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Analytical evaluation of energy derivatives in extended systems.
I. Formalism

Jun-Qiang Sun and Rodney J. Bartlett
Quantum Theory Project, Departments of Chemistry and Physics, University of Florida, Gainesville,
Florida 32611

~Received 6 April 1998; accepted 12 June 1998!

A method is developed to analytically evaluate energy derivatives for extended systems. Linear
dependence among basis functions, which almost always occurs in extended systems and brings
instability to the coupled-perturbed equations, is automatically eliminated in this method. The
remaining independent basis functions are transformed into semiorthogonal orbitals. The derivatives
of the orbitals and the overlap matrix over them are obtained via a set of coupled-perturbed
equations, similar to those of the coupled-perturbed Hartree-Fock~CPHF! equations which are used
to calculate the derivatives of the Hartree-Fock~HF! orbitals and the orbital energies. By
introducing symmetrized coordinates, these coupled-perturbed equations can be easily solved.
Explicit expressions for calculating gradients and Hessians of the HF energy for extended systems
are given. With this method, we can calculate energy derivatives with respect to displacements of
the nuclei, including those which break the translational symmetry. Therefore, the method not only
provides an efficient and accurate approach to calculate energy derivatives of any order, but also
enables us to determine the force constants for individual nuclei, the interatomic force constants, and
phonon dispersion curves in the whole Brillouin zone. With this method, the computational cost to
calculate phonon spectrum withkÞ0 in the Brillouin zone is the same as that needed for the
spectrum atk50. © 1998 American Institute of Physics.@S0021-9606~98!30635-2#
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I. INTRODUCTION

The analytical evaluation of energy derivatives is one
the most important achievements of quantum chemistry.1–3 It
not only provides accurate results but also is much m
efficient than a numerical, finite difference method. After
years of development, analytical gradients and Hessians
become routine for various self-consistent field~SCF! meth-
ods and the most widely used correlated methods, altho
this is still one of the most active fields in quantu
chemistry.4–11

The analytical evaluation of energy derivatives has b
mainly confined to finite systems. Nevertheless, some s
stantial progress has been made in the last several y
With the STO-3G basis set, Teramaeet al.12 calculated the
analytical gradients of the HF energy for several polym
under the constraint that all unit cells are moving in pha
Under the same constraint, Hirata and Iwata13 have calcu-
lated the analytical gradients of the density functional the
~DFT! energy for polyacetylene~with a 3-21G basis set! and
polymethineimine~with 3-21G and 6-31G* basis sets!. Re-
cently, two groups14–16 have calculated the phonon dispe
sion curves~with analytical Hessians! for several semicon-
ductors and aluminum using DFT with plane wave ba
functions, which do not depend on the geometry of the
clei. Using plane wave functions as the basis set, the ca
lations can be greatly simplified, and some problems ass
ated with extended systems can be avoided, but it is v
difficult to get converged results, especially for insulato
and semiconductors. So far, to our knowledge, no one
systematically studied the analytical evaluation of energy
rivatives ~gradients, Hessians, and higher orders! for a gen-
4200021-9606/98/109(11)/4209/15/$15.00
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eral ~typically Gaussian! basis set without constraints on th
movement of nuclei.

The analytical evaluation of energy derivatives for e
tended systems is more complicated than that for finite m
ecules. There are at least two reasons for this: linear de
dence among basis functions and infinite coupling wh
translational symmetry is broken. The former either mak
the coupled-perturbed Hartree-Fock~CPHF! or alternative
methods insoluble or causes large errors. It also invalida
the currently widely used formulas for analytical gradien
even though the solutions of the CPHF equations are
required.17 This problem occasionally occurs in molecule
In most cases, one avoids the problem by simply replac
one basis set with another. But almost all the basis sets~ex-
cept minimal basis sets such as STO-3G! tend to have linear
dependencies when applied to polymers, and this prob
will be worse for three dimensional systems. The latter of
two difficulties involves the design of an effective procedu
to solve the CPHF equations for a general case. The tran
tional symmetry of a periodic system no longer exists wh
ever a nucleus moves, no matter how small the displacem
is. Without the periodicity, the Fock matrix is no longe
block diagonal and the HF orbitals cannot be classified
cording to a reciprocal lattice vectork. Then neither the
Hartree-Fock~HF! nor the corresponding CPHF equatio
can be solved practically.

The analytical evaluation of energy derivatives is ev
more significant and necessary for extended systems tha
finite molecules. First, the computational effort needed for
energy evaluation of an extended system with anab initio
method is much greater than that for a finite molecule. T
analytical method for energy derivatives can greatly red
9 © 1998 American Institute of Physics
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the computational cost compared to finite difference pro
dures. It is also more reliable and accurate. Second, alab
initio methods applied to calculate the energy of an exten
system require translational symmetry, and so the finite
ference method can only provide energy derivatives with
spect to displacements which maintain the symmetry. Th
fore, one can only calculate the frequencies of the phonon
theG point. One may move to other special points in the fi
Brillouin zone by enlarging the unit cell of the system~the so
called ‘‘super cell’’! and then calculate the frequencies of t
phonon at these points.18,19But this is very expensive and th
method is still an approach which requires translational sy
metry. Therefore, with the finite difference method, it is ve
difficult to calculate the whole phonon dispersion curves a
other properties involving the derivatives with respect to
displacements which break the translational symmetry.
phonon dispersion curves of a solid determine the syste
specific heat, thermal conductivity, thermal expansion, inf
red and Raman spectroscopy, and other mechan
properties.19–21 Currently, the HF method has become ro
tine for energies and band structures for extend
systems22–25and recently second-order many-body pertur
tion theory @MBPT~2!#26 has been applied to calculate th
vibrational frequencies of polymethineimine for the norm
modes withk50, i.e., keeping the translational symmetry27

Clearly, the next step is to formulate an effective proced
for the analytical evaluation of energy derivatives in e
tended systems.

In the method, we propose that there are no specia
quirements for basis functions and no constraints for the
placements of the nuclei. The basis functions can be fu
tions of the nuclei’s coordinates and they may have lin
dependence. A procedure, recently developed by us,17 is
used to automatically eliminate the linear dependence am
basis functions and transform the remaining independ
functions into a set of semiorthogonal orbitals. The pro
dure also provides the derivatives of the obtained orbi
and their overlap matrix. To effectively solve the CPH
equations, symmetrized coordinates for nuclei are used. T
are Fourier transformations of the displacements of the
clei and complex variables. The symmetrized coordinates
classified by a reciprocal vectork in the first Brillouin zone.
Those withk50 do not break translational symmetry, whi
others do. We will show that with the symmetrized coor
nates, both the coupled-perturbed equations for indepen
orbitals and the CPHF equations can be greatly simpli
and then they can be easily solved. The CPHF equations
symmetrized coordinates withkÞ0 do not require more
computational effort to be solved than those fork50, e.g.,
the phonon spectrum at anyk point in the first Brillouin zone
can be calculated with the same amount of computatio
cost as that required at theG point (k50, keeping transla-
tional symmetry!. We will derive the detailed formulas fo
analytical gradients and Hessians of the HF energy. For c
pleteness, we will also show how to calculate the force c
stants for individual nuclei, interatomic force constants, a
the whole phonon dispersion curves in the first Brillou
zone using the Hessians.

The plan of this paper is as follows. In Sec. II, we w
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deal with basis functions to get independent, semiorthogo
orbitals and their derivatives. In Sec. III, we will give a ge
eral discussion about HF and CPHF equations for exten
systems. In Sec. IV, we will simplify the coupled-perturbe
equations for both semiorthogonal basis functions and
orbitals using symmetrized coordinates for nuclei. In Sec.
we will give the detailed expressions for analytical gradie
and Hessians for the HF energy. Then we will discuss
applications of the energy derivatives in Sec. VI. In Sec. V
we will close with concluding remarks.

II. INDEPENDENT BASIS FUNCTIONS

A. Symmetric and orthogonal orbitals for periodic
systems

Let us consider ar-dimensional periodic, infinite system
with basic vectorsa1 , . . . ,ar ~r51,2,3!. Then the position
vector of theAth nucleus in thelth unit cell is

RlA5Rl1RA , ~1!

where

Rl5 l 1a11•••1 l rar ~2!

is the lattice vector for thelth unit cell andRA is a position
vector for theAth nucleus in a unit cell. Let$xa

l (r )5xa(r
2RlA),l 50,61, . . .% be the atomic basis set. Then symm
trized or Bloch orbitals are given by

fka~r !5
1

AN (
l

eik•Rlxa
l ~r !, ~3!

whereN5N1, . . . ,Nr is the number of the unit cells in th
system andN1 , . . . ,Nr can all go to infinity. The vectork
in Eq. ~3! is the reciprocal latticek given by

k5k1b11•••1krbr , ~4!

whereb1 , . . . ,br are defined by

ai•bj5d i j , i , j 51, . . . ,r, ~5!

and ki ( i 51, . . . ,r) in Eq. ~4! can only take values of the
multiple of 2p/Ni( i 51, . . . ,r), limited in the region of
@2p,p#.22–26

The overlap matrix over the symmetrized orbitals
block diagonal, e.g.,

S5S � 0 0

0 Sk 0

0 0 �

D , ~6!

where

Sab
k 5(

l
eik•Rl^xa

0 uxb
l &. ~7!

The dimension ofSk is equal toT, the number of atomic
orbitals in one unit cell. It is easy to see that eachSk is a
Hermitian matrix. Then one can always find a unitary mat
Vk such that

SkVk5Vksk, ~8!

wheresk is a diagonal matrix,
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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sk5S l1
k 0 ••• 0

0 l2
k

••• 0

A A � A

0 0 • lT
k
D , ~9!

and l1
k>l2

k>•••>lT
k . For a smalll i

k , the corresponding
one-particle wave function is considered to be dependen
the others and it should be discarded.25 It is impossible to
give an absolute value forl to distinguish independent an
dependent orbitals; nevertheless, one can choose a re
ably small value as a threshold according to the deman
accuracy of the calculation and throw away the basis fu
tions whose eigenvalues are smaller than the chosen th
old. Then onlyM k (M k<T) orthogonal functions from theT
atomic orbitals can be constructed by

f̄km~r !5(
a

T

fka~r !Vam
k ,m51, . . . ,M k. ~10!

Since the atomic orbitals in one unit cell are exactly the sa
as those in any other unit cell, except that their origins
shifted by a lattice vector, the number of the dependent fu
tions among each group of the symmetrized orbitals with
samek should not be a function ofk; that is,M k is a con-
stant. Of course, it may happen thatM k varies withk if the
threshold is not well chosen. In this case, one must adju
to be sure that the discarded orbitals are the same for ak.
This means one can find a universalM which preserves the
number of orthogonal orbitals obtained for eachk.

It is easy to see from Eq.~7! that

~Sk!* 5S2k. ~11!

This means that

~sk!* 5s2k ~12!

and also means that one can always have

~Vk!* 5V2k. ~13!

Let us useV1
k andV2

k to denote the firstM columns and
the remainder ofVk, respectively, and define

V15S � 0 0

0 V1
k 0

0 0 �

D , ~14!

V25S � 0 0

0 V2
k 0

0 0 �

D . ~15!

The matrixV1 transforms the atomic orbitals into indepe
dent, orthogonal orbitals, e.g.,

$ . . . ,f̄km , . . . %5$ . . . ,fkm , . . . %V1 . ~16!

Let us uses1
k ands2

k to denote the top-leftM3M square and
the bottom-right (T2M )3(T2M ) square ofsk , respec-
tively, and define
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s15S � 0 0

0 s1
k 0

0 0 �

D , ~17!

s25S � 0 0

0 s2
k 0

0 0 �

D . ~18!

It is easy to see thats1 is the overlap matrix over the orthogo
nal orbitals. With the above definitions, Eq.~8! can be re-
written in a more compact form as

SV5Vs, ~19!

where

V5~V1,V2!, ~20!

s5S s1 0

0 s2D . ~21!

B. Semisymmetric and independent orbitals for
nonperiodic systems

Now let the nuclei have small displacements from t
periodic structure, e.g.,

RlA5Rl1RA1DRlA , ~22!

whereDRlA is a function of bothl andA. Then there is no
translational symmetry anymore. Nevertheless, we can
construct a set of semisymmetrized orbitals by

fka~y,r !5
1

AN (
l

eik•Rlxa
l ~y,r !, ~23!

where

xa
l ~y,r !5xa~r2Rl2RA2DRlA! ~24!

and y is used to denote the displacements of the nuc
e.g., y5$ . . . ,yt, . . . %5$ . . . ,ylAt, . . . %5$ . . . ,DRlA1,
1DRlA2,DRlA3, . . . %. It is easy to see that the semisymme
ric and atomic orbitals are connected by a unitary mat
Then they span the same function space and, of course
equivalent. Wheny50, semisymmetrical orbitals becom
identical to their corresponding symmetrized orbitals giv
in Eq. ~3!. It is known that the atomic orbitals are smoo
functions ofDRlA , and so are the semisymmetrized orbita
since they are functions of the nuclei’s coordinates o
through the atomic orbitals. The overlap matrix of the orb
als can be calculated by

Sk8a8,ka~y!5
1

N (
l 8 l

ei ~k•Rl2k8•Rl 8!^xa8
l 8 ~y,r !uxa

l ~y,r !&,

~25!

which is no longer a block diagonal matrix except aty50.
Wheny50, the overlap matrices given in Eqs.~7! and ~25!
become identical.
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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For yÞ0, we can still find a unitary matrix, which is
smooth function ofy, to transform the semisymmetrized o
bitals into orthogonal ones. Then we can getNM indepen-
dent orthogonal basis functions. Any rotation among the
dependent or dependent orbitals, respectively, does
change the space spanned by the independent basis
tions. LetV(y) be a unitary matrix which satisfies

S~y!V~y!5V~y!s~y!, ~26!

with the constraint that

s~y!5S s1~y! 0

0 s2~y!D . ~27!

s1(y) ands2(y) become identical tos1 ands2 , respectively,
wheny50. From the firstNM columns ofV(y), we can get
NM independent basis functions by

f̄km~y,r !5(
k8a

fk8a~y,r !Vk8a,km, m<M . ~28!

The symbol k in Eq. ~28! only means thatf̄km(y,r )
smoothly approachesf̄km(r ) wheny→0.

C. Derivatives of the independent basis functions and
their overlap matrix

Let us expressS(y), V(y), ands(y) as Taylor series in
the vicinity of y50,

S~y!5S1(
t

Styt1
1
2 (

t,t8
Stt8ytyt81•••, ~29!

V~y!5V1(
t

Vtyt1
1
2 (

t,t8
Vtt8ytyt81•••, ~30!

s~y!5s1(
t

styt1
1
2 (

t,t8
stt8ytyt81••• . ~31!

For any derivative matrix,Vtt8 . . . , of the coefficients, there
is always a matrixAtt8 . . . such that

Vtt8 . . . 5VA tt8 . . . , ~32!

since V is a nonsingular square matrix. Substituting E
~29!–~32! into Eq. ~26!, we can get17

st1Ats2sAt5V†StV ~33!

for first derivatives and

stt81Att8s2sAtt85V†Stt8V1st8At2Atst81stAt82At8st

1At8sAt1AtsAt82sAtAt82sAt8At

~34!

for second derivatives.
Among the matrices which satisfy Eqs.~26! and~27!, we

can always find one such that17

At5S 0 A12
t

2~A12
t !† 0 D ~35!

and
Downloaded 29 Sep 2005 to 128.227.192.244. Redistribution subject to A
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Att85S 1
2 ~A12

t A21
t8 1A12

t8 A21
t ! A12

tt8

2~A12
tt8!† 1

2 ~A21
t A12

t8 1A21
t8 A12

t !D .

~36!

Substituting Eq.~35! into Eq. ~33!, we obtain

st5S V1
†StV1 0

0 V2
†StV2D , ~37!

Akm,k8m8
t

5
1

lk8m82lkm

~V†StV!km,k8m8 , m<M ;m8.M .

~38!

We can also substitute Eq.~36! into Eq. ~34! and then get

skm,k8m8
tt8 5@V1

†Stt8V11A12
t s2A21

t8 1A12
t8 s2A21

t

2 1
2 ~A12

t8 A21
t 1A12

t A21
t8 !s1

2 1
2 s1~A12

t8 A21
t 1A12

t A21
t8 !#km,k8m8 , m,m8<M ,

~39!

Akm,k8m8
tt8 5

1

lk8m82lkm

@V1
†Stt8V22A12

t s2
t82A12

t8 s2
t 1s1

t A12
t8

1s1
t8A12

t #km,k8m8 , m<M ;m8.M . ~40!

Now we have transformed theNT basis functions intoNM
independent, semiorthogonal orbitals and have derived
formulas to determine the derivatives of these orbitals a
their overlap matrix.

III. HARTREE-FOCK AND COUPLED-PERTURBED
HARTREE-FOCK FORMALISM

A. Hartree-Fock equations

With the basis functions$f̄km(y,r )%, one electron spa-
tial wave functions can be expressed as

cP~y,r !5(
k

(
m51

M

f̄km~y,r !Dkm,P~y!

5(
k8

(
a51

T

fk8a~y,r !Ck8a,P~y!, ~41!

where

Ck8a,P~y!5(
k

(
m51

M

Vk8a,km~y!Dkm,P~y! ~42!

or

C~y!5V1~y!D~y!. ~43!

The Fock matrix over the semiorthogonal orbitals,f̄km(y,r ),
can be calculated by

F~y!5V1
†~y!F8~y!V1~y!, ~44!
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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whereF8(y) is the Fock matrix over semisymmetrized orb
als, fkm(y,r ). In a semiconductor or an insulator, each o
cupied orbital always has two electrons in the ground st
The F8(y) can then be expressed as

Fk8a8,ka
8 ~y!5hk8a8,ka~y!12Jk8a8,ka~y!2Kk8a8,ka~y!,

~45!

where

hk8a8,ka~y!5K fk8a8U2 1
2 ¹2

2(
l ,A

ZA

ur2Rl2RA2DRlAu UfkaL , ~46!

Jk8a8,ka~y!5(
I

^fk8a8c I ur 12
21ufkac I&, ~47!

Kk8a8,ka~y!5(
I

^fk8a8c I ur 12
21uc Ifka& ~48!

are matrices of one-particle, Coulomb, and exchange in
actions, respectively. The summation indexI in Eqs. ~47!
and ~48! and in the following is limited to occupied spatia
orbitals. The Hartree-Fock equation for the system is

F~y!D~y!5s1~y!D~y!e~y!, ~49!

D†~y!s1~y!D~y!5I . ~50!

The HF energy for the system can be calculated by

EHF5(
I

@D†V1
†hV1D1D†FD# II 1Vnuc

5(
I

@C†hC1C†F8C# II 1Vnuc, ~51!

whereVnuc is the nuclear repulsion energy given by

Vnuc5
1
2 (

l ,A,l 8,A8

8 ZAZB

uRlA2Rl 8A8u
. ~52!

The prime on the summation in Eq.~52! means that the cas
wherel 5 l 8 andA5A8 is excluded.

When y50, e.g.,DRlA50 for all l and A, the transla-
tional symmetry insuresD to be block diagonal,

D5S � 0 0

0 Dk 0

0 0 �

D ~53!

and the HF orbitals to be Bloch functions,

cpk~r !5(
m

f̄km~r !Dmp
k . ~54!

Then the Fock matricesF8 andF both become block diago
nal too, e.g.,
Downloaded 29 Sep 2005 to 128.227.192.244. Redistribution subject to A
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F5S � 0 0

0 Fk 0

0 0 �

D , ~55!

F85S � 0 0

0 F8k 0

0 0 �

D , ~56!

whereFk andF8k are connected by

Fk5~V1
k!†F8kV1

k . ~57!

Same as for independent orbitals, one can always have22–25

~epk!* 5ep~2k! , ~58!

~Dk!* 5D2k. ~59!

With translational symmetry, Eqs.~45!–~48! become22–25

F8ab
k 5(

l
eik•Rl@hab

l 12Jab
l 2Kab

l #, ~60!

hab
l 5E xa

0~r !$2 1
2¹

2%xb
l ~r !dr

2 (
Rh ,A

E xa
0~r !

ZA

ur2RA2Rhu
xb

l ~r !dr , ~61!

Jab
l 5 (

hh8gu

D gu
hh8~xa

0xb
l uxg

hxu
h8!, ~62!

Kab
l 5 (

hh8gu

D gu
hh8~xa

0xu
h8uxb

l xg
h!, ~63!

where

~xa
0xb

l uxg
hxu

h8!5E E xa
0~r !xb

l ~r !ur2r 8u21

3xg
h~r 8!xu

h8~r 8!dr dr 8, ~64!

D ab
hh85

1

W (
i
E dk~Ca i

k !* Cb i
k eik•~Rh82Rh!. ~65!

The integration region over reciprocal lattice in Eq.~65! is
defined in Sec. II A andW is its volume. The summation
index i is limited to occupied bands. In the following,i , j ,
i 8, j 8 anda, b will be used to denote occupied and unocc
pied bands, respectively, whilep, q denote either.

B. Coupled-perturbed Hartree-Fock equations

ExpressingF(y), s1(y), andD(y) as Taylor series, we
get

F~y!5F1(
t

Ftyt1(
tt8

Ftt8ytyt81•••, ~66!

s1~y!5s11(
t

s1
t yt1(

tt8
s1

tt8ytyt81•••, ~67!
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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D~y!5D1(
t

Dtyt1(
tt8

Dtt8ytyt81••• . ~68!

As for the derivatives of the matrixV, we can write

Dtt8•••5DUtt8•••. ~69!

From Eqs.~49! and ~50!, we get

~Ut!†1Ut52D†s1
t D, ~70!

et1Ute2eUt5D†FtD2D†s1
t De ~71!

for first derivatives. As for finite systems,Ut can always be
expressed as

Ut5Pt1Qt, ~72!

wherePt andQt are Hermitian and anti-Hermitian matrice
respectively. From Eq.~70!, we get

Pt52 1
2 D†s1

t D. ~73!

By rotating among occupied and unoccupied orbitals, resp
tively, one can always write17,28

Qt5S 0 Q12
t

Q21
t 0 D , ~74!
Downloaded 29 Sep 2005 to 128.227.192.244. Redistribution subject to A
c-

while keeping matrixe t block diagonal, e.g.,

et5S e1
t 0

0 e2
t D . ~75!

Then the equations become

epkp ,qkq

t 5@D†FtD2 1
2 ~D†s1

t De1eD†s1
t D!#pkp ,qkq

5@D†FtD2 1
2 ~C†StCe1eC†StC!#pkp ,qkq

,

p,q<n or p,q.n, ~76!

Qaka ,iki

t 52~Qiki ,aka

t !*

5
1

e iki
2eaka

FD†FtD2
1

2
~D†s1

t De1eD†s1
t D!G

aka ,iki

5
1

e iki
2eaka

FD†FtD2
1

2
~C†StCe1eC†StC!G

aka ,iki

,

~77!

wheren is the number of the occupied bands.22–26The Fock
matrix over HF orbitals, e.g.,D†FtD, can be calculated by
~D†FtD!pkp ,qkq
5@D†~V†hV! tD#pkp ,qkq

2 (
iki j k j

~D†s1
t D! j i g~pkpik iqkqj k j !

2
1

2 (
j k j bkb

~D†s1
t D!bkb , j k j

* g~pkpbkbqkqj k j !1 (
j k j bkb

~Qbkb , j k j

t !* g~pkpbkbqkqj k j !

2
1

2 (
j k j bkb

~D†s1
t D!bkb , j k j

g~pkpj k jqkqbkb!1 (
j k j bkb

Qbkb , j k j

t g~pkpj k jqkqbkb!

1 (
mnls

~Dmp
kp !* Dnq

kq(
k

Pls
k ]

]yt
@2^f̄kpmf̄kluf̄kqnf̄ks&2^f̄kpmf̄kluf̄ksf̄kqn&#

5@C†htC#pkp ,qkq
2 (

iki j k j

~C†StC! j i g~pkpik iqkqj k j !

2
1

2 (
j k j bkb

~C†StC!bkb , j k j
* g~pkpbkbqkqj k j !1 (

j k j bkb

~Qbkb , j k j

t !* g~pkpbkbqkqj k j !

2
1

2 (
j k j bkb

~C†StC!bkb , j k j
g~pkpj k jqkqbkb!1 (

j k j bkb

Qbkb , j k j

t g~pkpj k jqkqbkb!

1 (
abgu

~Cap
kp !* Cbq

kq (
k

Pgu
k ]

]yt
@2^fkpafkgufkqbfku&2^fkpafkgufkufkqb&#

1@D†~Vt!†F8C1C†F8VtD#pkp ,qkq
1(

j k
(
bkb

(
l

@~Dl j
k !* ~Vkbb,kl

t !*

3g8~qkqj kpkpbkb!* 1Dl j
k Vkbb,kl

t g8~pkpj kqkqbkb!#, ~78!
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where

g~pkpqkqrkrsks!

52^cpkp
cqkq

uc rkr
csks

&2^cpkp
cqkq

ucsks
c rkr

&, ~79!

g8~pkpqkqrkrsks!

52^cpkp
cqkq

uc rkr
fsks

&2^cpkp
cqkq

ufsks
c rkr

&, ~80!

Pls
k 5(

i

occ.

~Dl i
k !* Ds i

k , ~81!

Pgu
k 5(

i

occ.

~Cg i
k !* Cu i

k . ~82!

For the second derivatives, we can get

~Utt8!†1Utt852D†s1
tt8D1~Ut8!†~Ut!†1UtUt8

2D†s1
t8DUt2~Ut!†D†s1

t8D, ~83!

ett82~Utt8!†e2eUtt85D†Ftt8D1D†FtDUt81D†Ft8DUt

1~Ut!†D†Ft8D1~Ut8!†D†FtD

1~Ut!†eUt81~Ut8!†eUt. ~84!

It is not difficult but tedious to give details for these equ
tions. We do not go further here. In fact, one can use
formulas given in Ref. 17, provided the atomic orbitals a
replaced by semisymmetrized functions defined in Sec. I

IV. COUPLED-PERTURBED EQUATIONS WITH
RESPECT TO SYMMETRIZED COORDINATES

Although the equations to get derivatives of the indep
dent orbitals and their overlap matrix and the CPHF eq
tions are given in Secs. II and III, respectively, the equatio
are very difficult to solve in practice, especially the CPH
equations, which are matrix equations with an infinite dime
sion. In this section, we will use symmetrized coordinates
nuclei to simplify the solutions, given in Eqs.~37!–~40!, of
coupled-perturbed equations for independent orbitals
also simplify the CPHF equations such that they can be
ily solved.

A. Symmetrized coordinates

Let us define symmetrized coordinates as

Y5$Y1 , . . . ,Yt , . . . %5$ . . . ,YkAt , . . . %

by

YkAt5
1

N (
l

e2 ik•RlylAt ~85!

or

]

]YkAt
5(

l
eik•Rl

]

]ylAt
. ~86!

We can also expressylat or ]/]ylAt in terms of the symme-
trized coordinates, e.g.,
Downloaded 29 Sep 2005 to 128.227.192.244. Redistribution subject to A
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-
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-
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ylAt5(
k

eik•RlYkAt , ~87!

]

]ylAt
5

1

N (
k

e2 ik•Rl
]

]YkAt
. ~88!

From Eq.~87!, we know that only whenk50, the displace-
ments of the corresponding nuclei in different units are
same. Therefore, all the coordinates withk50, Y0At , do not
break the translational symmetry while others do. In the f
lowing, we will show that they behave like Bloch or symm
trized orbitals.

Now let us take the derivative of a semisymmetriz
orbital fkaa(y,r ) with respect toYkAt at y50. From Eq.
~86!, we get

]

]YkAt
fkaa~y,r !U

y50

5(
l

eik•Rl
]

]ylAt
(
l 8

eika•Rl 8xa
l 8~y,r !U

y50

5(
l

ei ~k1ka!•Rl
]

]ylAt
xa

l ~y,r !U
y50

, ~89!

where use has been made of the fact thatxa
l (y,r ) is not a

function of yl 8At when l 8Þ l . According to Eq.~24!, we
know that

]

]ylAt
xa

l ~y,r !U
y50

5
]

]DRlAt
xa~r2Rl2RA2DRlA!U

DRlAt50

5
]

]y0At
xa

0~y,r2Rl !U
y50

. ~90!

This indicates that

T̂l 8

]

]ylAt
xa

l ~y,r !U
y50

5
]

]y~ l 2 l 8!At

xa
l 2 l 8~y,r !U

y50

, ~91!

whereT̂l is a translation operator which translates the po
tion vector of the electron fromr to ber1Rl . Then we have

T̂l

]

]YkAt
fkaa~y,r !U

y50

5e~k1ka!•Rl
]

]YkAt
fkaa~y,r !U

y50

.

~92!

This means that (]/]YkAt) fkaa(y,r )uy50 is a representation
of the translational symmetry with a reciprocal vectork
1ka , although the coordinateYkAt may break the transla
tional symmetry. Similarly, for an operatorÔ having trans-
lational symmetry when y50, one can show tha
]Ô(y)/]YkAtuy50 is also a representation of the translation
symmetry with a reciprocal latticek. Then for a translation
operatorTl which translates the system byRl , we have

T̂l

]

]YkAt
~^fkaauÔufkbb8 &!

5ei ~k1kb2ka!•Rl
]

]YkAt
~^fkaauÔufkbb&!, ~93!
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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where the subscriptiony50 is omitted. Since we are onl
interested in derivatives aty50, we will omit the subscript
in the following. Equation~93! implies that

]

]YkAt
~^fkaauÔufkbb&!

5dka,T~k1kb!

]

]YkAt
~^fkaauÔufkbb&!, ~94!

whereT(x) is an operator which takesx back to the recip-
rocal lattice space defined in Sec. II A whenever it is out
the region.26 Equation ~94! tells us that an element of th
matrix fails to vanish only when the difference of the orbita
reciprocal lattices matches the symmetry of the symmetri
orbital.

Similarly, we also get

]2

]YkAt]Yk8A8t8

~^fkaauÔufkbb&!

5dka ,T~k1k81kb!

]2

]YkAt]Yk8A8t8

~^fkaauÔufkbb&! ~95!

for second derivatives.

B. Derivatives of independent orbitals and their
overlap matrix

According to Eqs.~25!, ~86!, and ~94!, the first deriva-
tives of the overlap matrix over semisymmetric orbitals w
respect toYkAt can be evaluated by

Skaa,kbb
kAt 5

]

]YkAt
Skaa,kbb

5dka ,T~k1kb!(
l

Feikb•Rl K ]

]y0At
xa

0Uxb
l L

1e2 ika•Rl K xa
l U ]

]y0At
xb

0 L G . ~96!

Then Eqs.~37! and ~38! can be rewritten as
Downloaded 29 Sep 2005 to 128.227.192.244. Redistribution subject to A
f

d

sk8m,k9m8
kAt

5dk8,T~k1k9! (
ab

~Vam
k8 !* Sk8a,T~k82k!b

kAt
Vbm8

T~k82k! ,

m,m8<M or m,m8.M , ~97!

Ak8m,k9m8
kAt

5
dk8,T~k1k9!

lT~k82k!m82lk8m
(
ab

~Vam
k8 !*

3Sk8a,T~k82k!b
kAt

Vbm8
T~k82k! , m<M ;m8.M .

~98!

Then there are no infinite summations any more in the
pressions for first derivatives of the independent orbitals
their overlap matrix and only the blocks which satisfy t
condition that

k85k91k ~99!

have nonzero values.
The second derivatives of the overlap matrix with r

spect toYkAt andYk8A8t8 are given by

Skaa,kbb
kAtk8A8t85

]2Skaa,kbb

]Yk8A8t8]YkAt

5dka ,T~kb1k1k8!(
l

Feikb•RlK ]2xa
0

]y0At
2 Uxb

l L
1e2 ika•RlK xa

l U ]2xb
0

]y0At
2 L

1ei ~k81kb!•RlK ]xa
0

]y0At
U ]xb

l

]ylA8t8
L

1ei ~k1kb!•RlK ]xa
0

]y0A8t8
U ]xb

l

]ylAt
L G . ~100!

Substituting Eqs.~97!, ~98!, and ~100! into Eqs. ~39! and
~40!, we can get
skmm,km8m8
kAtk8A8t85dkm ,T~km81k1k8!F (

a,b51

T

~Vam
km !* Skma,T~km2k2k8!b

kAtk8A8t8 V
am8

T~km2k2k8!

2
1

2 (
m15M11

T

(
m251

M

SAkmm,T~km2k8!m1

k8A8t8 AT~km2k8!m1 ,T~km2k2k8!m2

kAt

1Akmm,T~km2k!m1

kAt AT~km2k!m1 ,T~km2k2k8!m2

k8A8t8 Dsm2m8

T~km2k2k8!

2
1

2 (
m151

M

(
m25M11

T

smm1

km ~Akmm1 ,T~km2k8!m2

k8A8t8 AT~km2k8!m2 ,T~km2k2k8!m8
kAt

1Akmm1 ,T~km2k!m2

kAt AT~km2k!m2 ,T~km2k2k8!m8
k8A8t8 !

1 (
m15M11

T

(
m25M11

T

Akmm,T~km2k!m1

kAt sm1m2

T~km2k!AT~km2k!m2 ,T~km2k2k8!m8
k8A8t8

1 (
m15M11

T

(
m25M11

T

Akmm,T~km2k8!m1

k8A8t8 sm1m2

T~km2k8!AT~km2k8!m2 ,T~km2k2k8!m8
kAt G , m,m8<M , ~101!
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Akmm,km8m8
kAtk8A8t85

dkm ,T~km81k1k8!

lT~km2k2k8!m82lkmm
F (

a,b51

T

~Vam
km !* Skma,T~km2k2k8!b

kAtk8A8t8 V
am8

T~km2k2k8!

2 (
m15M11

T

Akmm,T~km2k!m1

kAt sT~km2k!m1 ,T~km2k2k8!m8
k8A8t8 2 (

m15M11

T

Akmm,T~km2k8!m1

k8A8t8 sT~km2k8!m1 ,T~km2k2k8!m8
kAt

1 (
m151

M

skmm,T~km2k!m1

kAt AT~km2k!m1 ,T~km2k2k8!m8
k8A8t8

1 (
m151

M

skmm,T~km2k8!m1

k8A8t8 AT~km2k8!m1 ,T~km2k2k8!m8
kAt G , m<M ;m8.M . ~102!
in

d

q

t

s

As for first derivatives, there are no infinite summations
Eqs.~101! and ~102!.

Since overlap matrices are Hermitian, we can conclu
that

~SkAt . . . !†5S2kAt . . . , ~103!

~skAt . . . !†5s2kAt . . . , ~104!

which are valid for any order. From Eqs.~98! and~102!, we
can get

~AkAt!†52A2kAt, ~105!

~A12
kAtk8A8t8!†52A21

2kAt2k8A8t8 . ~106!

From Eq.~25!, we also know that

~Skaa,kbb
kAt . . . !* 5S2kaa,2kbb

2kAt . . . . ~107!

Then from Eqs.~106! and ~107!, we can obtain that

~Akmm,km8m8
kAt

!* 5A2kmm,2km8m8
2kAt . ~108!

The above relationships can be directly checked from E
~96!–~98! and ~100!–~102!.

C. Derivatives of the HF orbitals and the orbital
energy matrix

From Eqs.~73! and ~86!, we obtain

Pkmm,km8m8
kAt

52
dkm ,T~km81k!

2 (
m1m2

~Dm1m
km !*

3skmm1 ,T~km2k!m2

kAt D
m2m8

T~km2k!
. ~109!

Then it is not difficult to calculatePkAt. It is easy to see tha

~PkAt!†5P2kAt. ~110!

Either directly from Eqs.~70! and~71! or Eqs.~76! and~77!,
we can also get

~QkAt!†52Q2kAt, ~111!

~ekAt!†5e2kAt. ~112!

In order to write formulas in a compact form, let u
introduce the following notations,
Downloaded 29 Sep 2005 to 128.227.192.244. Redistribution subject to A
e

s.

ĥkaa,kbb
kAt 5

]

]YkAt
^fkaauĥufkbb&, ~113!

Jkaa,kbb
kAt 5(

gu
(

k
Pgu

k ]

]YkAt
^fkaafkgufkbbfku&,

~114!

Kkaa,kbb
kAt 5(

gu
(

k
Pgu

k ]

]YkAt
^fkaafkgufkufkbb&.

~115!

According to Eqs.~23!, ~65!, ~82!, and~86!, we have

ĥkaa,kbb
kAt 5dka ,T~k1kb!(

l
Feikb•Rl K ]

]y0At
xa

0 uĥuxb
l L

1e2 ika•Rl^xa
l uĥu

]

]y0At
xb

0&

1eikb•Rl(
l 8

eik•Rl 8^xa
0 u

]

]yl 8At

ĥ~ l 8!uxb
l &G ,

~116!

Jkaa,kbb
kAt 5dka ,T~k1kb!(

l
(
hh8

(
gu

3Feikb•RlDgu
hh8S ]xa

0

]y0At
xb

l Uxg
hxu

h8D
1e2 ika•RlDgu

hh8S xa
l

]xb
0

]y0At
Uxg

hxu
h8D

1ei ~kb•Rl2ka•Rh8!Dgu
0hS xa

h8xb
l U ]xg

0

]y0At
xu

hD
1ei ~kb•Rl2ka•Rh8!Dgu

h0S xa
h8xb

l Uxg
h

]xu
0

]y0At
D G ,

~117!
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Kkaa,kbb
kAt 5dka ,T~k1kb! (

l
(
hh8

(
gu

Feikb•RlDgu
hh8S ]xa

0

]y0At
xu

h8Uxg
hxb

l D 1e2 ika•RlDgu
hh8S xa

l xu
h8Uxg

h
]xb

0

]y0At
D 1ei ~kb•Rl2ka•Rh8!Dgu

h0

3S xa
h8

]xu
0

]y0At
Uxg

hxb
l D 1ei ~kb•Rl2ka•Rh!Dgu

0hS xa
hxu

h8U ]xg
0

]y0At
xb

l D G . ~118!

Substituting Eqs.~113!, ~114!, and~115! into Eq. ~78! and then substituting Eq.~78! into Eq. ~77!, we get

~eiki
2eaka

!Qaka ,iki

kAt 5Baka ,iki

kAt 1
1

W (
jb

E dkb@~Qbkb , j T~ka1kb2ki !
2kAt !* G~akabkbik i j T~ka1kb2k i !!

1Qbkb , j T~kb1ki2ka!
kAt G~akaj T~kb1k i2ka!ik ibkb!#, ~119!

where

Baka ,iki

kAt 5dka ,ki1kH (ab
~Ca,a

ka !* hkaa,T~ka2k!b
kAt Cb,i

T~ka2k!
1 (

abgu
~Caa

ka !* @2Jkaa,T~ka2k!b
kAt 2Kkaa,T~ka2k!b

kAt #Cb,i
T~ka2k!

2
1

W (
i 8 j 8

(
ab

E dk j 8~C
a, j 8

k j 8 !* Sk j 8a,T~k j 82k!b
TAt C

b,i 8

T~k j 82k!
G~akai 8T~k j 82k!iT~ka2k! j 8k j 8!

2
1

2
@~Ca,a

ka !* Skaa,T~ka2k!b
kAt Cb,i

T~ka2k!e iT~ka2k!1eaka
~Ca,a

ka !* Skaa,T~ka2k!b
kAt Cb,i

T~ka2k!
#

2
1

2W (
b j

(
ab

E dkbCa,b
kb S2kba,2T~kb1k!b

kAt ~Cb, j
T~kb1k!

!* G~akabkbiT~ka2k! j T~kb1k!!

2
1

2W (
b j

(
ab

E dkb~Ca,b
kb !* Skba,T~kb2k!b

kAt Cb, j
T~kb2k!G~akaj T~kb2k!iT~ka2k!bkb!

1 (
mab

@~Dma
ka !* ~VaT~ka2k!,mka

2kAt !* F8ab
T~ka2k!Cb i

T~ka2k!
1~Caa

ka !* F8ab
ka Vkab,T~ka2k!m

kAt Db i
T~ka2k!

#

1(
ibl

1

W E dkb@~Dl j
T~kb1k!

!* ~Vbkb ,lT~kb1k!
2kAt !* G8~ iT~ka2k! j T~kb1k!akabkb!*

1Dl j
T~kb2k!Vkbb,T~kb2k!l

kAt G8~akaj T~kb2k!iT~ka2k!bkb!#. ~120!
ha
s

a

an
e

fy
The functionsG and G8 used in Eqs.~119! and ~120! are
defined as

G~pkpqkqrkrsks!52Q~pqrskpkrks!

2Q~pqsrkpkskr !, ~121!

G8~pkpqkqrkrsks!52Q8~pqrskpkrks!

2Q8~pqsrkpkskr !, ~122!

where Q(pqrskpkrks) was defined in Eq.~37! of Ref. 26
andQ8(pqrskpkrks) can be obtained by replacingcsks

with
fsks

in the expression of the former. It is easy to see t
each term in Eq.~120! has a finite value and so doe
Baka ,iki

kAt .

Since T(T(ka1kb2k i)2kb)5T(ka2k i), any two
Qaka ,iki

kAt are not coupled by Eq.~119! if the differences of

their reciprocal lattices are different. In other words, we c
classifyQaka ,iki

kAt into groups according toT(ka2k i). In each

group,T(ka2k i) is a constant. For a group withT(ka2k i)
Þ0, all concernedBaka ,iki

kAt are zero according to Eqs.~120!.
Downloaded 29 Sep 2005 to 128.227.192.244. Redistribution subject to A
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Since Eq.~119! are linear equations of the quantities, we c
conclude that allQaka ,iki

kAt in the group are zero and then w

can conclude allQaka ,iki

kAt are zero except those that satis

T(ka2k i)50. Then we can write

Qaka ,iki

kAt 5dka ,T~ki1k!Qaka ,iT~ka2k!
kAt . ~123!

Then the CPHF equations can be rewritten as

~eiT~k82k!2eak8!Qak8,iT~k82k!

kAt

5Bak8,iT~k82k!

kAt
1

1

W (
jb

E dk9@G~ak8b~2k9!

3 iT~k82k! j T~2k91k!!~Qb~2k9!, j T~2k91k!

2kAt
!*

1G~ak8 j T~k92k!iT~k82k!bk9!Qbk9, j T~k92k!

kAt
#.

~124!

Taking the complex conjugate of Eq.~120! and substituting
Eqs.~11!, ~13!, ~58!, ~59!, ~103!–~108!, ~111!, and~112! into
the right side of the equation, we can obtain
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



ul
a-
e

e

th
th
e

r
to

e
g

-
ne

e

for
trix

d

4219J. Chem. Phys., Vol. 109, No. 11, 15 September 1998 J.-Q. Sun and R. J. Bartlett
~Baka ,iki

kAt !* 5Ba~2ka!,i ~2ki !
2kAt . ~125!

Then from Eqs.~124! and ~125!, we can get

~e iT~k82k!2eak8!~Qa~2k8!,iT~2k81k!

2kAt
!*

5Bak8,iT~k82k!

kAt
1

1

W (
jb

E dk9@G~ak8b~2k9!

3 iT~k82k! j T~2k91k!!Qbk9, j T~k92k!

kAt

1G~ak8 j T~k92k!iT~k82k!bk9!

3~Qb~2k9!, j T~2k91k!

2kAt
!* #. ~126!

Equations~124! and ~126! tell us that

SQb~2k9!, j T~2k91k!

2kAt D* 5Qbk9, j T~k92k!

kAt . ~127!

Then substituting Eq.~127! into ~124!, we get

~e iT~k82k!2eak8!Qak8,iT~k82k!

kAt

5Bak8,iT~k82k!

kAt
1

1

W (
jb

E dk9@G~ak8b~2k9!

3 iT~k82k! j T~2k91k!!1G~ak8 j T~k92k!

3 iT~k82k!bk9!#Qbk9, j T~k92k!

kAt . ~128!

Equation~128! is a set of linear equations forQak8,ik82k
kAt . It

is important to notice that they do not become more diffic
to solve whenkÞ0. This means that the amount of calcul
tion needed for the derivative with respect to a displacem
which breaks translational symmetry is about the same
that needed for the derivative with respect to a displacem
which keeps the translational symmetry.

In real calculations, we do not need to determine all
nonzeroQak8,iT(k82k)

kAt since they are supposed to be smoo
functions ofk8. We can take a finite number of points in th
reciprocal lattice space, say$km ,m51, . . . ,K%, and then we
can transform Eq. ~128! to be linear equations fo
Qak8,iT(k82k)

kAt at the points. To be efficient, one may need
take the so called ‘‘special’’ sets ofk-points in the irreduc-
ible segment of the Brillouin zone19,29,30as the set of points
to solve Eq. ~128!. But for convenience, we just let th
K-points be evenly distributed in the region in our followin
discussion. Let us define

Giakm , jbkm8

k 5~e iT~km2k!2eakm
!d i j dabdmm8

2
1

K
@G~akmb~2km8!iT~km2k!

3 j T~2km81k!!1G~akmj T~km82k!

3 iT~km2k!bkm8!#. ~129!

Then the solution of Eq.~129! is given by17,31
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nt
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e

QkAt5~Gk!21BkAt. ~130!

When k50, one must be careful to use Eq.~130! since
Giakm , jbkm8

k may diverge whenkm5km8 . In this case one

may solve Eq.~128! iteratively.
Another way to solve Eq. ~128! is to express

Qak8,iT(k82k)
kAt as its Fourier expansion overk8 in the first

Brillouin zone and then Eq.~128! becomes the linear equa
tions of the Fourier coefficients. With these coefficients, o
can calculateQak8,iT(k82k)

kAt at any givenk8.
After Qaka ,iki

kAt are determined, the first derivatives of th

eigenvalue matrix can be calculated by

epkp ,qkq

kAt 5dkp ,kq1kepkp ,qT~kp2k!
kAt , ~131!

where

epk8,qT~k82k!

kAt
5@D†FkAtD2 1

2 ~C†SkAtCe

1eC†SkAtC!#pk8,qT~k82k! ,

p,q<n or p,q.n. ~132!

With the same procedure, one can get explicit equations
second derivatives of the coefficients and eigenvalue ma
with respect to symmetrized coordinates.

V. ANALYTICAL DERIVATIVES OF THE HARTREE-
FOCK ENERGY

A. Gradients

Differentiating both sides of Eq.~51! with respect to
YkAt , we get

]EHF

]YkAt
52(

k8
(
ab

Pab
k8 hk8a,k8b

kAt

1(
k8

(
ab

Pab
k8 @2Jk8a,k8b

kAt
2Kk8a,k8b

kAt
#

12(
ik8

@D†~V2kAt!†F8C1C†F8VkAtD# ik8,ik8

22(
k8

(
ab

Wab
k8 Sk8a,k8b

kAt
1

]Vnuc

]YkAt
, ~133!

whereWab
k is the ‘‘energy-weighted density matrix’’ define

as

Wab
k 5(

i

occ.

e ik~Ca i
k !* Cb i

k . ~134!

From Eq.~94!, we know that

]EHF

]YkAt
5dk,0

]EHF

]Y0At
. ~135!
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This means that the gradient only has nonzero project
onto symmetrized coordinates whenk50. Whenk50, we
get

ylAt5YkAt , l 50,71,72, . . . ~136!
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sfrom Eq. ~86!, e.g., the system keeps the periodicity when
changes its geometry along the coordinate. In this case, le
useyAt to denote the common displacement in the direct
t of all the nuclei described byA. Then we have
]Euc
HF

]Y0At
5

]Euc
HF

]yAt
5

1

N
]EHF

]Y0At
5

1

WE (
ab

Pab
k @2hka,kb

0At 12Jka,kb
0At 2Kka,kb

0At #dk2
2

WE (
ab

Wab
k Ska,kb

0At dk

2(
lB

ZAZB~RAt2Rl t2RBt!

uRA2Rl2RBu3
1

2

W (
imab

E dk@~Dm i
k !* ~Vka,km

0At !* F8ab
k Cb i

k 1~Ca i
k !* F8ab

k Vkb,km
0At Db i

k #, ~137!

whereEuc
HF is the total energy per unit cell, e.g.,

Euc
HF5EHF/N, ~138!

which has a finite value.

B. Hessians

The second derivative with respect toYkAt andYk8At is given by

]2EHF

]Yk8A8t8]YkAt

5(
k9

(
ab

Pab
k9 @2hk9a,k9b

kAtk8A8t812Jk9a,k9b
kAtk8A8t82Kk9a,k9b

kAtk8A8t8#1(
k9

(
ab

]Pk9a,T~k92k!b

]Yk8A8t8

@2hk9a,T~k92k!b
kAt

14Jk9a,T~k92k!b
kAt

22Kk9a,T~k92k!b
kAt

#22(
k9

(
ab

Wk9a,T~k92k8!bSk9a,T~k92k8!b
k8A8t8,kAt

22(
k9

(
ab

]Wk9a,T~k92k!b

]Yk8A8t8

Sk9a,T~k92k!b
kAt

12(
ik9

]

]Yk8A8t8

@D†~V2kAt!†F8C1C†F8VkAtD# ik9,ik91
]2Vnuc

]YkAt]Yk8A8t8

, ~139!
de-
or-
tude
where

Pkaa,kbb~y!5(
I

~Ckaa,I~y!!* Ckbb,I~y!, ~140!

ĥkaa,kbb
kAtk8A8t85

]2

]Yk8A8t8]YkAt

^faka
uĥufbkb

&, ~141!

Jkaa,kbb
kAtk8A8t8

5(
gu

(
k

Pgu
k ]2

]Yk8A8t8]YkAt

^faka
fgkufbkb

fuk&,

~142!

Kkaa,kbb
kAtk8A8t8

5(
gu

(
k

Pgu
k ]2

]Yk8A8t8]YkAt

^faka
fgkufukfbkb

&,

~143!
Wkaa,kbb~y!5(
II 8

e II 8~y!~Ckaa,I~y!!* Ckbb,I 8~y!. ~144!

With the same procedure used in obtaining Eq.~89!, we can
get

Tl

]2EHF

]Yk8A8t8]YkAt

5ei ~k1k8!•Rl
]2EHF

]Yk8A8t8]YkAt

. ~145!

Then we can conclude that

]2EHF

]Yk8A8t8]YkAt

5d2k8,k

]2EHF

]YkAt
† ]YkAt

. ~146!

Therefore, we only need to pay attention to the second
rivatives with respect to the pairs of the symmetrized co
dinates, whose reciprocal lattices have the same magni
but different signs. From Eq.~139!,
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]2Euc
HF

]YkA8t8
† ]YkAt

5
1

N
]2EHF

]YkAt
† ]YkAt

5
1

WE dk8H (
ab

Pab
k8 @2hk8a,k8b

kAt2kA8t812Jk8a,k8b
kAt2kA8t82Kk8a,k8b

kAt2kA8t8#

1(
ab

]Pk8a,T~k82k!b

]YkA8t8
† @2hk8a,T~k82k!b

kAt
14Jk8a,T~k82k!b

kAt
22Kk8a,T~k82k!b

kAt
#

22(
ab

Wab
k8 Sk8a,k8b

kAt2kA8t822(
ab

]Wk8a,T~k82k!b

]YkA8t8
† Sk8a,T~k82k!b

kAt

12
]

]YkA8t8
† @D†~V2kAt!†F8C1C†F8VkAtD# ik8,ik8J 1(

l
e2 ik•Rl

]2

]y0At]ylA8t8

ZAZB

uRA2Rl2RBu
, ~147!
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where YkA8t8
† is the complex conjugate ofYkA8t8 , e.g.,

Y2kA8t8 . We would like to emphasize more that there is
special difficulty for calculating second derivatives with r
spect to the symmetrized coordinates which break tran
tional symmetry.

VI. APPLICATIONS OF ANALYTICAL ENERGY
DERIVATIVES

A. Geometry optimization and force constants

It is well known that gradients are critical in geomet
optimization and transition state searching.32,33 The method
described in the previous sections provides an efficient
accurate way to obtain them and then can greatly enhanc
capability ofab initio methods to handle extended system

Since the HF method or other methods such as DFT
only deal with periodic systems when the number of
nuclei is infinite, there is no way to obtain the force consta
for the movements concerning an individual nucleus and
interatomic force constants, which are required in the pre
tion of dynamical properties of solids and critical in unde
standing reaction mechanisms of biopolymers. The analyt
procedure described in the previous sections provides a
to calculate the whole spectrum of the force constants w
respect to the symmetrized coordinates. With them, we c
indeed, calculate the force constants for the movements
cerning an individual nucleus and interatomic force co
stants.

Let us consider the interatomic force constants
nucleusA in the l th unit cell and nucleusA8 in the l 8th unit
cell. From Eqs.~86! and ~88!, we obtain

Fl 8A8t8,lAt5
]2EHF

]yl 8A8t8]ylAt

5
1

N 2 (
k8

e2k8•Rl 8 (
k

e2k•Rl
]2EHF

]Yk8A8t8]YkAt
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5
1

N (
k

eik•~Rl 82Rl !
]2EHF

]YkA8t8
† ]YkAt

5
1

W E ]2Euc
HF

]YkA8t8
† ]YkAt

eik•~Rl 82Rl !dk. ~148!

By letting l 5 l 8 andA5A8, we can get force constants fo
each individual nucleus.

B. Phonon disperson curves

From the force constants with respect to symmetriz
coordinates, we can calculate the phonon dispersion cur
which offer substantial information in determining the he
optical, and mechanic properties of extended systems suc
heat capacity, heat expansion, infrared and Raman spec
copy, nonlinear optical properties, and even high tempera
superconductivity.

From Eqs.~86! and~88!, we can see that the transform
tion from Cartesian coordinates,$ylAt%, to symmetrized co-
ordinates is not unitary. In fact, the space is scaled b
factor of 1/N. This means the velocities of an object an
force constants in the two spaces are different, scaled
some factors. To get correct kinetic and potential energ
we need to introduce the normalized symmetrized coo
nates by

ȲkAt5ANYkAt5
1

AN (
l

e2 ik•RlylAt . ~149!

ylAt can then be expressed as

ylAt5(
k

eik•RlYkAt5
1

AN (
k

eik•Rl ȲkAt . ~150!

It is easy to check that the transformations between the
sets of coordinates are unitary.

Using Eqs.~149! and ~150!, the kinetic energy of an
extended system with periodicity at a stable structure can
expressed as
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T5
1

2 (
lAt

ẏlAtMAẏlAv

5
1

2 (
lAt

(
k8

eik8.Rl Ẏk8At
† MA (

k
e2 ik.Rl ẎkAt

5
N
2 (

At
(

k
ẎkAt

† MAẎkAt

5
1

2 (
At

(
k

YG kAt
† MAYG kAt , ~151!

where the dots above the coordinates means the deriva
with respect to time. Around the stable structure, the pot
tial energy which is correct to second-order of the displa
ments is given by

V5
1

2 (
l 8A8t8

(
lAt

yl 8A8t8

]2EHF

]yl 8A8t8]ylAt

ylAt

5
1

2N 2 (
l 8A8t8

(
lAt

(
k8k

yl 8A8t8e
2 i ~k8•Rl82k•Rl !

3
]2EHF

]Yk8A8t8]YkAt

ylAt

5
1

2 (
A8t8

(
At

(
k

YkA8t8
† ]2EHF

]YkA8t8
† ]YkAt

YkAt

5
1

2 (
A8t8

(
At

(
k

ȲkA8t8
† ]2Euc

HF

]YkAt
† ]YkAt

ȲkAt , ~152!

where Eqs.~149! and~150! have been used. Then the vibr
tional frequenciesv(k) or the phonon dispersions are dete
mined by

Det.u$MA8
21/2F~k!A8t8,AtMA

21/2%2v~k!2I u50, ~153!

where

$FX~k!%A8t8,At5
]2EHF

]ȲkA8t8
† ]ȲkAt

5
]2Euc

HF

]YkA8t8
† ]YkAt

. ~154!

Since second derivatives with respect to any symmetri
coordinate and its conjugate can be easily evaluated,
method developed above has the capability to determine
phonon dispersion curves in the whole Brillouin zone. F
thermore, the computational cost for calculating the phon
spectrum with a reciprocal latticekÞ0 is the same as tha
needed fork50 where the translational symmetry is pr
served.

Whenk50, the force constant matrix is

$FX~0!%A8t8,At5
]2Euc

HF

]yA8t8]yAt

, ~155!

which can be calculated by finite differences of energies
the points around the stable geometry. We recently have
culated the vibrational frequencies of polymethineimine
k50 with numerical Hessians using second-order ma
body perturbation theory.27
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VII. CONCLUSIONS

We have given a systematic study and developed an
fective procedure for analytical evaluation of energy deriv
tives in extended systems. The procedure not only gre
improves the performance of the calculations of the deri
tives compared to the finite difference method, but it a
enables us to calculate energy derivatives with respect to
displacement, including those which break the translatio
symmetry.

By using semisymmetric orbitals and the procedure
cently developed by us,17 we can eliminate the linear depen
dence among basis functions, which is an unavoidable p
lem in the analytical evaluation of energy derivatives f
extended systems, and get a set of independent, semiorth
nal basis functions, their derivatives, and the derivatives
their overlap matrix.

By introducing symmetrized coordinates for nuclei, t
derivatives of the overlap, the Fock, and the coefficient m
trices become blocked. Then the derivatives of the indep
dent orbitals and their overlap matrix can be easily calcula
since the infinite summations are eliminated. With the sy
metrized coordinates, the CPHF equations only couple th
which preserve quasimomentum. The equations can be e
solved and require no extra effort for the displaceme
which break the translational symmetry.

The explicit expressions for analytical gradients a
Hessians of the HF energy have been derived for exten
systems. It is shown that the gradient has nonzero com
nents only along the displacements, which keeps the tran
tional symmetry. With symmetrized coordinates, the Hess
becomes block diagonal.

With second derivatives of the electronic energy w
respect to symmetrized coordinates, one can calculate f
constants for individual nuclei, interatomic force constan
and phonon dispersion curves in the whole Brillouin zon
The computational cost to calculate the phonon spect
with kÞ0 in the Brillouin zone is the same as that needed
the spectrum atk50.

The method developed in this paper can also be app
to DFT and there is no special difficulty to get the expre
sions for derivatives of correlated energies.
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