABLE I. Static and dynamic~v50.0656 a.u./694.3 nm! hyperpolarizabilities of the HF molecule~in a.u.! at RHF51.7328 a.u., except where indicated.

POL111 J
cc-

pVTZ
aug-cc-
pVTZ

d-aug-
cc-pVTZ

t-aug-cc-
pVTZ

q-aug-cc-
pVTZ

p-aug-cc-
pVTZ

t-aug-cc-
pVQZ

bzzz(0) 210.60 29.96 212.87 211.71 29.87 29.84 29.85 29.82 29.83
bzxx(0) 21.39 21.71 20.38 20.24 21.53 21.68 21.70 21.72 21.74
b i(0) 28.03 28.03 28.18 27.31 27.76 27.92 27.95 27.95 27.99
SHGa 28.82 28.85~29.18!c 29.04 28.04 28.52 28.70~29.03!c - 28.8d -
OR 28.25 28.22 28.41 27.53 28.03 28.22 - 28.3d -

gzzzz(0) 340 367 306 311 369 378 - - -
gxxxx(0) 606 671 430 532 604 638 - - -
gxxzz(0) 150 178 115 140 163 178 - - -
g i(0) 511 574 382 458 527 558 573d 583d -
THG 665 741 462 598 669 711 735d 771d -

dc-SHGb 564 650~653!c 429 506 588 629~632!c 650d 670d -
dzzzzz 210 860 213 520

FHGzzzzz 220 510 224 850

aExperimental value:21161 a.u., Ref. 9.
bExperimental value: 8406120 a.u., Ref. 9.
cr 0 values.
dEstimated from geometric extrapolation of successive differences. Complete basis set limit value under p-aug-cc-pVTZ column.
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ability with the same program, just as was accomplished
the open ended TDHF method presented sometime ba17

making a, b, g, d, e, etc., readily accessible for whatev
optical process, by virtue of using the correct form ofR(vx).

Using the above, numerical results in several bases
presented in Table I. The modestJ basis used previously
consists of@6s5p5d1 f #on F and@5s3p1d# on H and ap-
pears to be the best converged of our prior calculations.5 The
POL1 basis, due to Sadlej, is defined for polarizabilities18

Here, we augment it with two additional shells of diffus
functions obtained by 0.3 times the most diffuse exponen
each in the POL1 basis to give@7s5p4d2 f # on F and
@5s4p1d# on H. The series of bases cc-pVTZ, aug-c
pVTZ, d-aug-cc-pVTZ, t-aug-cc-pVTZ, q-aug-cc-pVTZ, an
p-aug-cc-pVTZ, i.e.,@9s8p7d6 f /8s7p6d# with augmenta-
tion as considered elsewhere11 are hoped to provide a con
verging series. We also consider a t-aug-cc-pVQZ ba
@8s7p6d5 f 4g/7s6p5d4 f # to offer a different extension. O
course, as is usually the case for smaller bases, the
b i @b i51/5( i(b i iz1bzii1b izi)# tends to be too large, while
adding further diffuse augmentation reduces the magnitu
which then eventually might grow, gradually, with basis s
enhancement.

First, depending upon then-augmented cc-pVTZ series
we would expect a second harmonic generation~SHG! result
of about28.8 for a pentuply augmented cc-pVTZ basis
result in line with the others shown. The larger values
ubSHGu correspond to probably excessive values forubzzzu,
which is smaller in better basis sets. All of these results ar
the EOM CCSD level and are still 20% in error compared
the center of the experimental value.4 The dispersion correc
tion given by EOM CCSD is 9.9%, in excellent agreeme
with the 9.6% estimate from TDHF that was previously us
and the 10% MCLR value. Hence, the prior dispers
estimates5 were entirely justified for this problem, and di
not introduce a significant error. We see a similar behav
for the direct-current induced second harmonic genera
J. Chem. Phys., Vol. 107, N
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processgdc-SHG). Our extrapolated pentuply augmented r
sult is 670 a.u., also 20% in error.

Besides dispersion and basis, there are several o
items previously considered5,1,2 to try to resolve the discrep
ancy between theory and experiment. These include the
of triple excitations as measured by static CCSD~T! results,
vibrational averaging,~i.e., r e to r 0)in the ground state,2 and
the pure vibrational correction19 that arises from vibronic
intermediate states in perturbation theory expressions.

The magnitude of the triple excitations in CCSD~T!
static values is20.69 a.u. in theJ basis,5 giving a CCSD~T!
static value ofb i equal to28.72 a.u. In the t-aug-cc-pVTZ
basis, CCSD~T! is 28.54 a.u. Using the latter triples effec
~20.62 a.u.!, one would estimate a p-aug-cc-PVT
CCSD~T! b i(0) value of 28.57 a.u.~Though the second
decimal is certainly not significant in these estimates,
carry it temporarily for ease of analysis.! Applying the same
dispersion obtained in the EOM-CCSD calculations to
triples, we would obtain29.61 a.u. inJ and29.48 a.u. for
the estimated CCSD~T! SHG process in the p-aug-cc-pVT
basis, assuming that there is no effect of the triple excitati
on the dispersion. The computed pure vibrational correct
is 20.35 a.u.19 while 20.38 a.u. is the currently determine
effect in theJ basis for evaluating EOM-CCSDbSHG using
formula ~24! from Ref. 20 at four different internuclea
distances.21 Adding these to the EOM-CCSD SHG resu
gives210.3 a.u. inJ and210.2 in the p-aug-cc-pVTZ basis
slightly within the error bars of the experiment. Why, then,
this different from all previous calculations5,6 which sup-
ported a maximumubSHGu CCSD~T! result of29.0, or29.4,
if the pure vibrational correction is included?

The principal difference between the present calculati
and the prior ones is that in EOM-CC~or the related CCQR
treatment of second- and higher-order properties22,28!, the or-
bitals are not allowed to relax to accommodate the pertur
tion, as they would be in a full derivative calculation. Th
important role of orbital relaxation for hyperpolarizabilitie
o. 24, 22 December 1997
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TABLE II. CCSD and~CCSD~T!! orbital relaxation and basis set effects in theb and g static hyperpolariz-
abilities of HF.

Relaxed orbitals Unrelaxed orbitals
Basis Spherical Cartesian Spherical Cartesian

J
b i 27.50 26.89 ~27.60! 28.06 28.03 ~28.72!
g i - 478 ~526! - 574 ~631!

d-aug-cc-pVTZ
b i 27.24 27.07 27.76 27.63
g i ~538! 527 ~591!

t-aug-cc-pVTZ
b i 27.51 27.37 27.92 27.84
g i 530 ~582! 539 558~613! 571

q-aug-cc-pVTZ
b i 27.60 ~27.87! - 27.95 ~8.19! -
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has been demonstrated previously.23 This relaxation effect
can be estimated by a finite field static calculation. This
fect can be quite large as shown in Table II. In theJ Carte-
sian basis, the reduction inb i(0) is from28.03 to26.89~!!.
With the triples~whose relaxed value is20.54 a.u.!, we see
how the best previous CCSD~T! b i(0) value of 27.4 a.u.
arises. If we assume the same relaxation for the SHG
cess, ourJ basis result would be27.71 which is close to the
estimated CCSDJ basis result before,5 and is more than 20%
in error. Adding the above triples with estimated dispers
and vibrational corrections~i.e., 21.27 a.u.!, our J basis
SHG result would be29.0 a.u., consistent with the best pr
vious estimate. Doing the same exercise for the d-aug
pVTZ, we obtain a relaxation effect of10.52 in the spheri-
cal basis, giving a result of29.3 a.u. If we also add the
change due to the extra Cartesian components, assuming
in the absence of linear dependencies~none are found! the
more functions, the better, we get a final extrapolated re
of 29.1 a.u., quite close to that in theJ basis. In the t-aug-
cc-pVTZ case the Cartesian and relaxation effect is10.55
a.u. ~two linearly dependent functions are removed in t
calculation!. That makes the result become29.4 a.u., still
outside the error bars, but identical to the previo
ubSHGumaximum of29.4 a.u. The extrapolation to p-aug-c
pVTZ gives28.81~21.3!5210.1 a.u., while geometric ex
trapolation of the relaxation/Cartesian effect in the p-aug-
pVTZ basis suggests10.3 a.u. to return to29.8 a.u. still
slightly outside the error bars, but better than the previ
29.4 a.u. estimate. Since we certainly believe that barr
pathological situations, ‘‘relaxed’’ orbitals, are better th
unrelaxed ones, and particularly for a property like hyper
larizabilities that the more functions the better, which favo
Cartesian bases over spherical ones; the bestJ, d-aug-cc-
pVTZ and t-aug-cc-pVTZ results are consistent with all pr
calculations, while the more extensive extrapolated p-aug
pVTZ result suggests some improvement to29.8 a.u. Even
the use of the very large t-aug-cc-pVQZ basis does
change this result.

We can make the same type of estimate for the exp
mentally known dc-SHG process forg. The previous theo-
retical results~with exclusion of the pure vibrational correc
J. Chem. Phys., Vol. 107, N
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tion! were estimated to show a value of 660660 a.u.5

compared to 8406120, experimentally.
The best of the new EOM-CCSD results, the extrap

lated p-aug-cc-pVTZ usedJ basis is 670 a.u. The EOM
CCSD dispersion effect for dc-SHG is 12.7% in the t-au
cc-pVTZ basis compared to TDHF value of 12.5% and mu
higher MCLR value of 19%.4 For gdc-SHG, we can estimate
the contributions from triples corrections, vibrational avera
ing and the pure vibrational part from our current work a
from Ref. 19. In theJ basis triples corrections amount to 5
a.u. plus 8 a.u. for dispersion~65 a.u.!. Adding the pure
vibrational correction of25.5 a.u. from Ref. 19, and 3 a.u
computed by changingr e to r 0 , without orbital relaxation,
we get 62 a.u. added to thegdc-SHG EOM-CCSD result, to
give 712 a.u. as the estimated CCSD~T! gdc-SHG in the J
basis, just outside the experimental error bars. If we inclu
the very large static CCSD~T! relaxation~2105 a.u.! in theJ
basis, we get 607 a.u., well outside the error bars. In
d-aug-cc-pVTZ basis the relaxation is reduced to253 a.u. In
the t-aug-cc-pVTZ basis, the effect of triples is 55 a.u. p
dispersion~62 a.u.!, but the relaxation effect is only231
a.u., giving 663 a.u. The Cartesian components would app
to add 9 a.u. plus25.5 a.u. for the pure vibrations to giv
667 a.u. Finally, the estimated p-aug-cc-pVTZ CCSD~T! dc-
SHG ~extrapolation of relaxation effects suggests;210
a.u.! gives about 720 a.u.

Despite the best efforts from 18 years of quantum che
istry, it would appear that there is still some disagreem
between theory and experiment forbSHG andgdc-SHGfor the
FH molecule. The best current theoretical results forgdc-SHG

and bSHG do not quite fall within the rather generous err
bars. If orbital relaxation could be neglected, agreem
would be achieved even in modest basis sets. In a comp
basis, of course, there is no relaxation effect, but other t
that, there are two arguments for dismissing orbital rel
ation, one practical and one formal. Practically, when us
an RHF reference in a correlated calculation, at large b
lengths, relaxed RHF orbitals have the wrong behavior, si
RHF goes to an ionic separated atom limit, which the cor
lated method is attempting to undo. However, at equilibriu
even for a fairly ionic molecule like HF, one would not be
o. 24, 22 December 1997
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10826 Letters to the Editor
lieve that unrelaxed orbitals are closer to the truth than
laxed orbitals. The formal objection is that inclusion
Hartree–Fock orbital relaxation introduces artificial exci
tion energy poles in the dynamic polarizability, in addition
the correct ones.24

However, it is absolutely necessary to use relaxed or
als in gradient and Hessian calculations, as the critical p
would not be well defined otherwise. Why should it be d
ferent for other kinds of properties? The orbital relaxati
terms introduced by adjusting the orbitals in the presenc
the perturbation would correspond to an infinite sum of d
grams if they were introduced via evaluation in terms of
unrelaxed orbitals.25,23 CCSD easily sums many of thes
diagrams,23 ~CCSDT sums more! but not all. For many prop-
erties, the infinite sums inherent in CC makes orbital cho
largely irrelevant,26 but apparently not for the hyperpolariz
abilities of FH, at least at the CCSD~T! level, as this subtle
effect accounts for the current and previously observed
ferences between theory and experiment.

In a complete basis, relaxation is irrelevant, but we
not seem to approach that in the current calculations, eve
the p-aug-cc-pVTZ basis. For the more common applicati
to polyatomic molecules, it is even less likely, and it wou
appear orbital relaxation should not be neglected in rig
ously computed answers. Here, our best final, ‘‘relaxed’’
sults are29.8 a.u. forbSHG and 720 a.u. forgdc-SHG. Con-
sidering the estimates made, a65% error would probably be
justified in each~29.860.5 a.u. and 720640 a.u.!, causing
the experimental and theoretical error bars to overlap. H
ever, the center of the experiment and theoretical calcula
remains about 11% apart forbSHG and 15% forgdc-SHG. If
orbital relaxation could be neglected, our best results wo
be 210.260.5 a.u. and 730640 a.u. compared to21161
and 8406120, experimentally.

This work has been supported by the Air Force Office
Scientific Research under Grant No. AFSOR-F49620-95
0130.
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