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A method is developed to analytically evaluate energy derivatives for extended systems. Linear
dependence among basis functions, which almost always occurs in extended systems and brings
instability to the coupled-perturbed equations, is automatically eliminated in this method. The
remaining independent basis functions are transformed into semiorthogonal orbitals. The derivatives
of the orbitals and the overlap matrix over them are obtained via a set of coupled-perturbed
equations, similar to those of the coupled-perturbed Hartree-&eklF equations which are used

to calculate the derivatives of the Hartree-Fo@kF) orbitals and the orbital energies. By
introducing symmetrized coordinates, these coupled-perturbed equations can be easily solved.
Explicit expressions for calculating gradients and Hessians of the HF energy for extended systems
are given. With this method, we can calculate energy derivatives with respect to displacements of
the nuclei, including those which break the translational symmetry. Therefore, the method not only
provides an efficient and accurate approach to calculate energy derivatives of any order, but also
enables us to determine the force constants for individual nuclei, the interatomic force constants, and
phonon dispersion curves in the whole Brillouin zone. With this method, the computational cost to
calculate phonon spectrum witke= 0 in the Brillouin zone is the same as that needed for the
spectrum ak=0. © 1998 American Institute of Physids50021-960808)30635-3

I. INTRODUCTION eral (typically Gaussianbasis set without constraints on the
movement of nuclei.

The analytical evaluation of energy derivatives is one of ~ The analytical evaluation of energy derivatives for ex-
the most important achievements of quantum chemisttit.  tended systems is more complicated than that for finite mol-
not only provides accurate results but also is much morgcules. There are at least two reasons for this: linear depen-
efficient than a numerical, finite difference method. After 30dence among basis functions and infinite coupling when
years of development, analytical gradients and Hessians haveanslational symmetry is broken. The former either makes
become routine for various self-consistent fi€BCH meth-  the coupled-perturbed Hartree-Fo¢RPHP or alternative
ods and the most widely used correlated methods, althougimethods insoluble or causes large errors. It also invalidates
this is still one of the most active fields in quantum the currently widely used formulas for analytical gradients,
chemistry*~11 even though the solutions of the CPHF equations are not

The analytical evaluation of energy derivatives has beemequired*” This problem occasionally occurs in molecules.
mainly confined to finite systems. Nevertheless, some sulin most cases, one avoids the problem by simply replacing
stantial progress has been made in the last several yeakse basis set with another. But almost all the basis (®ats
With the STO-3G basis set, Terameeal? calculated the cept minimal basis sets such as STOy3&d to have linear
analytical gradients of the HF energy for several polymersiependencies when applied to polymers, and this problem
under the constraint that all unit cells are moving in phasewill be worse for three dimensional systems. The latter of the
Under the same constraint, Hirata and Iwataave calcu- two difficulties involves the design of an effective procedure
lated the analytical gradients of the density functional theoryto solve the CPHF equations for a general case. The transla-
(DFT) energy for polyacetylen@with a 3-21G basis seand  tional symmetry of a periodic system no longer exists when-
polymethineimine(with 3-21G and 6-31G* basis se¢tRe-  ever a nucleus moves, no matter how small the displacement
cently, two group¥'® have calculated the phonon disper- is. Without the periodicity, the Fock matrix is no longer
sion curves(with analytical Hessiansfor several semicon- block diagonal and the HF orbitals cannot be classified ac-
ductors and aluminum using DFT with plane wave basiscording to a reciprocal lattice vectdr. Then neither the
functions, which do not depend on the geometry of the nuHartree-Fock(HF) nor the corresponding CPHF equations
clei. Using plane wave functions as the basis set, the calcwean be solved practically.
lations can be greatly simplified, and some problems associ- The analytical evaluation of energy derivatives is even
ated with extended systems can be avoided, but it is verynore significant and necessary for extended systems than for
difficult to get converged results, especially for insulatorsfinite molecules. First, the computational effort needed for an
and semiconductors. So far, to our knowledge, no one hasnergy evaluation of an extended system withaéninitio
systematically studied the analytical evaluation of energy demethod is much greater than that for a finite molecule. The
rivatives (gradients, Hessians, and higher ordidos a gen-  analytical method for energy derivatives can greatly reduce
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the computational cost compared to finite difference procedeal with basis functions to get independent, semiorthogonal
dures. It is also more reliable and accurate. Secondatall orbitals and their derivatives. In Sec. IIl, we will give a gen-
initio methods applied to calculate the energy of an extendedral discussion about HF and CPHF equations for extended
system require translational symmetry, and so the finite difsystems. In Sec. IV, we will simplify the coupled-perturbed
ference method can only provide energy derivatives with reequations for both semiorthogonal basis functions and HF
spect to displacements which maintain the symmetry. Therearbitals using symmetrized coordinates for nuclei. In Sec. V,
fore, one can only calculate the frequencies of the phonons ste will give the detailed expressions for analytical gradients
theT point. One may move to other special points in the firstand Hessians for the HF energy. Then we will discuss the
Brillouin zone by enlarging the unit cell of the systéthe so  applications of the energy derivatives in Sec. VI. In Sec. VII,
called “super cell”) and then calculate the frequencies of thewe will close with concluding remarks.

phonon at these point&!°But this is very expensive and the

method is still an approach which requires translational sym#. INDEPENDENT BASIS FUNCTIONS

me_try. Therefore, with the finite differen(_:e met_hod, itis very o Symmetric and orthogonal orbitals for periodic

difficult to calculate the whole phonon dispersion curves a”%ystems

other properties involving the derivatives with respect to the

displacements which break the translational symmetry. The Letus consider a-dimensional periodic, infinite system

phonon dispersion curves of a solid determine the system’¥ith basic vectorsy, ... &, (p=1,2,3. Then the position
specific heat, thermal conductivity, thermal expansion, infra-vector of theAth nucleus in thdth unit cell is
red and Raman spectroscopy, and other mechanical R ,=R,+R,, (1)

properties:®~2! Currently, the HF method has become rou-
tine for energies and band structures for extende
system& *and recently second-order many-body perturba- R =1,a,+--+1,a, )
tion theory[MBPT(2)]?® has been applied to calculate the . . . . .
vibrational frequencies of polymethineimine for the normal Is the lattice vector for thd;h unit gell andRy '|S a position

L ; . vector for theAth nucleus in a unit cell. Lefy,(r)=x.(r
modes withk=0, i.e., keeping the translational symmetfy. . ; a

. . —Rja),1=0,£1, ...} be the atomic basis set. Then symme-

Clearly, the next step is to formulate an effective procedur

for the analytical evaluation of energy derivatives in ex-(?”Z(ad or Bloch orbitals are given by

dvhere

tended systems. 1 _

In the method, we propose that there are no special re-  Pka(l)= \/—NEI: ek RiyL(n), ©)
qguirements for basis functions and no constraints for the dis-
placements of the nuclei. The basis functions can be funowhere V=, ... N, is the number of the unit cells in the
tions of the nuclei’s coordinates and they may have lineasystem andV, ... N, can all go to infinity. The vectok
dependence. A procedure, recently developed by’ us, in Eq.(3) is the reciprocal latticé given by
used to automatically eliminate the linear dependence among | _ b.+--+kb (4)

. . .. . — K101 y
basis functions and transform the remaining independent PP
functions into a set of semiorthogonal orbitals. The procewhereb,, ... b, are defined by
dure also provides the derivatives of the obtained orbitals a-b =6 ij=1...p (5)
and their overlap matrix. To effectively solve the CPHF o
equations, symmetrized coordinates for nuclei are used. The§ndki (i=1,...p) in Eq. (4) can only take values of the
are Fourier transformations of the displacements of the numU|t'p|6220‘;627//\/i(' =1,...p), limited in the region of
clei and complex variables. The symmetrized coordinates are 77" . ) . .
classified by a reciprocal vectérin the first Brillouin zone. The overlap matrix over the symmetrized orbitals is
Those withk=0 do not break translational symmetry, while block diagonal, e.g.,
others do. We will show that with the symmetrized coordi- 0 0
nates, both the coupled-perturbed equations for independent 0 < o
orbitals and the CPHF equations can be greatly simplified S= ) (6)
and then they can be easily solved. The CPHF equations for 0 0 -

symmetrized coordinates witk#0 do not require more
computational effort to be solved than those kst 0, e.g., Where
the phonon spectrum at akypoint in the first Brillouin zone
can be calculated with the same amount of computational S';lg:Z e‘k'R'<X2|Xlg>. (7
cost as that required at tHé point (k=0, keeping transla- !
tional symmetry. We will derive the detailed formulas for The dimension ofS¢ is equal toT, the number of atomic
analytical gradients and Hessians of the HF energy. For conwrbitals in one unit cell. It is easy to see that e&his a
pleteness, we will also show how to calculate the force conHermitian matrix. Then one can always find a unitary matrix
stants for individual nuclei, interatomic force constants, andv* such that
the whole phonon dispersion curves in the first Brillouin Sk kek
zone using the Hessians. '

The plan of this paper is as follows. In Sec. Il, we will wheres® is a diagonal matrix,

®
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oo 0 0
k
0 )\2 R 0 Sl: 0 ﬁ O , (17)
= ©) 0 0
0 0 - Ak
0 O
and \¥=)k=---=)\X. For a small\¥, the corresponding o & o
- _ . S,= . (18
one-particle wave function is considered to be dependent on o o -

the others and it should be discard@dt is impossible to

give an absolute value fox to distinguish independent and ) )
dependent orbitals; nevertheless, one can choose a reasdhiS €asy to see tha is the overlap matrix over the orthogo-

ably small value as a threshold according to the demande@®! orbitals. With the above definitions, E@) can be re-
accuracy of the calculation and throw away the basis funcWritteén in & more compact form as

tions whose eigenvalues are smaller than the chosen thresh- gy/— /g (19)
old. Then onlyM* (M¥<T) orthogonal functions from th& ’
atomic orbitals can be constructed by where
— i ) ) V=(V1,Vy), (20
Peu(N=2 ralNVh, n=1,... MX. (10
[e3 %- O

Since the atomic orbitals in one unit cell are exactly the same S= . (21)

as those in any other unit cell, except that their origins are

shifted by a lattice vector, the number of the dependent func-

tions among each group of the symmetrized orbitals with thds. Semisymmetric and independent orbitals for

samek should not be a function df; that is,M¥ is a con-  nonperiodic systems

stant. Of course, it may happen tat varies withk if the  Nou jet the nuclei have small displacements from the

threshold is not well chosen. In this case, one must adjust Beriodic structure, e.g.,

to be sure that the discarded orbitals are the same fdx. all

This means one can find a univerdalwhich preserves the Ra=R/+Ra+ AR, (22

number of orthogonal orbitals obtained for edch
It is easy to see from Edq7) that

0 s

whereAR, is a function of botH andA. Then there is no
translational symmetry anymore. Nevertheless, we can still

(S9Y* =57k, (1)  construct a set of semisymmetrized orbitals by
This means that 1
- ik-R;,!
(§()* :S*k (12) ¢ka(yir) \//T/'El € Xa(y!r)r (23)
and also means that one can always have where
kyx —y\/—k
(VE=VTi 3 X D=xXa(r~R~Ra=ARy) (24

Let us usevX andV to denote the firsM columns and

. . . n i n he displacemen f the nuclei
the remainder o¥/*, respectively, and define andy is used to denote the displacements of the nuclei,

eg, vy={... Yo ---t={- - Yiam---+={.. . ,ARa1,

0O O 1AR|a2,ARp3, - - - }. It is easy to see that the semisymmet-
0 VK o ric and atomic orbitals are connected by a unitary matrix.
V.= ! : (14  Then they span the same function space and, of course, are
0 0 . equivalent. Wheny=0, semisymmetrical orbitals become
identical to their corresponding symmetrized orbitals given
0 0 in Eq. (3). It is known that the atomic orbitals are smooth

0 VK functions of AR5, and so are the semisymmetrized orbitals
2 . (15 since they are functions of the nuclei’'s coordinates only
o 0 . through the atomic orbitals. The overlap matrix of the orbit-
als can be calculated by
The matrixV, transforms the atomic orbitals into indepen-

dent, orthogonal orbitals, e.qg., Scrar kalY)= %/z ei<k-R|*k’~R|/)<X'a’/(y,r)|xla(y,r)>,
— 1l
RN £ TN P AR (16) (25

Let us uséﬁ andé to denote the top-lef1 XM square and which is no longer a block diagonal matrix exceptyat 0.
the bottom-right T—M) X (T—M) square ofs‘, respec- Wheny=0, the overlap matrices given in Eq3) and(25)
tively, and define become identical.

V2:
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For y+#0, we can still find a unitary matrix, which is a Loat At o at' pt tt’
VAR y m . 7 (A1AZ T A1 A1) Al
smooth function ofy, to transform the semisymmetrized or- Al — , ,
bitals into orthogonal ones. Then we can gé¥l indepen- — (AT FALAL+ALAL)

dent orthogonal basis functions. Any rotation among the in-

dependent or dependent orbitals, respectively, does not (36)
change the space spanned by the independent basis furubstituting Eq(35) into Eq. (33), we obtain
tions. LetV(y) be a unitary matrix which satisfies +
SY)V(Y)=V(y)sy) (26) visve 9
y)IVIY)=VI{y)sy), d= 0 VES‘VZ , (37
with the constraint that
siy) 0 :
Y)={ 0 sy 20 A= (VISV)iuirwr s w<Mip'>M.
k'u' — Nk
Iz n (39)

si(y) ands,(y) become identical tg; ands,, respectively,
wheny=0. From the firstM columns ofV(y), we can get
MM independent basis functions by

DY) =2 DY NVirwku W=<M. (29)
k'a

The symbolk in Eg. (28) only means thatEkM(y,r)
smoothly approaches,,(r) wheny—0.

C. Derivatives of the independent basis functions and
their overlap matrix

Let us expres§(y), V(y), ands(y) as Taylor series in
the vicinity of y=0,

S<y>=8+2 Syi+3 > Syt (29
t,t’

V<y>=V+2 Vly+3 2 VI yyp+ e, (30)
t,t’

(31)

Ay =st 2 Syt 2 Syt
t,t’

For any derivative matrixy -

is always a matribA™ -~ such that

Vtt’...:VAtt’..., (32)

sinceV is a nonsingular square matrix. Substituting Egs.

(29—(32) into Eq.(26), we can get’
s+Als—sAl=VTsy

for first derivatives and

(33

St 4 At s—sAl = vigt' v+ & At Al + AT — Al d
+AUsA+ AlSAl —sAIAY — AU At
(34

for second derivatives.
Among the matrices which satisfy Eq26) and(27), we
can always find one such tHat

t
A12

0
Al= ( _ (Atlz) T 0 (35)

and

, of the coefficients, there

We can also substitute E(B6) into Eq. (34) and then get
SE,;,k'M' = [VISWV1+ AtlzszAtzll+ At1,252Atzl
— J(ALAL +ALAL)S,
— 381 AT AL T AT AL s Bl <M,
(39

’ 1 ’ ’ ’ ’
A= ————[VISTVo— ALS, —Apsy+5iAL,
)\k’,u’_ ku
+SE|./AE|.2]kM,k’ 1y ILL$M,ILL,>M (40)

Now we have transformed th&T basis functions intoViM
independent, semiorthogonal orbitals and have derived the
formulas to determine the derivatives of these orbitals and
their overlap matrix.

Ill. HARTREE-FOCK AND COUPLED-PERTURBED
HARTREE-FOCK FORMALISM

A. Hartree-Fock equations

With the basis functi0n$$kﬂ(y,r)}, one electron spa-
tial wave functions can be expressed as

M
wp<y,r):; El Dru(Y.T) Dy p(y)

.
=2 2 ba¥,D)Clrap(y),

(41)
K’ a=1
where
M
ck/a,p<y>=§ 21 Vi aku(Y) Dicup(Y) (42)
or
C(y)=Vi(y)D(y). (43)

The Fock matrix over the semiorthogonal orbitaﬁu(y,r),
can be calculated by

F(y)=VI(y)F'(y)Vi(y), (44)

Downloaded 29 Sep 2005 to 128.227.192.244. Redistribution subject to AIP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



J. Chem. Phys., Vol. 109, No. 11, 15 September 1998 J.-Q. Sun and R. J. Bartlett 4213

whereF'(y) is the Fock matrix over semisymmetrized orbit- 0 O
als, ¢y, (y,r). In a semiconductor or an insulator, each oc- 0 o
cupied orbital always has two electrons in the ground state. F= : (55
The F'(y) can then be expressed as 0 0
Féla/’ka(y):hk’a’,ka(y)—i_2‘]k’a’,ka(y)_ Kk’a’,ka(y)1 0 0
(45) rk
where 0 0
s o ka(Y)= < brer | — L V2 whereF* andF’ are connected by
Ff=(V§)TF" Vi, (57)
Z
-> A b..), (46)  Same as for independent orbitals, one can always?iafre
1A [T=R—=RA— ARy,
(€pi)™ = €p(—k) (58)
Jrar ko) = 2 (b ar il 22l brath), (47 (D)* =D, (59
With translational symmetry, Eq$45)—(48) becomé?=2°
Kk,af,ka(y)zgl (B ar |7 12140 Brca) (48) Frio=2 e Rlhl+23) ,—K! 41, (60)
|
are matrices of one-particle, Coulomb, and exchange inter-
actions, respectively. The summation indexn Egs. (47) h'aﬁzf X2n{-3 2})('B(r)dr
and (48) and in the following is limited to occupied spatial
orbitals. The Hartree-Fock equation for the system is 0 Za |
= 2| XU e x0T, (61)
Rp A T r=Ra—Ry| *#
F(y)D(y)=s1(y)D(y)e(y), (49) n
D'(y)sy(y)D(y)=1. (50) =2 DO OB, (62)
hh'y6
The HF energy for the system can be calculated by
= 2 DY (xaxs [Xpxy), (63
EMF=2 [D'VIhV,;D+D'FD]} +Viye hh'y0
: where
- t =l
Z [CThCHCTFCli+Viue, (51) xﬁlxyxg )—f fxa(r)xﬁ(r)lr—r |71
whereV,, is the nuclear repulsion energy given by Xxg(r’)xgr(r’)dr dr’, (64)
1 , ZpZs hh' k Aik-(Ry—R
Voum s D> ——. (52) DhYy = E dk(Ck;)* Clielk (R =Rn), (65)
LAl A [Ra—Rial w

The prime on the summation in E6:2) means that the case The integration region over reciprocal lattice in E5) is

wherel =1’ andA=A’ is excluded. defined in Sec. Il A andV is its volume. The summation
Wheny=0, e.g.,AR;,=0 for all | and A, the transla- |ndeX| is limited to occupied bands. In the following, j,
tional symmetr;/ insured to be block diagonyal i’, j" anda, b will be used to denote occupied and unoccu-
' pled bands, respectively, whilg g denote either.
0 O
k
p=( 0 D" O (53) _
0O 0 - B. Coupled-perturbed Hartree-Fock equations
ExpressingF(y), si(y), andD(y) as Taylor series, we
and the HF orbitals to be Bloch functions, get
_ t
U= B (11D, (54 FOI=FE2 Pyt Flyyuto (66
o
Thletn the Fock matriceB’ andF both become block diago- Sl(Y)=51+Z §_LYt+2 §lt'ytyt,+ e (67)
nal too, e.g., tt’
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while keeping matrixe! block diagonal, e.g.,

D(y)=D+2, Dlyi+2> D'y (68)
t tt’ € 0
As for the derivatives of the matri¥, we can write €= 0 &/ (79
D =DU" (69 Then the equations become
From Egs.(49) and(50), we get
€pk, .ok~ [D'F'D— 3(D's;De+ eD'sD) Ik,
(UHT+U'=-D'g D, (70) P
—rpt 1t T
€+U'e— eU'=D'F'D-D'sDe (72) =[D'FD— 3(C'SCe+ €CTSC) L,
for first derivatives. As for finite systems)' can always be p.g<n or p,g>n, (76)
expressed as ¢ t .
U= P4 Q! (72 Qaka,iki: —(Qik, ,aka)
whereP_t andQ' are Hermitian and anti-Hermitian matrices, :;[DTFtD_ E(D*§1D5+ eD's D)
respectively. From Eq.70), we get €ik,~ €ak, 2 ak, ik,
P'=—iD'dD. (73 1
e _ _ _ - D'FID— = (C'S'Ce+ eCTS‘C)} ,
By rotating among occupied and unoccupied orbitals, respec- €ik; ~ €ak, 2 ak, ik,
tively, one can always writé2®
. (77)
0
Qt:( t le) , (74 wheren is the number of the occupied barfds?° The Fock
Qy O matrix over HF orbitals, e.gD'F!D, can be calculated by

(D'F'D) i gk, =[D'(V'hV)'Dlpi g, =~ 2 (D'SiD);ig(PKpikiakgjk))

Iklij

1
_ T * " t . "
2, (D" SID )k 1 OPRIDKSKATK)) + 3¢ (Qh ) * O Phyuakalky)

1
_ = T . . . t ) . .
Zikabkb (D §lD)bkb,kag.:](pkp] qukqbkb)+jl<ijkb Qbkb,kag(pkp] qukqbkb)

kK 7

Ko\ % K
+ 2 (DR D P, o

MVNT

(2B B ) — (BB B )]

=[cThtC]pkp,qkq—”§k_ (C'S'C);i9(pkpikiakgjk;)
7

—EZ (C'S'C). ik 9(Pkpbkpakajky) + (Qbx ik )*9(pPkybkpakaik;)
2Pk, by, .jk; I PKpDKpAK ] K; i, bky.jk;) 9IPKpDKpAK ) K;

- > (CTS'C)pi. ik 9(PKpiKjakgbky) + QL. 1 g(pkyjkiakgbky)
ijjbkb bk .jk; pl KjaKgDKy ik bk, jk; pl KjgKqOKp

J
+ > (CI;%)*CZ%; Pl;ea_yt[2<¢kpa¢ky|¢kq,8¢k0>_<¢kpa¢ky|¢k6¢kq,8>]

aByl
+[D*<vt>*F'c+ch'vtD]pkp,qqu BEK 2 [O5)* Vigai)*
B

X g’ (akgjkpkpBke)* + Dl)ijV}(ﬂ,B,k)\g/(pkpj kakqBkep) ], (78
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where S kRy @7
o en T
g(pkpaKgrk,sks) Yia K kA
= 2(pk Wak | Yk, W) = (Wpk Yok |Wse ) (79 o _1 ik Y
p"q p"Kq eV ./\/'; e laYkA’T. (88)

9" (PkytkqrkrSks) From Eq.(87), we know that only whek=0, the displace-
= 2ok Wakg| ek, Psk) — (Yrpi o | #s ik ), (80)  ments of the corresponding nuclei in different units are the
same. Therefore, all the coordinates with O, Yy, ,, do not
K K gk break the translational symmetry while others do. In the fol-
PXo= Z (Dxi)*Dgi s (81 lowing, we will show that they behave like Bloch or symme-
trized orbitals.
Now let us take the derivative of a semisymmetrized

occ.

occ.

k _ k k . .
Py()_Ei (C5)*Chi - (82 orbital ¢kua(y,r) with respect toY,,, at y=0. From Eq.
(86), we get
For the second derivatives, we can get J J
' ! ! ' ! 1 rr)
(Utt )T+ Utt :_Dfélt D+(Ut )T(UI)T+ Utut aYkAr(bka (y Vo
_DTél,DUt—(Ut)TDTStl,D, (83) :2 eik~R|a J 2 eika‘Rl,)(l,(y,l')
| Yiar 1’ “
€'~ (U")Te— U =D'F"'D+D'FDUY + D'F'DU! y=0
/ : _S etk Ry (89
+(UHD'TF'D+(UY)'DTF'D T Winr" ’

y=0

where use has been made of the fact Lh'g(ty,r) is not a
function of y,/ o, when|’#1. According to Eq.(24), we
It is not difficult but tedious to give details for these equa-know that
tions. We do not go further here. In fact, one can use the

formulas given in Ref. 17, provided the atomic orbitals are—X'a(y,r)
replaced by semisymmetrized functions defined in Sec. Il. Niar

+(UHTeUt + (U ) TeU. (84)

y=0

Xo(r=Ri—Ra—ARja)

JARA AR(,,=0

IV. COUPLED-PERTURBED EQUATIONS WITH A7
RESPECT TO SYMMETRIZED COORDINATES 9 o

, o , = Xoly.r=R) (90)

Although the equations to get derivatives of the indepen- Yoar y=0

dent orbitals and their overlap matrix and the CPHF equaThis indicates that
tions are given in Secs. Il and Ill, respectively, the equations
are very difficult to solve in practice, especially the CPHF ?w Xl (y,r) _ J Xl—l’(y,r) . (91)
equations, which are matrix equations with an infinite dimen- ar"" y=0 Ya-1Ar “

. K X . . ) =0
sion. In this section, we will use symmetrized coordinates for A ) ) Y )
nuclei to simplify the solutions, given in Eqé37)—(40), of whereT, is a translation operator which translates the posi-

coupled-perturbed equations for independent orbitals anfion vector of the electron fromto ber +R, . Then we have

also simplify the CPHF equations such that they can be eas: ¢ d

- Ti=— bk o(Yor =elktka) R Y1

ily solved. IaykAT¢ka (y.r) Vo ngATd’ka (y.r) Vo
A. Symmetrized coordinates (92

This means thatd/ Y a,) ¢kaa(y,r)|y:0 is a representation

Let us define symmetrized coordinates as
of the translational symmetry with a reciprocal vector

Y={Y0, . Y= Y +k,, although the coordinat¥,,, may break the transla-
by tional symmetry. Similarly, for an operat@ having trans-
1 lational symmetry wheny=0, one can show that
YkATINZ e KRy (85) aé(y)/&YkAT|y:O is also a representation of the translational
! symmetry with a reciprocal lattick. Then for a translation
or operatorT; which translates the system IRy, we have
~ d ~
J . J /
=S kR . g8e) Tov— (& «lOldy )
0YkAT 2' aylAT ( ) aYkAT .
: . J ~
We can alsq express, . or d/dy . in terms of the symme- = gi(k+kg—ky) Ry e~ (<¢kaa|o|¢k3ﬁ>)v (93)
trized coordinates, e.g., kA7
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where the subscriptiog=0 is omitted. Since we are only T Ky KA Tk~
interested in derivatives 3t=0, we will omit the subscript Sk’ k7u’ = Ok’ T(k+k") azﬁ (Vaw) Scati 10 pur
in the following. Equation93) implies that

J i mp'<sM or p,u’'>M, (97)
r(<¢kaa|o|¢kﬁﬁ>) 5
T KA~ _ K’ T(k+K")
Ak’,lL,k"/.L’_ )\ . )\k E (V
= Oka T(ktky) v Y rn (<¢k a|o|¢k3ﬁ>) (94 T
kAT T(k' k) -
XS LTk — k),BVB;L’ , M=M;u'>M.

whereT(x) is an operator which takes back to the recip-
rocal lattice space defined in Sec. Il A whenever it is out of (98)
the regior?® Equation(94) tells us that an element of the

matrix fails to vanish only when the difference of the orbitals
reciprocal lattices matches the symmetry of the symmetrize

Then there are no infinite summations any more in the ex-
&ressions for first derivatives of the independent orbitals and
eir overlap matrix and only the blocks which satisfy the

orblta_l. . condition that

Similarly, we also get

5 k'=k"+k (99

Y epdY o ar ,(<¢kaa|0|¢kﬁﬁ>) have nonzero values.

7 T The second derivatives of the overlap matrix with re-

&2 A spect toY,a, and Y, 5:,+ are given by
= O, T(k+k' +kp) ((#k,al Ol i ,5)) (95)
aYkATaYk'A'T’ é,ZSk K
for second derivatives S'iATkkA/ R —" L
. ‘ BB aYk’A’ 7! 0-'YkAT

B. Derivatives of independent orbitals and their
overlap matrix

According to Eqgs{(25), (86), and (94), the first deriva-
tives of the overlap matrix over semisymmetric orbitals with <
+e ik, Ry

= 5ka,T(kB+k+k')Z

32)([; >
IYoar

. #x°
ikg-R @
e"s '< >

OAT

)

respect toY,», can be evaluated by

Sk ’ oS
kgB™ Y yp, Kakph

0 [
4 eilk +kg Ry [ Xa | _OXp
' J Yoar| dY\ar
=0k T(k+k )E e'ks R xo X!
a 4 Iyonr" 4" P : ax% | ax
rellirky Rl e | 28 (100
. (9 é’yOA' ’ ylAT
+e_'k""R'<Xla p X,(L)3> . (96) T
Yoar Substituting Eqs(97), (98), and (100 into Egs. (39 and
Then Eqgs(37) and(38) can be rewritten as (40), we can get
T
KATK' A’/ _ K % KATK/ A7/ T(k,—k=K)
SKyytaK ! 5",L'T<k,ﬂ+k+k’)L;1 (Va,u) Sk#a,T(ku—k—k’)ﬁVaw
T M
_E 2 ( k'A" 7’ kAT
20 1 52 | TO =K g T, =K g Tk, = k=K Dt
KA7 K'A 7! T(k,—k—k")
+A ,uT(kufk),u.l T(k,u*k),u,l,T(k,u*k*k,),uz)s/,l,z,u,’
T
_ - k A7 kAT kAT k'A’ 7'
mEl sy 1 wl( Ky TR =K ) Tk, —K Vg T (kﬂfkfk’),u’+Akﬂﬂl,T(kﬂfk),uzAT(kﬂfk),uz,T(kﬂfkfk’),u’)
T
n AKAT ST(kuk) p KA o
Ml=2|v|+1 M:EMH K Tk, =Ky p gy T(k, =Ky T(k,—k—k')p
T T
KA T(k,—k') o kAT )
s By Mo Sty ATUG K Tk [+ et =M (109
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S T
pRarka s K TR kD E kArk A WALl
Kok ' ™ w0 Tk, —k=K’' '
ke Ky A -\ a.f= ( )B ap
T(k,—k—ku' "Nk, ul®
T T
kAT KA’ KA 7 KAr
— Ay A
1=2M+1 #,u JT(k —k),ulST(k —Kuq T(k,—k= k" ! ,U.1=2M+l k,LLM’T(k,u._k/)MlsT(k#_kl)Ml'T(kl-L_k_k/)l-L’
KAT K'A7!
+ S o A
u;l K Tk, =K sy Tk, —K)g Tk, —k—K' )
M
kA" 7' kAT f
+ =M: >M.
ﬂ;l Sk#M,T(k#—k’)MlAT(kM—k’)Ml,T(kﬂ—k—k’)ﬁ/ , MSMiu'>M (102

As for first derivatives, there are no infinite summations in A 9 .
Eqgs.(101) and (102). hka;,kBB: m<¢kaa|h| Pryp) (113
Since overlap matrices are Hermitian, we can conclude 7
that
AT.. \T_ g KAT... 1 .
(s )'=S ' (103 tha,kﬂng 2 ny) N <¢k a¢ky|¢kﬁﬁ¢k0>
(SKAT...)T:S*kAT..., (104) (114)
which are valid for any order. From Eqg€8) and(102), we
can get
(AKAT)T= — p—KAT (105 tAZ kB~ 2 2 Pye Y n <¢k a¢ky|¢ke¢kﬁﬁ>
(AKATKA'T T g KAT=K'A'T! (106 (115

From Eq.(25), we also know that _
According to Egs(23), (65), (82), and(86), we have

KAT. .. _ o kAT...
(Skaa,kﬂ/i)* =S k- kgp- (107
Then from Eqs(106) and(107), we can obtain that P
kAT * _ p —KAT ﬁtA;k 5= Ok T(k+k )E e'ks R'<—X3|ﬁ|)(|5>
(Akw,ku,#') _A—kw,—k#,#/- (108 ath @ B IYoar
The above relationships can be directly checked from Eqgs. ik, R
(96)—(98) and (100 —(102). +e '(xalhl x5>
+eiksg RS gik-Ryrg, 0 RO Y |
C. Derivatives of the HF orbitals and the orbital .Z Xel e (e
energy matrix (116
From Egs.(73) and(86), we obtain
kA7 5kM,T(k#r+k) E (D * A
S i — ®
Kk, 2 PP I k8= %, T(k+kﬁ)2 %:, %
kAT T(k,—k) 0
Xskﬂm’T(k#—k)MzD,uz,u’ ’ (109 % eikﬁ.R,DhB’( IXa Xlﬁ XhX2/>
Y Y
Then it is not difficult to calculat®*". It is easy to see that Woar
0
(PADT=pHAT, (110 ke R ) IXB | non
+e” 'D, X vX o
. . e
Either directly from Eqs(70) and(71) or Egs.(76) and(77), Yoa
0
we can also get +e‘(kﬁ'Rl‘ka'Rh’)D°h<Xh'X' X,y Xh)
(Q¥A)T=—Q ¥, (111) YR dyon, "
kAT 0
(é(AT)T:e kA . (112) +ei(kB'RIka'Rh’)Dh%< Xhlxlﬁ Xh (9Xt9 )
In order to write formulas in a compact form, let us ! 7 3Yonr
introduce the following notations, (117
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. , &xo , . , , &)(0 .
kAT _ Kg- hh a _h h_ | —ik,,- hh I _h h B ks R —k,,-Rp)h0
Kkaa,kﬂﬁ_aka,T(k+k'3) Z hEW % e's R'Dyo (3YOA Xo | XyXp +e e R'Dyo (XaXa Xym +eltkpRi~ka Rh)Dya
, &Xg . , 07)(
| oh h I +e|(kﬁ~R|ka-Rh)DOh( h_h Y 118
(Xa Fyons | X7XE 6| XaXo ﬂyOATX" (118
Substituting Eqs(113), (114), and (115 into Eq. (78) and then substituting Eq78) into Eq. (77), we get
(€, — €ak )Qak ik Bkk |k+_2 fdkb[(Qbkb T(kg+kp— k)) G(akgbkpikijT(kat+kp—ki))
+ QR i1k ks k) G(@Ka T(Kp ki —Ka)ikibky)], (119
where
T T(ka—k a T T(ky—k
Bak ik = Ok, k+k[2 (C 2 )*htAaT ka—k)8C 3. B 2 (Caa) [ZJtAa,T(ka—km Kihr L Tka—k81Cp (ka™l0
ki - T(kjr —k -, : .,
——2 E dkjr(CL ) * ST v 104C s Glakal T(kj k)i T(ka= k)] 'kj1)
I’j’ a ' '
k - T(ky—k Ka - T(ka—
- E[(Caa,a)*S(k:a,T(ka*k)EC‘Bfi )fiT(ka—k)+ faka(ca’a)*SEAa T(kq *k)BC ( ]
" fdkbckb S T h0s(C > ) Glakabkyi T(ka = K)j T(kp+k))
“aw e | AKe(C) S 05C > G (akaj T(ky—K)iT(ka—k)bky)
T 1 T(ka—k) ~T(ky—k Ka 1Ka r ka—k
+2 LD (V ot i i) F g Cpi® H(CLa) F VA e —i0uDp ™ ]
+2 WfdkB[(DMkB+k>)*(vB,fAfmw))*G'(iT(ka—k)jT(kﬁ+k)akaﬁkB)*
+DT(kB kVE':;,T(kﬁ*k))\G,(akajT(kB_k)iT(ka_k)'Bkﬁ)]' (120

The functionsG and G’ used in Eqs(119 and (120 are  Since Eq(119 are linear equations of the quantities, we can

defined as conclude that aIQg’QT ik, in the group are zero and then we
kA'T :
G(pkyqkqrk,ske) = 2Q(parskok,ks) can conclude aIQak ik, are zero except those that satisfy
T(k,—k;)=0. Then we can write
_Q(pqsrkpkskr): (121) QkﬁT " — 5k T(k +k)QkﬁT 'T(k k) (123)
aKy,lkK; a’ i aKg,! a” b
Gl(pkququrSks):ZQ,(pqukpkrks)

Then the CPHF equations can be rewritten as
_Ql(pqs'kpkskr): (122)

where Q(pqrskpk ks) was defined in Eq(37) of Ref. 26
andQ’'(pqrskpkks) can be obtained by replacin,!;];kS with AT 1 , , ,
b in the expression of the former. It is easy to see that =Baw it W ]Eb f dk’[G(ak’b(—k")
each term in Eq.(120 has a finite value and so does

kAT
(eiT(k’—k Eak’)Qak/ JT(k' —k)

BKAT XAT(K = k)] T(= K"+ (Qp ‘) 17 10)*

Since T(T(ky+kp—ki)—ky)=T(k,—k;), any two +G(ak i T(K = K)iT(k —K)bk") OKAT
Qgﬁ;iki are not coupled by Eq119 if the differences of (@k'IT( IT( JOKY) Qpierjrer—10]
their reciprocal lattices are different. In other words, we can (124

C|a$5ifYQ§ﬁ;,iki into groups according t(k,—kj). Ineach  Taking the complex conjugate of E(L20) and substituting
group, T(k,—k;) is a constant. For a group with(k,—k;) Egs.(11), (13), (58), (59), (103—-(108), (111), and(112) into
#0, all concerneth’Q;iki are zero according to Eq6l20).  the right side of the equation, we can obtain
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(Bgﬁ;,iki *ZB;(k—Akl),i(—ki)' (129 QKAT=(G*) " 1B*A. (130
Then from Eqs(124) and (125), we can get When k=0, one must be careful to use E(L30 since
Giak. . jbk., Mmay diverge wherky =Ky . In this case one

kA7 may solve Eq(128) iteratively.

€; r_k)y € r)( 77 T 1! )* .
(€ -1~ €ak ) (Qq i) iT(—k +k) Another way to solve Eq.(128 is to express

1 QKAT. as its Fourier expansion ovér' in the first
_ pkAT - " T L ak’,iT(k'—K)
Bak’,iT(IUfk)+ w JEb f dk"LG(ak"b(—k") Brillouin zone and then Eq.128 becomes the linear equa-

_ _ A tions of the Fourier coefficients. With these coefficients, one
XIT(k"=K)JT(=K"+K))Qpn i1k can calculateQz’:,TiT(k,fk) at any giverk’.
+G(ak’jT(K"—K)iT(k’ —k)bk") After Qgﬁ;iki are determined, the first derivatives of the

A eigenvalue matrix can be calculated by
X (Qb(fk”),jT(fk”Jrk))*]' (126
T kAT
Egﬁp,qkq: 5kp ,kq+k6pkp AT (kp—k) ? (131
Equations(124) and(126) tell us that
- where
—kAT kAT
\Qb(fk”),jT(fk’%k) :Qbk”,jT(k”fk)‘ 127 KAr kA Lt kA
€’ qr( 10 =L DTFAD— 3(CTS*"Ce
Then substituting Eq127) into (124), we get fekn
+€CTS*C) ok qrik -k »
(6' —e )QKAT
iT(k" —k) ak’/ Nak’ iT(k' —k) p.gsn or p,g>n. (132)
kAT 1 " ’ " . .. .
=B it 10T W Eb dk"[G(ak'b(—k") With the same procedure, one can get explicit equations for
. second derivatives of the coefficients and eigenvalue matrix
XiT(k'=k)jT(—=k"+k))+G(ak’jT(k"—k) with respect to symmetrized coordinates.

. ’ " kAT

XiT(k"—k)bk )]Qbk,,’jT(k,,fk). (128
KA~ V. ANALYTICAL DERIVATIVES OF THE HARTREE-

Equation(128) is a set of linear equations f@aﬁ,’ik,_k. It FOoCK ENERGY
is important to notice that they do not become more difficult )

to solve wherk#0. This means that the amount of calcula- A- Gradients
tion needed for the derivative with respect to a displacement  pifferentiating both sides of Eq(51) with respect to
which breaks translational symmetry is about the same ag,,  we get
that needed for the derivative with respect to a displacement

which keeps the translational symmetry. JEHF

In real calculations, we do not need to determine all the 7Y =22 > P‘;/ﬁhtf\;,k,ﬁ
nonzeroQZ/:,T,iT(k,_k) since they are supposed to be smooth kAT k' af
functions ofk’. We can take a finite number of points in the ,
reciprocal lattice space, sél,,m=1, ... K}, and then we +2 2 PE230T Ko ]
can transform Eqg.(128 to be linear equations for ko«
QZﬁ:iT(k,_k) at the points. To be efficient, one may need to
take the so called “special” sets &-points in the irreduc- +2>, [DT(V*)TE' C+ CTF VKAD] ) iy
ible segment of the Brillouin zod&?**Yas the set of points ik’
to solve Eg.(128. But for convenience, we just let the oV
K-points be evenly distributed in the region in our following 2> Wa’ﬁsl:/yk, + e (133
discussion. Let us define k' aB KB Y yar

WhereW';B is the “energy-weighted density matrix” defined

k _
Giak,, .jbk,, = (€iT(ky,—k) ~ €ak,) Gij OabSmny o

occ.

1 ,
_R[G(akmb(_km’)ﬂ—(km_k) WEB:Z Eik(cii)*czi. (134
XJT(—Kmp +Kk))+G(akpyj T(Ky —k)

XiT (K= K) bk ) - (129

From Eq.(94), we know that

aEHF aEHF
Then the solution of Eq(129) is given by"3! Near " 09¥n,

(135
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This means that the gradient only has nonzero projectionfom Eg.(86), e.g., the system keeps the periodicity when it

onto symmetrized coordinates wh&s-0. Whenk=0, we  changes its geometry along the coordinate. In this case, let us

get usey,, to denote the common displacement in the direction
Via.=Year, 1=0F1,52,... (136 7 of all the nuclei described bg. Then we have

aEE‘E &Et'(':: 1 &EHF OAT OAT OAT OAT
(?YOAT_ IYar B ./T/(S’YOAT Wf E P B[tha,kﬁ+2‘]ka,kﬁ ka, kB]dk— Wf 2 W a kﬁdk

ZAZB(RAT_ Rl T RB’T) J 0A Kk K /0
- = dk[ (DX * (VAT ) F/X Ch + (CKO*FrX VT .D 1, 13
= |RA—R|—RB|3 W|Ma [( /-“) ( ka’k'u,) aB™ i ( ) aBVkB ku ‘Bl] ( 7)

whereE!¥ is the total energy per unit cell, e.g.,

ENF= EFF/ A (138
which has a finite value.
B. Hessians

The second derivative with respectYQa, andY,. 4, iS given by

aZEHF :2 E [thATk AT +2JkATk'A'T'_KkATk'A'T’]+E 2 aPk”a,T(k”—k)ﬁ[thAT
NarzNepr k" @B WPk kR Kiek'B Kak8 k' aB Ny K'a T(K"=K)B

kAT kAT k'A’ 7" kAT
T4 raer-k0s™ PRia T -0l 2% ; Wira, 700180 (0015
Wi, T(k" k)8 kA
—2% aEB Wskr'a,nkukm
Ve
+2>, ———[DF (V) TF' C+ CTF VD o+ ——— (139
ik” Yk'A' ’ &YkAraYk/A/T/
|
where
W koY) =2 €1 (Y)(Cr i (Y))*Cippir(y). (144
In’
Pic kg (¥) =2 (Chai()* Ciigp (), (140
With the same procedure used in obtaining B%), we can
~KATK' A’ 7' (92 A get
KA AT = (b |P , (141)
Kook gB &Yk’A’T’&YkAT<¢ kNl Bpiy)
2 HF 2 HF
KAk Al 5 TIL:ei(lﬁk')-&L_ (145
Ikt Nwrarz Y yar NwrarzYyar
2 S p & Th lude th
— — {4, ba), en we can conclude that
- &ka /3YkAT< ka¢yk|¢ﬂk3 oK)
(142 J2EHF 92EHF
= ko (146)
kATk’A’T, aYk,A,T’{?YkAT ﬂYkA’TaYkAT
kaa,kB,B
52 Therefore, we only need to pay attention to the second de-
_2 > P —<¢aku¢yk|¢6k¢ﬁkﬁ>v rivatives with respect to the pairs of the symmetrized coor-

X 3Yk’A’ 7Y ks dinates, whose reciprocal lattices have the same magnitude

(143 but different signs. From Eq139),
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oE!T 1 gEMF
T TN
N Y ar N YA Y iar

1 r_r r_r r_!
_ ’ k' kAT—KA' 1 kAT—KA' 1 kAT—KA' 7
_V_VJ dk [QZB Pl 2hy s T 2d e T KT e T

P 0, T(k"—K)B ¢\ KAT KAT kAT
2 [ 2Ng g rie st A e o8~ 2Kt —iog)
af 0YKA'T’

r_r &W ! r_
_ " KAT—KA' k’a,T(k"' —k)B ~KAT
9? ZaZg
ayOAT&y|ArTr |RA_ R|_RB|

d '
+2— [DT(VkAT)TF'c+cTF'vaTD]ik,,ik,]+§|‘, e kR (147

KA’ 7!

where YEA,T, is the complex conjugate oYy, ., €.0., 1 R H2EHF

Y _kar - - We would like to emphasize more that there is no = N; e N v
special difficulty for calculating second derivatives with re- MNyear Y kar
spect to the symmetrized coordinates which break transla- 5 HE
; J°E
tional symmetry. uc

il
=
W oY a Y ar

el (Rir-Ridk. (148

By letting I=1" andA=A’, we can get force constants for

DERIVATIVES
A. Geometry optimization and force constants

It is well known that gradients are critical in geometry B. Phonon disperson curves
optimization and transition state searchiig® The method From the force constants with respect to symmetrized

described in the previous sections provides an efficient angd,,ginates, we can calculate the phonon dispersion curves,

accurate way to obtain them and then can greatly enhance th@,ih offer substantial information in determining the heat,

capat_)lhty ofab initio methods to handle extended SyStemS'optical, and mechanic properties of extended systems such as
Since the HF method or other methods such as DFT Cafeat capacity, heat expansion, infrared and Raman spectros-

only deal with periodic systems when the number of the,n nonlinear optical properties, and even high temperature
nuclei is infinite, there is no way to obtain the force COnStantssuperconductivity.

for the movements concerning an individual nucleus and the =~ .0 Eqs(86) and(88), we can see that the transforma-
interatomic force constants, which are required in the predicg,, from Cartesian coordi'nate{by,A }, to symmetrized co-

. . . . e . 7)1

tion o_f dynaml_cal propert|_es of SO|!dS and critical in unde_r- ordinates is not unitary. In fact, the space is scaled by a
standing reaction mechanisms of biopolymers. The analyticgl, .to; of 1IN, This means the velocities of an object and

procedure described in the previous sections provides a Wa%rce constants in the two spaces are different, scaled by

to calculate the whole spectrum of the force constants witly, e factors. To get correct kinetic and potential energies,
respect to the symmetrized coordinates. With them, we canye need to introduce the normalized symmetrized coordi-

indeed, calculate the force constants for the movements COMates by
cerning an individual nucleus and interatomic force con-

stants. _ 1 iR
Let us consider the interatomic force constants for  Ykar= \/JT/YkAr:\/—N_El e "“Nyia,. (149
nucleusA in thelth unit cell and nucleug\’ in thel’th unit
cell. From Eqgs(86) and (88), we obtain Yia- Can then be expressed as
2HF y| :E eik.RIYk :i 2 eik'RIVk . (150)
Fioar |AT:L TR TR "
' ﬁyl’A’T’(gylAT

It is easy to check that the transformations between the two
sets of coordinates are unitary.

1 J2EHF Using Egs.(149 and (150, the kinetic energy of an
=— E e K Ry z e kR —— — extended system with periodicity at a stable structure can be
N=% k Nrar Y ar expressed as
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1 . . VIl. CONCLUSIONS
T 2 ;7 YiaMaYiao We have given a systematic study and developed an ef-
fective procedure for analytical evaluation of energy deriva-
:E E z eik’.R{yl,A M A 2 e kRIY, ., tives in extended systems. The procedure not only greatly
2 fRr Y0 7 k improves the performance of the calculations of the deriva-
N tives compared to the finite difference method, but it also
=— 2 E YEATM AYiar enables us to calculate energy derivatives with respect to any
2w K displacement, including those which break the translational
1 . . symmetry.
=5 % ; YEATMAYkAfl (151 By using semisymmetric orbitals and the procedure re-

cently developed by us,we can eliminate the linear depen-

where the dots above the coordinates means the derivativé¢nce among basis functions, which is an unavoidable prob-
with respect to time. Around the stable structure, the potenlem in the analytical evaluation of energy derivatives for
tial energy which is correct to second-order of the displace€xtended systems, and get a set of independent, semiorthogo-

ments is given by nal basis functions, their derivatives, and the derivatives of
their overlap matrix.
Ve 1 s 3 9?EHF By introducing symmetrized coordinates for nuclei, the
2,45 A Yirars é’YVAITfé’)/mTylAT derivatives of the overlap, the Fock, and the coefficient ma-
trices become blocked. Then the derivatives of the indepen-
1 >y (kR —Kk-Ry) dent orbitals and their overlap matrix can be easily calculated
NG Ny Yiar-€ since the infinite summations are eliminated. With the sym-
metrized coordinates, the CPHF equations only couple those
J?EHF which preserve quasimomentum. The equations can be easily
m)ﬁm solyed and require no _extra effort for the displacements
T T which break the translational symmetry.
1 . S2EHF The explicit expressions for analytical gradients and
) 2 ; ; YkA'T/WYkAT Hessians of the HF energy have been derived for extended
Al AT kA’ 7@ TkAT systems. It is shown that the gradient has nonzero compo-
1 PEHF nents only along the displacements, which keeps the transla-
== > > VTkA,T, T—UCYkAr’ (152  tional symmetry. With symmetrized coordinates, the Hessian
2 a7 A K Y a0 kar becomes block diagonal.

With second derivatives of the electronic energy with
respect to symmetrized coordinates, one can calculate force
constants for individual nuclei, interatomic force constants,
and phonon dispersion curves in the whole Brillouin zone.
Det.|{|\/|;,l/2F(k)A/T,’ATMKUZ}—w(k)2||=0, (153  The computational cost to calculate the phonon spectrum
with k# 0 in the Brillouin zone is the same as that needed for

where Eqs(149 and (150 have been used. Then the vibra-
tional frequencieso(k) or the phonon dispersions are deter-
mined by

where the spectrum ak=0.
S2EMF 325?5 The method developed in this paper can also be applied
{Fx(K)}ar 7 A== —— =3 (154  to DFT and there is no special difficulty to get the expres-
N kar  IYipr 0¥ kar sions for derivatives of correlated energies.
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