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The convergence behavior of many-body perturbation theory (MBPT) with lattice summations
directly reflects the spatial property of electron correlation in extended systems. A knowledge of such
properties is essential for both theory and numerical calculations. It is shown solely from theory that the
second-order MBPT contribution to the total energy per unit cell in polymers converges with lattice size
N as1/N? while the second-order MBPT contribution to the band energy convergégNts These
convergence behaviors are demonstrated numerically for polyacetylene. [S0031-9007(97)05006-0]

PACS numbers: 36.20.Kd, 71.10.—w, 71.15.—m, 71.20.-b

It is well known that the most interesting phenomena In this Letter, we will derive the convergence behavior
in crystals and polymers such as band gaps, optical andith lattice size, the cutoff of the lattice summations, of
magnetic properties, superconductivity, etc., have nothe largest correlation correction, MBPT(2), for the total

been well described theoretically [1,2] since electronenergy per unit cellE?, and for the band energy,P).
correlation [3] is a key element in these phenomenanumerical results show that they are quite different [15].
Currently the most widely used method in solid state apysing a multipole expansion and Wannier orbitals, we
plications is density functional theory (DFT) [4,5], which will show explicitly that E® converges ad /N3 with
can approximately include electron correlation but fa'lsthe lattice summation cutofv while EPz) converges a
for mtany problemDsFTFurthel"[rmor$ t?here IS ?O SyStemat_f)ower slower asl/N?, when N is larger thanN,, the
way 1o Improve resufts. 10 the contrary, many- ;e of the best localized Wannier orbitals [21] for the
body perturbation-theory [6] (MBPT), coupled cluster . %
theory [7—9] and many-body green function or propagatorc'ySt‘?m' The slower ’(’:qnverge_nce bghavmf ) fis duez)to
methods [10] offer approaches for correlation correction he “dipole-Coulomb Interaction which vanlshesﬁ?ﬁc )
that are systematically improvable [11—15]. We have re- he convergence behavior will also be demonstrated by
cently demonstrated that second-order MBPT [MBPT(Z)]numerlcal MBPT(2) results for polyacetylene. .
can provide the essential electron correlation effects for W'th translatlon symmetry, thg one-electron spatial
occupied bands to accurately explain the photoelectro rblta_l wave functions In a periodic extended system can
spectra (x-ray photoemission spectroscopy and ultraviol e written as Bloch funct|ons,
hotoemission spectrosco for polyethylene [16] and
'E)he vibrational spréctra of pglsg/)methirr)leiﬁwiney[ﬂ] 1o} bk, () = \/_ Zelkp Bapr =Ry, (1)
Unlike the case for finite molecules, for periodic, in-
finite systems, there are many lattice summations whickvhere N is the total number of unit cells approaching
necessarily go to infinity. Some of these infinite sum-« andw,(r — R;) are Wannier functions which can be
mations may introduce divergences or a singularity [18]expressed as summations of the atomic orbitals. With
Most recently, it has been shown that the divergence wile proper choice of phase factors for Bloch orbitals,
vanish either by the cancellation of the divergent diagram&Vannier functions can be localized into a few unit cells
which always appear in pairs [19,20], or by integrationin insulators or semiconductors [2,12]. Wannier functions
over the reciprocal space [19]. However, nothing more isare orthonormal functions, e.g.,
known about the general convergence behavior, yet it re- _
flects the spatial property of the electron correlation and, (@p(r = R) |yl = Rp)) = 8ppdur (2)
once known, can be used to obtain fully converged nu- The two-electron integrals over the Bloch functions can

merical results. | be expressed as [15,19]
<(pkp) (qkq) |(rkr) (Sks» = 6kq,T(k,+k,\.*k,,)G(pqukpkrks)/N s (3)
where
Glpgrskpk/k) = > eMhRmmiorRikRel
Ry/R, Ry
X {w,(r)w,(r; — Ry |r' o, (r; — Rp)ws(ra — Ry — Rp)). (4)
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It is easy to see tha&¥( pgrsk,k,k;) converges exponen- radius of the Wannier orbitals for a given system are

tially with R, andR;» while it has a much slower conver- all smaller thanRy,. Using V to denote the lattice

gence withR;. The convergence behavior of MBPT with space region defined b§y,, Eq. (4) can then be further

lattice summations is mainly determinedRy. Inthe fol- expressed as

lowing, we assume that convergence with respect to both

R, andR; has already been reached and we use the lat- G(pqrsk,k.ks) = Go(pqrsk,k, k)

tice size to indicate the cutoff for the summation o¥er + Gi(pgrsk,k,ky),  (5)
Since Wannier orbitals are localized for insulators and

semiconductors, we can always findVg such that the| where

Golparskkrkg) = 3 3 ellkrRe ok Rk il
R, €V Ry Ry

X {w,(r)w,(r; — Ry |rp' o, (r; — Rp)ws(r; — Ry — Ryn)) (6)

can be calculated exactly. The convergence propertyGopgrsk, k. k,) with lattice summations is now to-
tally determined by that olG,(pgrsk,k,k;). Using a Taylor expansion forp' = IR, — [ — (rx — R)]Y,
Gi(pgqrsk,k, k) can be written as [19]

1 i iy 1) ik
Gi(pgrsk,k,ky) = 8,85 D R—e(k/’ KOR: — (@8 + 8prdXs) D (VR—l)e (kp~k )Ry

R,gv M REV
T (D55, — dbd — dhds + 5,D%) Y vyl )ik, k)R .
pr-d4s pr=qs qs o pr pr¥ags o R[ e s ()
where
dl;q = Zeik'R%wp(r) Irlo,(r — R})) (8)
R,
and
D}, = X ™0, 1) Irrlwy(r = R)) (9)
R,

converges exponentially witR;. Since Wannier functions are smooth, the Taylor series in Eq. (7) converges rapidly.
The second-order correction to the total energy per unit cell for closed shells is given by [15]
1 2|G(ijabkkk,)|> — RAG(ijabk;kk,)G*(ijbak kK,
£ - [awi [ aw, [ i, AUtk ko)l - RAGUabkiky )G balsk )
BZ BZ BZ

W3

HE ,  (10)

HF HF HF
ijab €k, T €74k, +k,~k,) — €ak, ~ €bk,

where BZ denotes the first Brillouin zone in reciprocél whereA and B are constants and use has been made of
space,W is the volume of BZ, epy are HF orbital the fact that the integration ovér; or k, space brings a
energies, and, j anda, b denote valence and conduction factor 1/ since it is a Fourier transformation [22].

bands, respectively. Sindej can never be identical to  In real calculations, we cannot sum oWy to infinity.

a, b, G functions for the two-electron integrals in Eg. (10) We have to effect a cutoff somewhere, sas N, where

become N = Ny, e.g., only2N + 1 unit cells are included in the
B 2k .k k, .k lattice summations. Then we can obtain an approximate
Gi(ijabkikaky) = ——3(digdjp + djpdig) value EQ(N) for E2). From Eq. (12), we know that
2 = g2 _ 34 ...
- %co.{(ki k)R EX(N)=E%? —B/N*+ ..., N>N, (13)
5N, ! This means thatEffc) in polymers converges with the
+ .- (11) lattice summation at least as fastigsv?.
for the one-dimensional infinite chain, whereis the Figure 1 demonstrates the convergence behavior of the
length of unit cell. Substituting Egs. (5), (6), and (11) total energy per unit c_eII with a lattice summation f:utoff,
into Eq. (10) and integrating ovéx;, k., kj, we get Ry. The calculation is for polyacetylene with unit cell
| C;H, and basis set STO-3G. With the abscidgav?3,
EQ =A+3B> — +-, (12)  the values ofE®?) for N = 5-7 fall perfectly on a straight
N, | line. This means that Eq. (13) describes the convergence
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2|(PA | IJ>|2 — R(PA|1J){JI | PA)]
-0.1236 Z Z HF _ IHF o }-IF
(17)
For an occupied orbitdl, the G, function becomes
o122 | Gi(igiabk; k k) = —(disdsy + diydi)
X Z(VV ) Ki~koRi 4
R, EV
01248 | ! (18)
for U;, and
_ 1)\ .
0.1254 - - - : Gi(ipaijk; kk;) = Biuid:f > V—>e’("fo‘kf)'R'
0 0.002 0004 0006 0008  0.01 RSV R,
s + ..., (19)

FIG. 1. Convergence behavior of total energy per unit cellifor V; . Similarly, as we did for the total energy per unit
with lattice summation cutoffV. The number of unit cells in  ¢g||, We obtain

the summation igN + 1. 3
UiU(N):Uio _Cio/N +-~-, N>N(), (20)

behavior very well afte’v = 5. We also have calculated . =V. —D. /N?

. Vl(] (N) Vl() 1y /N +
ED(N) for N = 2-4. They are obviously not on the
line. This situation corresponds 10 being smaller than Where Ci, and D;, are constants. Thus Wez)know that
No. Then we can conclude thak = 5 for polyacetylene  Vio conz\)/erges one order slower thah, and E{ and so
with basis STO-3G, consistent with the sizes of Wanniedoese;,". For an unoccupied orbital,, the convergence
functions obtained by Suhai with optimization over theproperties ofU,, andV,, are just the reverse of those for
phases of the Bloch orbitals [2]. One must keep in mindoccupied oritials, i.e.,

SN N > Ny, (21)

that the size of a Wannier orbital is just an approximate ; (y) = — C,/N* + -, N >Ny, (22)
concept. It means only that the tail of the Wannier function ’
beyond the range defined by the size is negligible for a Vv, (N) = V,, — D,,/N°> + ---, N > Ny. (23)

given accuracy. _ _ Now let us take the highest occupied;, max), and

Qur calculatlon_was done with arbitary phases for Blo_cr\owest unoccupied(c, min), orbitals in polyacetylene as
orbitals. In fact, it can be seen from Eq. (10) that add'nge amples to demonstrate the convergence behavior of
phases to Bloch orbitals does not change the numerlcat;; and V, with N. From Egs. (20)—(23), we know

results at all, although it may change the size of the .. Uy.max and Ve min converge asl/N3 with N when
Wannier orbitals associated with the Bloch orbitals. This,, — No While Uemin and V, max CONVErge one power

means Eq. (13) ian intrinsic property of the systeand g aer. Figures 2 and 3 show the numerical results
Ny is determined by the size of the best localized Wannier
orbitals.

The quasiparticle band energies are defined as the elec-
tron ionization potentials for valence bands and electron
affinities for conduction bands with a different sign. The 168 |
MBPT(2) expression for the quasiparticle band energy is

1.69

Glll\)/IBPT(Z) HF T e (2) (14) 1.67 | |
| N=5-7 |
whereP can be either an occupied or unoccupied orbital, 164
ep isthe HF band energy, arg’ is the MBPT(2) correc-
tlon to the band energyep” can be calculated by [15,16] .65 U ymax
e = Up + Vp, (15)
-1.66 " " " .
0 0002 0004 0006 0008  0.01
where 3
1N
2(PI1| AB)|> — R(PI|AB)(BA| PI)]
Up = Z Z HF HE > FIG. 2. Convergence behavior &, min and U, max With N,
T € — € — €p where ¢, min) and ¢, max) represent the lowest unoccupied

(16)  and highest occupied orbitals, respectively.
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