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A concise analysis of sixth-order perturbation theory and coupled cluster theory is presented, and
several computational schemes correct through sixth order are constructed based upon an underlying
coupled cluster singles and doubles calculation. The sixth-order corrections with respect to the
coupled cluster singles and doubles wave function are identified and appropriate contributions are
added to the energy using ah algorithm. Depending upon the type of the initial functional, several
computational approaches can be developed. All of the methods considered have been tested for
several small molecules and the results compared to the exact values. An average error of 0.3
mhartree is achieved compared to 0.1 mhartree for CCSIEoQpled cluster singles, doubles,
triples, and quadruplés © 1998 American Institute of Physids$0021-960608)00411-5

I. INTRODUCTION them together and treat them as a single set of amplitudes. It

is obvious that there is a synergism between the development

_ Significa_nt progress has been ma(iie7in recent years in tl]ﬂ the coupled cluster methods and MBPT approaches.
implementation of coupled clust¢CC)™" and many-body There is, however, an important difference between

- 8-12 - -
perturbation theoryMBPT).™*The full inclusion of théTs \, hether we pursue the given order perturbation corrections

cclésst(g(l._e., coupleql gllusfter smtgle, d?uﬁ)let.s’ ar}d tr'lplesd_strictly within the coupled cluster iterative scheme or
T) is now available for routine calculations for closed- whether we treat some of them in an independent manner.

and open-shell system&!4In addition, the full inclusion of o O . N i
the T, cluster in coupled cluster singles, doubles, triples, an(;rhIS difference justifies the philosophy of noniterative ap

quadrupleCCSDTQ provides a powerful tool for generat- proaches. This derives from the fact that certain contribu-

. : : tions require a lower rank computational procedure when
ing high-accuracy benchmark values for the correlation en- 9 P b

ergy of small molecule¥ This is a method which is correct trealtedt f(rjom_tLhe tpr)]ertutrbadtmr(; };lewtpomtttha? wheSn tf;]ey are
through MBPT6) and it is the most accurate single- €VaUated within e standard [feralive Sructure. such an ex-

reference method currently available apart from full configu—ample has alreao'ly been considered in Ref. 16 where.we ob-
ration interaction(Cl). Since the implemented CC realiza- served that the simplest CC method correct through fifth or-

. 9 .
tions are based on the iterative solution of the CC equationd®”» CCSDTQ-1, requires am® procedure, while the

it is always possible to extract the MBPT corrections to a'€SPective fifth-order MBPT diagrams require at mosnén

particular order by moderate modification of the CC pro-Scheme. This is due to the fact that the fifth-order connected
grams. In fact, our prior CC work provided the evaluation ofduadruple contributionsii%%, are factorizable and the fac-

the fifth-order, MBPT5), and sixth-order, MBP@p), forization can be applied only when we consider the respec-
correctiong0:11 tive energy diagrams, hence the rate-determining step is the

Large numbers of diagrams in fifth- and Sixth_orderT3—>T3 contributions. Within the standard CC iterative

MBPT (840 and 28 300, respectivelforce a departure from Schemee.g., at the CCSDTQ-1 levelthis factorization can-

a traditional diagram-by-diagram approach. Here we use 80t be achieved and the construction of Theoperator, done
diagrammatic formalism only in the context of the classifi-with an n® procedure, is the rate-determining step for the
cation and verification of the developed algorithm. The dia-method. Similarly, at the sixth-order level, MBPT requires
grammatic technique substantially facilitates variousan n® procedure, necessary for the construction of The
analyses—in particular, those lying on the border betweemperator, where we access the nonfactorizable sixth-order
CC and MBPT approaches. Even in the case of a pure peguadruple contribution via the well-known 2n rule of pertur-
turbation approach, we exploit the CC technique in con-bation theory. Computation of the same sixth-order energy
structing the order-by-order expansion of the cluster operagontribution within the strict CC scheme would require a
tors and then in constructing the energy diagrams. Foll,—T, step which is am*® procedure.

example, T$¥) represents 39 diagrams and we could either  This observation can be generalized to higher orders as
treat them as 39 independeRf®) amplitudes(for each dia-  presented in Table I. Here in column 1 we indicate the order
gram we have an independent set of amplithd@ssum  of perturbation theory in the energy, while column 2 presents
the required rank of the computational procedure when the
dpermament address: Silesian University, Institute of Chemistry, Szkolna d:elevam contribution is evaluated by means of the MBPT
Katowice, Poland. method with the rate-determining step specified in the next
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TABLE I. Rank of the computational procedure for MBPT and CC schemesTable | apply rather than those given in column 4. The only
generating methods correct through a given order in the MBPT energy. exception from the latter occurs at the fourth-order level
Order in Rank of MBPT Rate deter- Rank of CC Rate deter- where the inclusion (?f theT3 contrlbutlons, CCsSD
MBPT energy ~ procedure  mining step  procedure mining step T T(CCSD or CCSOT), is obtained with the same compu-
tational procedure both within MBPT and CC, because both

)

— 6 g . .
i 27 E T2 27 E T2 are noniterative approaches to the CCSDT-1 mefti§&ee
5 né TooTs ne T, Ref. 18 and references therein for a summary of such meth-
6 n® T, nt0 T,—T, ods through fourth and fifth order.
7 n’? T,—T, ni Ts For all higher order approaches, the rank of the compu-
8 n. Ts n Te tational procedure for the noniterative schemes is lower than
0 " s " Te=Te that for the standard CC h
10 N3 T, nis T, at for the standar approach. . .
11 nl4 Te—Te nl? Te The aim of the present paper is to develop a noniterative
12 n's T, n'® Tg—Tg approach correct through sixth-order for the coupled cluster
13 n'® T—T, nt To solution obtained at the CCSD level. As sixth order repre-

sents a stable approximation characteristic of even-orders of
perturbation theory! it is likely that such methods will sig-

column. Similarly, the next two columns give the rank of thenificantly outperform those for fifth ordéf. It follows from

computational procedure and the rate-determining step foTable | that for this purpose we need to construc_t The
the standard iterative CC approach. We see that to obtain gperator, he”"g’ the ran.k. of the procedure cannot, ngorously,
method correct through eighth order in the energy, th e lower tham_. In addition we algo neeﬁi3—>T3 required
MBPT approach requires am'! procedure and the step re- already at the fifth-order level, which is @i scheme. In the
sponsible for this is the generation of tig amplitudes following section, we outline the basic definitions and give a
(lowest ordey, while the level of MBPT accuracy achieved brief summary qf the quantities occurring at the fifth-order
within the CC framework requires an'® procedure and the level presented in Ref. 18.

rate-determining step is a construction of {fewvest order

Te operator. The last row of Table | indicates that to achievel- CC FUNCTIONALS AND EQUATIONS

a method correct through _13th order in energy, the highest ag in the previous papéf to define sixth-order correc-
cluster operator created within the MBPT scheme would bgjons for CcC theory there are several energy expressions

T while the CC method would requireTa operator for the  \yhich can be used for the wave function defined by an ex-
same purpose. This means that the connetiezbntribution ponential Ansatz

creates factorizable contributions both at the MRET, .

MBPT(12) and MBPT(13) levels and, similarly, th&g clus- V=e'[Dg), (]

ter gives factorizable contributions at the MBRJ) level.  T=T,+T,+T,+ ... +T,, with the usual definition of the
Note, all the above refer to rigorously computed valuesT cluster. Here we limit ourselves to=4, that is, up to
Forcing approximate factorization can be used to furthegonnected quadruple excitation cluster operators. The Hamil-
drastically reduce the computational scalifg. tonian and notation are the same as in the previous paper.

Table | offers an indication of the optimum computa-  First, from the CC type energy expression in which only
tional scheme for calculating the MBPT energy at the givent, and T, clusters contribute

order. Namely, we should use the power of the CC approach )
to construct the cluster operatdFs to T,, whereT, is the E=(0[Hn(To+ T+ 3T30) (2
operator listed in the third column. The contributions origi-

nating from the cluster operatorB; o T, , whereT, is an andT, amplitudes are obtained by solving the CC equations

operator listed in the last column, should be evaluated in al r a given model and subsequently are substituted into Eq
MBPT-like manner. In this way, we can best exploit theéz) to give the CC energy '

efficiency of the CC scheme for lower cluster operators an The second possibility would be to start with the CC
then take advantage of the factorizable nature of the h'ghefﬁnctionaf‘ introduced in connection with the evaluation of

cluster contrlbutlons._ . . . ... the density matrices and analytical derivatives of the coupled
The above considerations can be viewed as a ]UStIflcaéluster wave function

tion for so-called non-iterative coupled cluster approaéhes.

The principle in the development of such schemes lies in the E=(0[(1+A)e” "Hye'|0) 3
fact that we solve lower rank coupled cluster equati@ng., —

CCSD, and we evaluate the contributions originating from =(0[(1+A)HI[0) (4)
the high(_ar cluster only once, for co.nverge.d Iowgr rank clus- =(0[(1+A)(HneT)(|0), (5)

ter amplitudes. From the computational viewpoint, there are ] o

two main advantages to such an approach: First, the difficu/heréA=A1+Az+---+ A, is a de-excitation operator de-
contribution is computed only once, rather than in each cdérmined from the set of A equations, P[(1
iteration; second, the contribution in question is evaluated at- A)H—AEA]Q=0, similar in structure to the CC
the MBPT rather than CC rate—that is, the values of theequation§, QHP=0, where P=|0)(0] and Q=1-P
rank of the computational procedure given in column 2 of=Q;+Q,+ Q3+ ..., where the subscript indicates catego-

we can derive the sixth-order energy contributions. The
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ries of excitation. The stationarity condition of E@) with We now vary the functional in Eq7) with respect to\ ;
respect toA generates the usual CC equations, while stationand A , amplitudes to arrive at the equations for fhgand
arity of T givesA equations. The index c restricts the expan-T, amplitudes. However, we include into these equations
sion to connected diagrams only. only those terms which contribute up to sixth order in the
The third type of functional would be that correspondingMBPT energy based upon a canonical Hartree—Fock refer-
to the expectation value of the energy taken with respect tence. For such a casg; first appears in second order, and
the CC wave function which is called the XCC functioflal Fy vanishes. Bearing this in mind, we obtain the following

T equations:

Excc=(0le" Hye'|0). . 6) 12
The index L ensures that only linked diagrams are to be Ts=Re[Wi(Tot Tot 2Tt Tut TiTo# ToTa) ke, (14)
considered. Ta=R[Wi(T3+ 3T24T,+ T,Ta+2TI)].. (15

The philosophy of our approach relies on the iterative
solution of relatively simple CC equations, followed by the Let us now construct the lowest-order contributions for the
noniterative evaluation of more sophisticated terms obtainedmplitudes—F,, T,, T3, andT,. We treat orders in our usual
from use of the above approaches. more general sengsee Refs. 18 and 19by replacing the
The CC equations can be obtained by taking variationd$" and T{?) with the convergedT; and T, amplitudes,
with respect toA in the functional(5). To this end we may which are considered to be second and first order, respec-

rewrite Eqg.(5) in the more expanded form tively. Thus we have
E=(O0|(1+A;+A5)(Hye™"72)]0)+(0|(A1+Ay) T =Rs(WNT). (16)
X(Hne™3*T4)|0)+(0[(Az+ Ay)(HyeT)|0) Note that we use a square bracket instead of a parenthesis to
distinguish the generalized order from the usual understand-
+(0[(A2(WNT1T3)[0). (") ing of order in MBPT.

In the standard approach, we would obtain the equations for ~ Similarly the third-ordefT; amplitude is obtained by the
T,,T,, T3, and T, amplitudes by taking variations with re- inclusion of the second and third term in H34):
spect toA,A,,A3, andA, amplitudes, respectively.

[3] — [2], 1 2
NeglectingT; and T, clusters and taking variations with T3 =Ra[W\NT5"+ 2(WnT3)]- 17
respect toA; and A ,, we obtain the CCSD equation Analogously the third-ordet, amplitude can be expressed
def as
— T,+T —
T1=Ry(Wye""T2);=T,(CCSD, ® T =RIWNTE + (Wi TSl (18
- def We may also construct the third ordén the generalized
T2=Ry(Wye't" '2)=T,(CCSD, (9 sensg T, and T, amplitudes as originating from the.!
where the symbolT,,(CCSD represents all diagrammatic OPerator
terms present in th&, equation within the CCSD modehs -|—[23]: RZ(WNT[32])a (19)
discussed in Ref. 18, arid, is a resolvent operator ensuring
the appropriate excitation subspace and the required denomi- T =R, (W TE)). (20)
nator is definet as
®2|X|0 IIl. A FUNCTIONAL
Ra(X)=(n!)~"2> (@if"..1X10) {ao' .. ji}. _ |
gtet - -—e—¢€ For the expression based on thdunctional, we have to

(10 define the analogous quantity to those discussed in the pre-
By solving the CCSD equations, the first term in @)  Vious section for the\ operator. Thus the second-ordeg

becomes the CCSD energy can be expressed as
Eccso=(0(1+ A1+ Ap)(Hye™*72) | 0) APT=Ry(WyAJ). (2D)
:<0|(HNeT1+T2)C|0>' (12) In analogy to Eqs(19 and 20, we introduce third-ordeA ,

) and third-orderA ;:
The last equality follows from the fact that we have the

CCSD equations, Eq$8 and 9, solved. AR =Ry (W ARTT) (22)
The second term in Eq7) gives the contribution to the 1311 _ 121t
energy coming fronT; and T, clusters viaA,, Eq. (12), or AT = Ry(WNAST). (23
A5, Eq.(13), amplitudes, Although theA operator, Eqs(21)—(23), may contain some
_ disconnected piec&s the energy contributions will be
Ex,=(0[A;W\T5]0), (12 linked sinceA is always combined with a respective con-
Ex.= (0] AWy (Ta+T,)[0). (13) nected T operator. . .
2 Taking the third-ordefT; amplitude, Eq.(17), and in-
We need not consider the third term in Ed@) as discussed serting it into Eq.(12), we obtain the sixth-order single-triple
in Ref. 18. contribution,
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ELl=(0]A,W\TE!|0). (24)

We observe that Eq12) generates also another sixth-order
contribution,

ER=(0|APwW\ T 0),
from Eq. (23) and Eq.(16).

(29

The remaining sixth-order contributions are generated by

Eqg. (13). We see that they can arise in three walis: by
including the third-orderT, amplitude, Eq.(19), and the
second-ordefT; amplitude, Eq.(16); (2) by including the
fourth-orderT; amplitudes, T ; and (3) by including the
fourth-orderT, amplitudes T} .

The first possibility provides us with a contribution

Efdr=(0lAFwyTE0). (26

The second group comes from the fourth-oréiglamplitude

obtained from Eq(14):
TH =Ry W(TE+ T+ Ty T+ T,TED . 27

After inserting this into Eq(13), we obtain the following
sixth-order contributions:

ER=(0]AFIw T 0), (28)
ER=(0|APwWyT|0), (29
E = (0| A (W T T)[0), (30
®l= (o[ API (W T, T |0), (31)

where we took advantage of E@1); A[Z] incorporates the

S. A. Kucharski and R. J. Bartlett

Introducing the last quantity into Eq13), we obtain the
following components of the sixth-order correction;

EBT= (0| A, W\ R4(W\TE)|0), (33
EQQ:<O|A2WNR4(WNT£13 )10), (34)
ESb= (0| A WyR4(WNT,TE)) [0), (35)

ESh= §(0[ A ,WRA(WNT3)[0). (36)

Note that here theR, denominator is included explicitly
rather than being hidden & was inA! in Egs.(28)—(31).

The notation is analogous to that used in E@8)—(31); the
subscript H refers to the disconnected hextuple excitations
represented by 3/6 and similarly as in case of pentuples to
keep the formula compact we use H insteadHgf.

IV. DISCONNECTED TRIPLE AND QUADRUPLE
CONTRIBUTIONS IN THE SIXTH-ORDER ENERGY

In the standard coupled cluster approach, we do not
separately consider any contributions to the energy that
would arise from disconnected wave function contributions.
They would show up naturally in the course of the CC itera-
tive procedure. For example, second- and third-order discon-
nected quadruples in the wave functiom{’%2 and
TTR) | contribute through théEcsp energy. The same
refers to the disconnected third-order tripl&§;T{* . How-
ever, at the fourth-order level, we have some terms arising
from disconnected wave function contributions that are not
included into the CCSD energy, and that also do not enter
through theT; and T, pieces since the latter are, by defini-

R; denominator from Eq(27). The subscrlpt notation per- tion, connected. The contributions in question @pat®!,

tains to the nature of the excitations. Since all the energ;]’zT[3 and also the contributions singled out already in Eq.
contributions Eqs(28)—(31) are based on the fourth-order (7), i.e., TlT[32]. Formally we may say that the first two
triple excitation clusterT¥!, hence the first index in the terms do not arise from the CCSD procedure since the
subscript to E is T—indicating triples. The second index redatter—according to the perturbation scheme introduced in
fers to the internal structure dT[4] T for connected third- Sec. lll—produces only first-ordér, and second-order;.

order triple excitation operatof[ , the first term in the In a more general CCSDTQ method, all involved equa-
r.h.s. of Eq.(27); Q for connected quadruple excitation op- tions (e.g., T4, T,, T3 and T,) would be iterated simulta-
erator, T¥!, the second term in Eq27); T, for the discon-  neously. For instancd;, contributions can be obtained from
nected triple contribution td3, i.e., T,T,, the third term in  the lowestT; amplitude and then substituted into tg/2

Eqg. (27) and, finally, P for the disconnected pentuples, i.e.term of the T, equation, which will produce the above-
T, T4 operator—the last term in EQR7). To be consistentin mentioned contribution to the sixth-order energy coming
the notation we should ude, instead of P, however, since from T2T(23). In the present case, tfie,(CCSD) equation is

all the pentuples contributing to the sixth-order energy aresolved before th&; amplitudes are generated, and there is
disconnectedthe connected’s operator contributes in sev- no chance to insert the latter back into thie part of the
enth order to make the expression more compact we will CCSD equations, so such forms have to be handled sepa-
use throughout the P index, keeping in mind that this refersately. We may now regroup the above contributions to ob-
to the disconnected,T; pentuple excitations. We may note tain the following formula for the total non-iterative correc-
that the component in Eq28), corresponding to the first tion coming from

term on the right-hand-side of E@7), has been obtained by

6]dS [5] [6]
performing two iterations of Eq(14), to obtainT?! and the Ere =ErptEgp+EF,, (37)
next one to creatd}”! where the right-hand-side quantities are defined as
Now we follow the same procedure with respect to the (6] (2] 2]
T, amplitude, that is, we create the fourth-order ampli- ET p=(0|AF T,W\T5(0), (38)
tude, T, by including appropriate terms in E(L5). We 6] 3 21,
obtain in this way = (0l AL WNT2R(WNTZ) 1| 0), (39)
T =R W (T + TR+ T,T? 4+ T¥6)].. (32 EPL =(0[A,WyT,TH|0), (40)
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wher(_e th_erP a_nd Q4P subsgripts indicate that the energy EO(TE)=(0|TIPW T ]0) + (0| TI@wW, T 0)
contributions arise from the disconnected fourth-order triples

and quadruples which, in turn, are obtained from the third- +(0| THPWRR,(W\ T |0) (44)
order (disconnected pentuples. Note that the disconnected

terms allow movingT, to the left of the VY interaction as

shown. We may note also that the contribution given by Eq. :<O|(TZ(3)+T;(2)T£(1))(_ Hﬁ,)Tf‘)IO), (45
(31) arises also from pentuples but via fourth-order con-

i i [4] L .
nected triples, i.e.T5" operator. which is ann® procedurgapart from the generation at>).

~ Finally, the last piece which could contribute to the Ngte that throughout the last paragraph we have been refer-
sixth-order energy would be that that arises from the dlsconﬁng to the order in the usual sense.

nectedT3/2 wave function part entering directly into the en- On the basis of the analysis we made for the pure sixth-

ergy expression, that is, order contributions, we may arrive at the following formula
for the nonfactorizable quadruples that can be computed

EfT=(0|W\T,TE|0). 4D from the CCSD solution:

However, we do not include this term, since closer examina-
tion (_e.g., decomposition into components of different time- EES‘n]f=<0|(TZ[3]+ ITIOTI@) (—HE) TR 0). (46)
ordering shows that it will be included in the diagrams
given by Eqs(25), (38), and(40).
Now we may write the total sixth-order contribution The next computational simplification arises upon

computed on top of the CCSD method as grouping together certain terms. Namely, we may compute
. . . . . . . in one step the sum of the fifth- and sixth-order quadruple
EO =gl + el +ES +ER+ E[Tc]g+ EEl+ER contribution. First we may obtain the respectivgquantity:

+EQH EQy+ EGh+ EQL + EF L + ERlo + EFL

TR =R Wy (TH+ TR + 122+ T,T + TY/6) 1.

(42 47)

and the particular components are given by Egd), (25),

(26), (28), (29), (30), (31), (33), (34), (35), (36), (38), (39,  After introducing the proper factorization of all terms in the

and(40), respectively. last expression, the above quantity requires ofestep.
Hence we may group together the contributions obtained in
Eqgs.(33), (35), (36) as well as the fifth-order quadruple com-

[5] i

V. COMPUTATIONAL STRATEGY IN THE ponentEy”, see Eq(68) in Ref. 18 to have
CALCULATION OF THE SIXTH-ORDER
CORRECTIONS E[Q5+6]: E[c?]+ Eg%—k Egjé,—k E[QGI]-|:<0|A2WNT£13+4]|O>-

So far we have disregarded the problem of the compu- (48)
tational requirements, or the rank of the computational pro-
cedure for the particular sixth-order contribution. We want towe have tested numerically the use of the slightly modified
indicate that at the sixth-order level, the slowest step inexpression for the above contribution
volves evaluation of the connected quadruple component. At
the fifth order—as mentioned in Ref. 18—the latter compo- (5+6]_ 1 ‘) [3+4]
nent is fully factorizable, which substantially reduces the  Egr =3(0[A,T; D, Ty "*[0), (49)
rank of the computational procedure. Here we encounter a
nonfacto_rlzable guadruple component that has to be evah{ﬂ/hereT(zlkRz(WN) ananTn=(n!)‘22(ei+ej+ N
ated at higher cost. Moreover, we observe thati}jg com- ab. . otpt i : . S o

) . 10 eN —ey)ti..a'b’ .. ji. Unlike the analysis up to this point,
ponent given by Eq(34) requires am~ step, which is un- ca e ; . ; o
. . . . this factorized formula is not entirely rigorous, but it is prac-

acceptable computationally. To avoid this, we exploit theticall equivalent and gives differences of the order of mi-
identity introduced in Ref. 22 concerning the sixth-ordegr y eq 9

: : I . crohartrees for the equilibrium geometry and tens of micro-
1:;0 TaandT, into T, contributions, which can be expressed hartrees for expanded bonds. Since the latter expression is

factorizable it can be evaluated with a3—n® procedure.
However, in these first calculations, we do not take advan-

(6) — E(6) (6) — T(3) _o\T(3)
Eqn = Erot Eoo= (0T ™ (—HWTS7|0) tage of this possibility, because the more complicated formu-

+<O|TT(2)TT(1)(_ H°)T(3>|0> las make the coding difficult.
2 2 N4 In practice, theTl®! amplitudeused for the evaluation
—(0|TPwW T 0). (43 of nonfactorizable quadruple contributions, E46)] ought
to be computed independently from those Bf*¥, as
The full sixth-order contribution arising froﬁﬁf) can then given in Eq.(47), so we need twm® steps: one for each set
be expressed as of T, amplitudes. We may further simplify the algorithm to

Downloaded 29 Sep 2005 to 128.227.192.244. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



5260 J. Chem. Phys., Vol. 108, No. 13, 1 April 1998 S. A. Kucharski and R. J. Bartlett

use theT>** amplitudes also for the nonfactorizable part, VI. XCC FUNCTIONAL

Eq. (46), which makes it possible to get all sixth-order qua-

druples with onen® step. In this way, we still have correct In this approach, we construct the sixth-order XCC func-
sixth-order contributions, but in addition, we include sometional in the manner described in Refs. 4 and 19 by starting
higher terms which do not necessarily improve the resultsvith expression(6) and considering all amplitudes in their
due to possible misbalances. Both possibilities have beelowest orders. We arrive after expansion at the following
considered in actual calculations. functional:

|
Eldc=3(0| TS HRT1T30)+h.c4+ (0| TITIHR T, T2|0) + (0| TIHRT4|0) + (0| TS TIHR T, T5/0)

+ (0| TIPHT3|0) + (0| TAWNT2|0) + h.c+ (0| TITIWNT,|0) + h.c+ (O] TIW T, T,|0)
+h.c4 (0| TIWNT,T,|0)+h.c+ (0| TAW\T,T5/0) + h.c.
+(O| TIWNT4|0) + h.c+ (0| TJ2W\T,T,|0)+ h.c.

+ (0| TI2WyT,T5|0) + h.c+ (0| ThWNT2|0) + h.c+ £ (0| TH2W T3|0) + h.c., (50)

where h.c. indicates the Hermitian conjugate taken with respect to its immediate predecessor and only linked terms are
considered.

The general scheme in reducing the above functional is to take advantage of the lower rank XCC equations and eliminate
redundant term&’ After introducing this we obtain the final XCC functional through sixth order of the form

ERl.=AE(CCsD+AEM (Xce)+ AER)(XCO) + AERL(XCO), (51)

where inAE(CCSD) we have included all terms occurring in the X6Cfunctional that would generate the components of
the CCSD equations. The next three terms represent those contributions to the fourth-, fifth-, and sixth-order XCC functional
that are not included by the CCSD equations

AE(XCC)=(0| TIHRT5/0) + (0| AW\ T,| 0) + (0| TIWyT5|0), (52
EFR(XCC)=(0|TIWT3|0) +(0| T{WyT3|0) + (0| TSWNT5(0) + 3(0| TS Wy T5/0)
+ 5(0| TIA(W\T2)/0), (53)
ELF(XCC) = (0| TAWNT 1 T3]0) + (O THWNT1T2)|0) + (0| TH(WN T, T3) | 0) + (0| TAWy T,|0)
+ 30| THA(WNT2T3)c[0) + 30| TSW\T4|0) + (0| TRA(WiT3)c[0) +(O| T3HRT4|0)
+ (0| TAWNT3|0) + 3(O[ TH(WNTS)c|0). (54)

By making the functional in Eq$51)—(54) stationary with respect to th'E% operator, we arrive exactly at EGL4); similarly,

by taking variations with respect to tl’ﬁ.:}1 operator, we obtain the first two terms in relatid). Now substituting thd ; and

T, quantities back into the function@l) causes most of the terms to disappear to yield the following expression for the
energy:

AEFY(XCC)=(0| TIWNT3|0) + (0| TIWyT3|0) + 5(O| TS Wy T3)|0) + 50| TS*Wiy T5|0) + (0| TIW T, T5/0)

+ 3(0| TI2(WNT,T3)c[0)+ 3(O| TH2WyT40)+ (0| TSA(WyT3)|0). (55)

The components in Eq$52)—(54) represent all terms that same term, we obtain contributiof%1* | ETQ , ETT , and

through sixth order remain beyond the CCSD scheme WItI’E[TGP , which are exactly those given by Eq8)— (31), with

the exception of two terms that will be discussed later. INA , being replaced Witﬁ'er. Considering the second term of
most cases, the sixth-order contributions obtained from thene |ast functional, we obtain two sixth-order contributions in
expression, Eq55), are identical with those obtained in the the same manner as in Sec. lll; that is, by combining the
previous sections. Thus after introducing the second-ordesecond-ordel; amplitude with third-ordefl; and the third-
T3, EQ.(16), and third-ordefT,, Eq. (19), into the first term  orderT, amplitude with the second-ord&g ones, we obtain

of the functlonal(55) we may obtain the sixth-order contri- componentsE}* and EIIX given by Egs.(24) and (25),
butions EIJY, see Eq.(26). Similarly, introducing the respectively. So far, all the sixth-order contributions derived
fourth-orderT[‘” amplitude as given by Eq27) into the from the A-based functional are identical to those obtained
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in the present section apart from thebeing replaced with E[TG](XCC(S))=(0|T§[2]WN(D1T[13])|0>, (65)
T'. Now going to the remaining terms of E¢55), we en- !
counter some slightly different forms. First of all, we observe E[TBZ](XCC(4)) =<O|TJ2FWNR4(T2(D2T[23]))|0>. (66)

that the next term 0| T1%(WyT3)(|0), does not produce . . . o

any contribution to the sixth order. The next five terms giveWe immediately recognize that the above contributions are
the following sixth-order componeriindicated by a super- identical to those in Eq€38) and(39), respectively.

script X to distinguish them from the analogous contribution N the same way as before, we may group together some

obtained from the\ functiona) terms to facilitate the computations. We may add together
terms in Eqs(56), (58), and (59) as well as theE5! (see
ESP= 3(0|TPwWy T 0), (56)  Ref. 18 to obtain
[5+6]X_ =[5]X_, =[6]1X . =[61X . =[6]X
EXL=1(0|T52wW\ T |0), (57) Eqr " =Eq "+ Eqr +Eqp TEqH
B0 = 1O TEWT T 0) 58 T W32 W TS+ (W T, ),
3
ESL = (0 TRWyT)cl0), (59) +(WT2/6)c)[0)- €7
Similarly, we may replace the contributiof%* and E[SLX
EPX = (0| TIwy T, T 0). 60 with ° 9
We may compare the above components of the sixth-order  ESI*=(0|T}®/(—HR) T{|0) (68)

corrections with the corresponding quantities obtained from

the A functional. We observe that the last term is identical toobtaining the corresponding 10 terms as before. Out of them,
that given in Eq.(43), whereas the other four as given by €ight are identical and two have different form.
Egs.(56)—(59) are very close to those in Eq83)—(36). The

main difference lies in the fact that here we never employ the

T, quantity, so we never have to worry abolif into T, vjj SUMMARY OF THE SIXTH-ORDER

contributions being the bottleneck, which we were able tocONTRIBUTIONS

overcome only by adopting a special computational strategy

in Sec. V. It may be easily recognized that both sets of sixth- ~ To summarize the theoretical considerations, we present
order components give identical contributions as far as thé Table Il how each of the sixth-order contributions is gen-
pure sixth-order values are concerned. That means that rérated by the current method. First we have to divide the
placing all the infinite-order amplitudes with finite-order Sixth-order corrections into classes, which we can do on the

guantities we may write basis of the general sixth-order perturbation terms
6) __ =(6)X
Eor=Eor (62) E®=2> (0]WnQzD; "WNQiDy *WrQD;
kim
or
X WnQmD i 'WnQ2D 5 *Wy[0) (69)

(1) (3) 1 t(1)2 (3)
(OIT2 ™ Whi(RaWNTS)]0) = 2 (OfT2“WhT |0>.(62) where Qanl indicates appropriate n excitations and de-
nominators. Subject to linked diagrams and unrestricted
The equality of the two expressions originates from the well-symmation over orbital labels, all renormalization terms are
known factorization theorem that enables replacing thgancelled. Alternatively we can simply disregard the renor-
“long” T, denominator introduced by tHR, operator with  mgjization terms in our classification. Using the CI designa-
“short” T, denominators. tion, the indicesk, m may assume values 1, 2, 3, and 4,
To complete the derivation of the sixth-order XCC type corresponding to single, double, triple and quadruple excita-
corrections, we need to account for the other two contributjgng, respectively; whereas the indemay, in addition, be
tions that in the present formalism, should be generated b%qual to 5 and 6, corresponding to pentuple and hextuple
the XCQ4) and XCQ5) equations. Namely, on carrying out excitations. We keep in mind that the adjacent indices cannot
the reduction of the initial functional, Eq50), to the final  gjffer by more than 2. We may then classify all sixth-order
form, Egs. (51)—(54), we assumed that X06) T; and  terms on the basis of the values of the indices k, I, m. In

XCC(4) T, equations have the standard form Table I, we use letters S, D, T, Q, P, and H with obvious
T1(XCC) =Ry (Wy T+ Wy T;+WyTs) (63) meanings. For example, the ter_m denoted i.n Table Il as QPQ
would correspond to the following expression:
— 2
T5(XCC) =Ry Wy + Wy T+ Wy T+ %WNT2+WN'I('8)4 ) E() o= (0|WyQ5D5 "Wy Q,D "Wy QsD;5
X W\QaD 4 "'WnQ,D5 "Wy|0), . (70)

We see that both contain the terky\ T3, which is not
present in the CCSD equations—those we actually solve(As all of those quantities are represented diagramatically the
That means we have to include the sixth-order contributionsonfiguration classification is really a diagramatic one mean-
that would be generated by the iterative solutions to thoséing that EPV parts of the diagrams are incorporated in the
equations and there are two such terms numerical value of the quantity IikEggQ .
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TABLE Il. Generation of the classes of the sixth-order contributions by the CCSD and non-iterative terms.

Sixth-order Sixth-order Sixth-order Sixth-order
term Included by term Included by term Included by term Included by
SSS CCSD DSS CCSD TSS CCSD QDS CCSD
SSD CCSD DSD CCSD TSD CCSD QDD CCSD
SST EX] DST ER] TST EF, QDT 25
SDS CCSD DDS CCSD DS E{! QTS CCsD,ERL
SDD CCSD DDD CCSD TDD E QTD 2
SDT EY DDT EY TDT EX, QTT ELXS
SDQ CCSD DDQ CCSD TDQ ELY QTQ CCSD,El} ,E[T‘?TS
STS CCSD DTS CCsD TTS CCSDE, QQD CCSDEY!
STD EL] DTD ELY TTD E QQT EX)
STT EL] DTT EP TTT ELY QQQ CCSDEG! ER)
STQ CCSDEY] DTQ CCSDES TTQ CCSDE EL%, QPT Egh EFr, EQk
DQD CCSD TQD CCSDE}! QPQ Elp ,E[TTTB ,E[erp
DT EQ’ TQT Y QHQ CCSDEL}
DQQ CCSDEB! TQQ ccspel! EY)
TPT EFR EFp
T™PQ ERL.Ef%

In columns 1, 3, 5, and 7, we list all sixth-order terms, BH, HF, H,O, N,, and G. For the first three molecules, the
and in the adjacent columns, we specify the expressioreference data are also available for the stretched bonds at
which generates the latter. In many cases, we have more thans R, and 2R, (R., equilibrium bond length The results
one expression, which means that within a given class wef the calculations are collected in Table Il where we show
may still distinguish certain subclasses. As an example let uthe deviations of the correlation energies calculated in the
analyze the class QPQ that is generated by the disconnectggesent work from the FCI data. In actual calculations, we
pentuples (i.e., T,Tz contribution. From Table Il have tested three different approaches denoted in Table Ill as
we see that the diagrams belonging to this class ar@ T(A), and T, and within each of them, two computational
generated by the three different sixth-order contributionsschemes used to evaluate the nonfactorizable quadruples. In
Ebk, EFL, and EQ)s, which can be expressed as the columns with a\ header, we have listed the results ob-
(O] TIWNRA(WNTLTEN J0), (O] TIWNRA(T,WyTE)|0),  tained from the expression given in E@2) including the
and(0|TZWNR4(T[32]3WNT2)|O>, respectively. The permuta- simplifications included in Eqgs(46)—(49). The columns
tion of the T; and Wy operators is possible only when the headed by thd@(A) contain results obtained with the same
two operators are not connected. Thus, we see that thegermulas as in the preceding column but in all expressions,
three expressions correspond to the situations wheréfhe the A amplitudes have been replaced By amplitudes. Fi-
operator is connected both T, and T3 operators, is con- nally, the last two columns correspond to the XCC-based
nected only to thél'; operator, and only to th&, operator.  sjxth-order corrections developed in Sec. (fHe header Y.

Out of 55 classes of sixth-order diagrams, 16 are genergor each of the approaches, we computed the nonfactorizable
ated entirely by the CCSD method and 10 partially. Thegyadruple contribution on the basis of the tofal ampli-
fourth-order noniterative contributiolE[T4] is responsible for tudes,TEf”‘” given in Eq.(47) (this corresponds to one®
seven classes. Similarly, the three fifth-order contributiongtep or on the basis of independently computed third order
introduced in Ref. 18 are responsible for 11 classes: 3, 4, anﬁl4 amplitudes,TEfl (this corresponds to twn® steps, since

4 for the .C(_)mponentE[Sﬂ, EPl and ER, respectively. S0 5 gptain the latter quantity, we need to run an additioifal
the remaining 19 classes are generated partially or ent'rel¥ycle(3ee the last paragraph of Sed. V

bly the S|>f<tr;1-orollerhcor:jtr|bg'.uons. The fagt thlat egch of thé ™ The principal difference in the quality of the obtained
;:assez oft Sf'Xt -or 'e':h |a%rams can fe P aT:e hamontgr;] thEsults is connected with the character of the reference func-
e”rn:s edrlve_ dort our sixth-or elrgngrgy ormuia s O;Nf_ a?ion. In the cases where the reference function is of single-
a € desired terms are included n our compu alonaconfigurational character, as in the case of equilibrium ge-
scheme. . . . .
. I . ometries of the hydrides, all the computational schemes give
In the next section we will briefly discuss the results. . : . :
similar results. They start to differ when going to distorted
geometries or to the Cmolecule where nondynamic corre-
lation can be important. It follows from the data collected in
To test the performance of the non-iterative approachegable Ill that the most consistent results are given byAhe
developed in previous sections, we selected the same fivepproach: they rarely overshoot—slightly in the case of the
molecules from Ref. 18 for which the FCI results are known:HF molecule atR, and 1.5R,.—and give consequently too

VIII. TEST RESULTS
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TABLE Ill. The correlation energies relative to the FCI values for the CCSD based non-iterative methods
correct through sixth orddmbhartreé.

A T(A) T
onen® two n® onen® two n° onen® two n°
step steps step steps step steps
BHADZP) Re 0.123 0.129 0.016 0.022 0.010 0.016
1.5R, 0.126 0.148 —-0.031 —0.009 —0.002 0.020
20R, 0.029 0.115 —0.590 —0.504 —0.385 —0.299
HF4DZP) Re —0.094 -0.112 —0.034 —0.052 —-0.033 —0.051
15R, —0.025 —0.061 —0.087 -0.123 -0.087 -0.123
20R. 0.989 0.909 —0.133 —-0.213 —0.089 —-0.169
H,0*(DzZP) Re 0.071 0.049 0.038 0.015 0.030 0.007
1.5R. 0.853 0.759 0.518 0.411 0.194 0.100
20Re 2.607 2.253 —0.625 —-0.979 1.571 1.217
Ng(pVDZ) Re 0.635 0.514 0.294 0.173 0.252 0.131
Cg(pVDZ-ﬁ-) Re 1.040 0.036 -1.727 —-2.731 —0.546 —1.550
m. abs. err. 0.599 0.462 0.372 0.476 0.291 0.335
max. deviat. 2.607 2.253 1.727 2.731 1.571 1.550

#The basis sets, geometries and FCI values were taken from Refs. 22, 23, 24 for BH, HFCGantblécules,
respectively.
bThe basis sets, geometries and FCI values were taken from Ref. 25.

positive values for the quasidegenerate situatiofcf. the leading since the behavior of the method, when evaluating
C, values and those for HF and,8 at R.). ReplacingA on an average basis, is to some extent obscured by the ex-
with TT, to which it is equivalent through linear ter’s, treme cases. Here such an example is provided by the C
dramatically changes the results for the distorted geometriemolecule: Taking average errors for all but thge §/stem
as in all cases we go to more negative values, although th&ould work in favor of theT(A) approach. Obviously, we
results for hydrides are closer to the exact ones. For the Cdo need to consider other properties, other molecules, and
molecule, it goes below the exact value by 1.7 and 2.7 mhardarger basis sets to adequately assess performance.
tree depending on the scheme. The results obtained with the In Table IV we compare the results obtained with the
XCC-based formulas tend to overshoot for the BH and C current methods to those generated with the noniterative
systems. In these cases they are similar talihe) approach  methods correct through fourth and fifth order and with those
but the surprising exception is,B® at R, for which the obtained with standard CC approaches correct through the
XCC-based values stay above the exact answer by more thdourth, fifth and sixth ordefi.e., CCSDT, CCSDTQ-1 and
one mhartree. CCSDTQ, respective)y We observe that going from the

If we judge by the mean absolute error rather than stanoniterative method correct through fourth order to those
bility, the most satisfactory data seem to come out from theorrect through fifth and sixth, we reduce the average error
XCC approaches: 0.291 and 0.335 mhartree for the meafmom 0.887 to 0.827 and 0.372 mhartree in case of the
absolute error compared to 0.372 and 0.476 mhartree for that-based approaches, or from 1.387 through 0.694 to 0.291
of the T(A) scheme. However, this conclusion could be mis-mhartree for the XCC-based methods. The gain in the accu-

TABLE IV. The correlation energies relative to the P@hlues for the standard CC methods and the CCSD
based non-iterative approaches correct through fourth, fifth and sixth order.

cc4snT] CC5SOTQ] ccesOTQ] cc4  cCC5  CC6
A T A T T(A) T SDT SDTQ-1 SDTQ
BH(DZP) R, 0.482 0387 0.168 0.046 0.016 0.010 0.068 0.040  0.001

1.5R, 0.580 0.387 0.195 0.047-0.031 —0.002 0.026 0.042 0.000
20R, 0.629 —0.425 0.010 —0.588 —0.590 —0.385 —0.091 0.066 0.001
HF(DZP) Re 0.140 0.098 0.186 0.330—0.034 —0.033 0.266 0.061 0.018
15R, 0.404 0.148 0.407 0.564—-0.087 —0.087 0.646 0.110 0.041
20R, 0.255 —-1.913 0.652 —-0.184 -0.133 —-0.089 1.125 0.351 0.062
H,ODZP) Re 0.633 0561 0.200 0.189 0.038 0.030 0.531 0.047 0.023
1.5R, 1998 1379 0.676 0.128 0.518 0.194 1.7840.027 0.139
20R, —1.504 —-6.711 —0.405 —1.989 -0.625 1571 —2.472 -1.581 -0.015

N,(pVDZ) R, 1569 1.050 1.233 0.956 0.294 0.252 1.626 0.262 0.192
Cy(pVDZ+) R, 1563 —-2.202 4.968 2.620—1.727 —-0.546  2.273 1.008 0.622

m. abs. err. 0.887 1387 0.827 0.694 0372 0.291 0.992 0.327 0.101
max. deviat. 1.998 6.711 4.968 2.620 1.727 1571 2472 1.581 0.622

°See footnote to Table Il
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