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The convergence behavior of many-body perturbation theory (MBPT) with lattice summations
directly reflects the spatial property of electron correlation in extended systems. A knowledge of such
properties is essential for both theory and numerical calculations. It is shown solely from theory that the
second-order MBPT contribution to the total energy per unit cell in polymers converges with lattice size
N as 1yN3 while the second-order MBPT contribution to the band energy converges as1yN2. These
convergence behaviors are demonstrated numerically for polyacetylene. [S0031-9007(97)05006-0]

PACS numbers: 36.20.Kd, 71.10.–w, 71.15.–m, 71.20.–b
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It is well known that the most interesting phenome
in crystals and polymers such as band gaps, optical
magnetic properties, superconductivity, etc., have
been well described theoretically [1,2] since electr
correlation [3] is a key element in these phenome
Currently the most widely used method in solid state a
plications is density functional theory (DFT) [4,5], whic
can approximately include electron correlation but fa
for many problems. Furthermore, there is no systema
way to improve DFT results. To the contrary, man
body perturbation-theory [6] (MBPT), coupled clust
theory [7–9] and many-body green function or propaga
methods [10] offer approaches for correlation correctio
that are systematically improvable [11–15]. We have
cently demonstrated that second-order MBPT [MBPT(
can provide the essential electron correlation effects
occupied bands to accurately explain the photoelect
spectra (x-ray photoemission spectroscopy and ultravi
photoemission spectroscopy) for polyethylene [16] a
the vibrational spectra of polymethineimine [17]

Unlike the case for finite molecules, for periodic, in
finite systems, there are many lattice summations wh
necessarily go to infinity. Some of these infinite sum
mations may introduce divergences or a singularity [1
Most recently, it has been shown that the divergence w
vanish either by the cancellation of the divergent diagra
which always appear in pairs [19,20], or by integratio
over the reciprocal space [19]. However, nothing more
known about the general convergence behavior, yet it
flects the spatial property of the electron correlation a
once known, can be used to obtain fully converged n
merical results.
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In this Letter, we will derive the convergence behavio
with lattice size, the cutoff of the lattice summations, o
the largest correlation correction, MBPT(2), for the tota
energy per unit cell,Es2d

uc , and for the band energy,e
s2d
P .

Numerical results show that they are quite different [15
Using a multipole expansion and Wannier orbitals, w
will show explicitly that Es2d

uc converges as1yN3 with

the lattice summation cutoffN while e
s2d
P converges a

power slower as1yN2, when N is larger thanN0, the
size of the best localized Wannier orbitals [21] for th
system. The slower convergence behavior ofe

s2d
P is due to

the “dipole-Coulomb” interaction which vanishes inEs2d
uc .

The convergence behavior will also be demonstrated
numerical MBPT(2) results for polyacetylene.

With translation symmetry, the one-electron spatia
orbital wave functions in a periodic extended system ca
be written as Bloch functions,

fpkp srd ­
1

p
N

X
Rl

eikp?Rl vpsr 2 Rld , (1)

whereN is the total number of unit cells approaching
` and vpsr 2 Rld are Wannier functions which can be
expressed as summations of the atomic orbitals. Wi
a proper choice of phase factors for Bloch orbitals
Wannier functions can be localized into a few unit cell
in insulators or semiconductors [2,12]. Wannier function
are orthonormal functions, e.g.,

kvpsr 2 Rld jvp0 sr 2 Rl0dl ­ dpp0dll0 . (2)

The two-electron integrals over the Bloch functions ca
be expressed as [15,19]
kspkpd sqkqd jsrkrd ssksdl ­ dkq,Tskr 1ks2kpdGspqrskpkr ksdyN , (3)

where

Gspqrskpkr ksd ­
X

Rl0 Rl ,Rl00

eifkr ?Rl0 2skr 2kpd?Rl1ks?Rl00 g

3 kvpsr1dvqsr2 2 Rld jr21
12 jvrsr1 2 Rl0dvssr2 2 Rl 2 Rl00 dl . (4)
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It is easy to see thatGspqrskpkr ksd converges exponen-
tially with Rl0 andRl00 while it has a much slower conver
gence withRl. The convergence behavior of MBPT with
lattice summations is mainly determined byRl. In the fol-
lowing, we assume that convergence with respect to b
Rl0 andRl00 has already been reached and we use the
tice size to indicate the cutoff for the summation overRl.

Since Wannier orbitals are localized for insulators a
semiconductors, we can always find aN0 such that the
n

1

350
th
at-

d

radius of the Wannier orbitals for a given system ar
all smaller thanRN0 . Using V to denote the lattice
space region defined byRN0 , Eq. (4) can then be further
expressed as

Gspqrskpkrksd ­ G0spqrskpkrksd

1 G1spqrskpkr ksd , (5)

where
dly.
G0spqrskpkrksd ­
X

Rl[V

X
Rl0 ,Rl00

eifkr ?Rl0 2skr 2kp d?Rl1ks?Rl00 g

3 kvpsr1dvqsr2 2 Rld jr21
12 jvr sr1 2 Rl0 dvssr2 2 Rl 2 Rl00dl (6)

can be calculated exactly. The convergence property ofGspqrskpkr ksd with lattice summations is now to-
tally determined by that ofG1spqrskpkr ksd. Using a Taylor expansion forr21

12 ­ jRl 2 fr1 2 sr2 2 Rldgj21,
G1spqrskpkrksd can be written as [19]

G1spqrskpkrksd ­ dprdqs

X
Rl”V

1
Rl

eiskp2kr d?Rl 2 sdkr
prdqs 1 dprdks

qs d
X

Rl”V

√
=

1
Rl

!
eiskp2kr d?Rl

1 sDkr
prdqs 2 dkr

prdks
qs 2 dks

qsdkr
pr 1 dprDks

qs d
X

Rl”V

√
==

1
Rl

!
eiskp2kr d?Rl 1 · · · , (7)

where

dk
pq ­

X
Rl

eik?Rl kvpsrd jrjvqsr 2 Rldl (8)

and

Dk
pq ­

X
Rl

eik?Rl kvpsrd jrrjvqsr 2 Rldl (9)

converges exponentially withRl. Since Wannier functions are smooth, the Taylor series in Eq. (7) converges rapi
The second-order correction to the total energy per unit cell for closed shells is given by [15]

Es2d
uc ­

1
W3

X
ijab

Z
BZ

dki

Z
BZ

dka

Z
BZ

dkb
2jGsijabkikakbdj2 2 RefGsijabkikakbdGpsijbakikbkadg

e
HF
iki

1 e
HF
jT ska1kb2kid 2 e

HF
aka

2 e
HF
bkb

, (10)
of

ate

the
ff,
ll

nce
where BZ denotes the first Brillouin zone in reciproca
space,W is the volume ofBZ, e

HF
pk are HF orbital

energies, andi, j anda, b denote valence and conductio
bands, respectively. Sincei, j can never be identical to
a, b, G functions for the two-electron integrals in Eq. (10
become

G1sijabkikakbd ­ 2
2
a3 sdka

ia dkb
jb 1 dkb

jb dka
ia d

3
X

l.N0

1
l3 cosfski 2 kad ? Rlg

1 · · · (11)

for the one-dimensional infinite chain, wherea is the
length of unit cell. Substituting Eqs. (5), (6), and (1
into Eq. (10) and integrating overki , ka, kb , we get

Es2d
uc ­ A 1 3B

X
l.N0

1
l4

1 · · · , (12)
l

)

)

whereA and B are constants and use has been made
the fact that the integration overki or ka space brings a
factor1yl since it is a Fourier transformation [22].

In real calculations, we cannot sum overRl to infinity.
We have to effect a cutoff somewhere, sayl # N , where
N $ N0, e.g., only2N 1 1 unit cells are included in the
lattice summations. Then we can obtain an approxim
valueEs2d

uc sNd for Es2d
uc . From Eq. (12), we know that

Es2d
uc sNd ­ Es2d

uc 2 ByN3 1 · · · , N . N0. (13)

This means thatEs2d
uc in polymers converges with the

lattice summation at least as fast as1yN3.
Figure 1 demonstrates the convergence behavior of

total energy per unit cell with a lattice summation cuto
RN . The calculation is for polyacetylene with unit ce
C2H2 and basis set STO-3G. With the abscissa1yN3,
the values ofEs2d

uc for N ­ 5 7 fall perfectly on a straight
line. This means that Eq. (13) describes the converge
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FIG. 1. Convergence behavior of total energy per unit c
with lattice summation cutoffN. The number of unit cells in
the summation is2N 1 1.

behavior very well afterN $ 5. We also have calculated
Es2d

uc sNd for N ­ 2 4. They are obviously not on the
line. This situation corresponds toN being smaller than
N0. Then we can conclude thatN0 ­ 5 for polyacetylene
with basis STO-3G, consistent with the sizes of Wann
functions obtained by Suhai with optimization over th
phases of the Bloch orbitals [2]. One must keep in min
that the size of a Wannier orbital is just an approxima
concept. It means only that the tail of the Wannier functio
beyond the range defined by the size is negligible for
given accuracy.

Our calculation was done with arbitary phases for Blo
orbitals. In fact, it can be seen from Eq. (10) that addin
phases to Bloch orbitals does not change the numer
results at all, although it may change the size of t
Wannier orbitals associated with the Bloch orbitals. Th
means Eq. (13) isan intrinsic property of the systemand
N0 is determined by the size of the best localized Wann
orbitals.

The quasiparticle band energies are defined as the e
tron ionization potentials for valence bands and electr
affinities for conduction bands with a different sign. Th
MBPT(2) expression for the quasiparticle band energy

e
MBPTs2d
P ­ eHF

P 1 e
s2d
P , (14)

whereP can be either an occupied or unoccupied orbit
e

HF
P is the HF band energy, ande

s2d
P is the MBPT(2) correc-

tion to the band energy.e
s2d
P can be calculated by [15,16]

e
s2d
P ­ UP 1 VP , (15)

where

UP ­
X

I

X
AB

2jkPI j ABlj2 2 RefkPI j ABl kBA j PIlg
e

HF
P 1 e

HF
I 2 e

HF
A 2 e

HF
B

,

(16)
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VP ­
X
IJ

X
A

2jkPA j IJlj2 2 RefkPA j IJl kJI j PAlg
e

HF
P 1 e

HF
A 2 e

HF
I 2 e

HF
J

.

(17)

For an occupied orbitalI0, theG1 function becomes

G1si0iabki0 kakbd ­ 2sdka
i0adkb

jb 1 dkb
ib dka

i0ad

3
X

Rl[V

√
==

1
Rl

!
eiski0 2kad?Rl 1 · · · ,

(18)

for Ui0 and

G1si0aijki0kikjd ­ di0id
kj

aj

X
Rl0 [V

√
=

1
Rl

!
eiski0 2kid?Rl

1 · · · , (19)

for Vi0 . Similarly, as we did for the total energy per uni
cell, we obtain

Ui0sNd ­ Ui0 2 Ci0 yN3 1 · · · , N . N0 , (20)

Vi0 sNd ­ Vi0 2 Di0 yN2 1 · · · , N . N0 , (21)

where Ci0 and Di0 are constants. Thus we know tha
Vi0 converges one order slower thanUi0 and Es2d

uc and so

doese
s2d
i0

. For an unoccupied orbitala0, the convergence
properties ofUa0 andVa0 are just the reverse of those for
occupied oritials, i.e.,

Ua0sNd ­ Ua0 2 Ca0 yN2 1 · · · , N . N0 , (22)

Va0 sNd ­ Va0 2 Da0 yN3 1 · · · , N . N0 . (23)

Now let us take the highest occupied,sy, maxd, and
lowest unoccupied,sc, mind, orbitals in polyacetylene as
examples to demonstrate the convergence behavior
UP and VP with N. From Eqs. (20)–(23), we know
that Uy,max and Vc,min converge as1yN3 with N when
N $ N0 while Uc,min and Vy,max converge one power
slower. Figures 2 and 3 show the numerical resul

FIG. 2. Convergence behavior ofVc,min and Uy,max with N,
where (c, min) and (y, max) represent the lowest unoccupied
and highest occupied orbitals, respectively.
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FIG. 3. Convergence behavior ofUc,min and Vy,max with N.
They converge a power slower thanEs2d

uc , Vc,min, andUy,max.

calculated with a STO-3G basis, for illustration. As fo
Es2d

uc , all the numerical results forUi0 , Vi0 , Ua0 , and Va0

fit the corresponding formulas well forN $ 5, but not for
N , 5. This further confirms that the optimized Wanni
functions span about five unit cells on each side of
reference cell.

Since the sizes of Wannier functions depend on
basis set,N0 could be larger for a larger basis set.
is also possible for a large basis set that the coefficie
for higher terms in Eqs. (13) and (20)–(23) are larg
However, we can always find aN0 which is large
enough that the higher orders can be negligible a
these equations can be used to extrapolate the nume
MBPT(2) corrections obtained with a finite size of th
lattice summations to infinite size. The values of t
curves in Figs. 1, 2, and 3 at the origin of the abscis
are those of the quantities computed with a STO-3G ba
for infinite lattice size.

In conclusion, we have obtained the explicit conve
gence formulas for the MBPT(2) correction to the total e
ergy per unit cell and for the band structure in polyme
These formulas demonstrate that electron correlation h
long range effect, especially for the band energy. The f
mulas provide tools to guarantee fully converged MBPT
results via extrapolation. Similar convergence behav
can also be drawn for the corrections in two- and thre
dimensional systems [23].

This work is supported by the U.S. Office of Nav
Research under Grant No. N00014-92-J-1100.
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