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Elimination of Coulombic infinities through transformation
of the Hamiltonian
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It is demonstrated that Coulombic infinities of both nuclear–electron and electron–electron type can
be eliminated through a transformation of the Hamiltonian. The transformed Hamiltonian is no
longer self-adjoint and will contain three-particle interactions. The new pair interaction, depending
only on the interparticle distance, can be chosen almost at will, however. If the new pair-potential
terms are chosen to not contain an infinity, the corresponding right-hand wave function no longer
contains a cusp, and we expect this feature to help improve the convergence ofab initio quantum
chemical calculations with respect to the one-particle basis set. We limit ourselves to an exposition
of the idea, illustrated with some examples for the Hydrogen atom. ©1998 American Institute of
Physics.@S0021-9606~98!01743-7#
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I. INTRODUCTION

Due to infinities in the Coulombic interparticle intera
tions, the exact wave function generally has a cusp when
the coordinates of two particles coincide~e.g., Refs. 1–5!.
This is most trivially seen by inspecting the quantity

ĤC

C
5

T̂C

C
1V5E. ~1!

If the potential V tends to 6`, the local kinetic energy
T̂C/C should tend to infinity in order to add to a finite su
E. This implies that the wave function has a cusp, unless
zero. The above indicates that the Schro¨dinger equation is a
rather ill-behaved numerical problem near the coalescenc
two charged particles.

In the common practice of quantum chemistry, the
problems are largely ignored. Gaussian atomic orbital b
sets are used overwhelmingly, and the resulting wave fu
tions do not have a cusp at the nucleus and conseque
ĤC/C tends to2` near any nucleus. This does not nece
sarily lead to bad energies since the volume where the
havior is bad is very small. As essentially all of the basis s
used in quantum chemistry contain functions that explic
depend on the electron–nuclear distance, this helps to in
porate a more reliable description of the nuclear cusp or
ternatively, the local kinetic energy, particularly when lar
exponent Gaussians are included in the basis.6

The electron–electron cusp is more worrisome. T
overwhelming majority of quantum chemical calculatio
make the approximation of expanding many-electron w
functions in antisymmetrized products of one-particle fun
tions ~determinants!. Therefore, there is no explicit depen
dence on the electron–electron distance, and electron c
lation has to be included through a large expansion
determinants. In addition~and presumably relatedly!, the

a!Electronic mail: bartlett@qtp.ufl.edu
8230021-9606/98/109(19)/8232/9/$15.00
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convergence of the energy with respect to the one-part
basis set is notoriously bad. This has been attributed to
electron cusp~e.g., Ref. 7!. The exact cusp condition is o
the form

]C~r 1 ,r 2 ,r 12!

]r 12
5hC~r 1250!, ~2!

whereh is 1
2,

1
4, or 1

6 depending on symmetry of the wav
function under exchange and inversion. It is never zer7

while for any quantum chemical wave functions compos
of product of one-particle functions,]C(r 12)/]r 1250 @This
point was emphasized to us by Professor John Morgan,
vate communication!. Trial functions that explicitly depend
on the electronic distance are capable of yielding much m
rapidly converging expansions@Hylleraas configuration in-
teraction ~CI!,8–13 Jastrow functions,14 Gaussian Gemina
expansions,15–19 explicitly correlated coupled cluster~CC!
and many-body perturbation theory~MBPT!20–23#, because
they have an infinite or at least large local kinetic energy
an electron–electron coalescence.

Traditionally, methods in quantum chemistry@disregard-
ing density functional theory~DFT!# focus on obtaining a
more and more accurate wave function, usually depend
upon the variational principle. Alternatively, nonvariation
methods like coupled-cluster theory and its equation-
motion ~EOM! generalizations,24,25 or complex scaling
methods,26 suggest alternative approaches that lead to tra
formed Hamiltonians. Here, let us consider a two-step
proach. We first modify the problem to an equivalent o
that is more amenable to numerical solution. In the pres
case we can think of two~related! possibilities. We can rep-
resent the exact wave function as

uC&5X̂uF&, ~3!

whereX̂ is as of yet an unspecified, but fixed operator. A
plying the variational principle to
2 © 1998 American Institute of Physics
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E5
^CuĤuC&

^CuC&
5

^FuX̂†ĤX̂uF&

^FuX̂†X̂uF&
, ~4!

we have the following equation foruF&

~X̂†ĤX̂!uF&5X̂†X̂uF&E. ~5!

Hence the Schro¨dinger eigenvalue problem is transforme
into a generalized eigenvalue problem involving a tra
formed Hamiltonian and a metricŜ5X̂†X̂. The other ap-
proach is obtained if we multiply the above equation on
left by the inverse metric~assuming it exists!, to obtain

~X̂21ĤX̂!uF&5uF&E. ~6!

Hence the Hamiltonian is transformed by the operatoX̂
and the Schro¨dinger equation is transformed into a~in gen-
eral! nonself-adjoint eigenvalue problem. The metric a
similarity transform approaches are closely related, and t
are completely equivalent if the operatorX̂ is unitary, imply-
ing that the metric is unity.

In the above we have disregarded the issue of bound
conditions. The usual Schro¨dinger equation is subject to th
boundary condition that a solutionuC& is part of Hilbert
space. Since we have the mappingX̂uF&5uC&, a different
boundary condition is associated with Eq.~5!, namely that
X̂uF& should be part of Hilbert space. The solutionsuF&
themselves may have a component outside of Hilbert sp
Under these conditions we have a direct mapping from
original problem to the transformed problem, demonstrat
that the eigenvalues do not change. Therefore, under
changed boundary condition, the eigenvalues of Eq.~5! are
all real and identical to the solutions of the original proble
This rather delicate issue can be illustrated by examining
textbook solution for the Hydrogen atom. Transforming t
Hamiltonian with the ground state of the Hydrogen ato
leads toHC 5erĤe2r and one obtains the Laguerre polyn
mials Ln(r ) as solutions of the non-Hermitean transform
radial Hamiltonian. The Laguerre polynomials are not squ
integrable, but the back transformed functionse2rLn(r ) are.

This example also illustrates another aspect of the s
larity transform approach, namely that the left and right ha
eigenfunctions are no longer adjoints. The left hand eig
functions in the case of the Hydrogen atom discussed ab
are given byLn(r )e22r . It is seen that the unboundedness
the right hand wave function is corrected by the left ha
wave function. ‘‘Expectation values’’ are to be evaluated
transition matrix elements between corresponding left
right hand states, and the inner product of the left and ri
hand state is properly normalizable.

Let us surmise that in practical quantum chemical cal
lations, the basis set expansions are such that the obta
wave functions are always trivially square integrable. W
have in mind to use similar expansions for the transform
wave functionsuF&, and this may put some restrictions o
possible operatorsX̂, as we will wantuF& to be part of Hil-
bert space. After this digression let us proceed.

The operatorX̂ in principle can have many forms. In th
realm of highly intense laser fields, for example, the
called Bloch–Nordsiek transformation27 is frequently em-
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ployed, which acts as a translation operator and contains
momentum operator as the generator of this translatio28

This allows one to ‘‘replace’’ the interaction of particles an
the field through dressed interactions between the parti
and modified canonical variables for the field.

Here we will restrict ourselves to the case thatX̂ is a
simple many-particle multiplicative operator~that is, simply
a function!, depending on all of the particle coordinates. Th
function is taken to be symmetric under interchange of
coordinates of identical particles, in order not to change t
same symmetry of the Hamiltonian. Moreover we require
function X to be nonzero, in order to not introduce an
trouble with X21. Thus, the simplest parametrization is
useX5eG whereG is in principle an arbitrary function of
the particle coordinates, symmetric under interchange of
coordinates of identical particles. Through the transformat
with eG, we want to introduce the explicit dependence on
interparticle distances in the exact wave functionC5eGF.
Such an approach has been considered before in the t
correlation method of Boys and Handy in the la
sixties.29–32In the trans-correlation approach, the free para
eters in the functionG ~of predetermined form! were opti-
mized. Such a nonlinear optimization procedure is rat
horrific numerically and not easily made efficient on prese
day computers.

Our point of departure is different. We will choose th
functionG once and for all and focus on the properties of t
transformed HamiltonianH̃5e2GĤeG. Our goal is to elimi-
nate the Coulombic singularities~Strictly speaking the trans
formed interaction is finite everywhere, but its derivativ
can still contain singular points.! from the Hamiltonian, at
the same time keeping the problems of non-Hermiticity a
as we shall see below, the occurrence of three-particle in
actions under control. The hope is that this should lead t
numerically more stable problem and more smoothly vary
solutions F than in the original Schro¨dinger eigenvalue
problem. The functionF can be solved for in a variety o
more or less conventional ways, but we would expect
improved convergence behavior. Hirschfelder33 has long ago
proposed this approach to eliminate the electron–elec
cusp, considering one special form for the transforming fu
tion, but to our knowledge no numerical results have e
been presented. Interestingly this approach has been pur
independently34 to eliminate the electron–nuclear cusp, u
ing Hirschfelder’s transforming function, in the context
plane-wave-based density functional theory. Numerical
sults were presented but the authors found it hard to ga
the improvement of their results.

In the next section we will assume the simplest possi
form for G

G5(
i , j

gi j ~r i j !. ~7!

The elementary geminal functionsgi j depend on the distanc
between particlesi and j only and, of course, on the type o
particles involved. Assuming this form for the transform
tion, we will derive the general form of the transforme
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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Hamiltonian in very simple format. We will show that th
new two-particle interactions can be chosen to not contain
infinity, essentially when

dgi j ~r i j !

dri j
Þ0, ~8!

which is an almost trivial condition. This allows an eno
mous freedom for the choice of the geminal functionsgi j .
This freedom can be used to mold the Hamiltonian into
most favorable form. In these initial investigations, we w
simply outline a number of possibilities. In Sec. III we an
lyze the situation for the simple case of two charged p
ticles. The Hydrogen atom serves as the prototypical
ample, but the treatment of electron–electron interaction
completely analogous. A survey of possibilities and poten
problems is provided in Sec. IV.

II. TRANSFORMATION OF THE MANY-PARTICLE
HAMILTONIAN

Let us consider the general nonrelativistic Hamiltoni
with Coulombic interactions between the particles

Ĥ5T̂1V̂52
1

2 (
i

1

mi
¹ i

21
1

2 (
iÞ j

qiqj

ur i2r j u
, ~9!

where mi indicates the mass andqi denotes the charge o
particle i, in atomic units. We will consider a transformatio
of the Hamiltonian with the multiplicative operatoreG,
whereG is a symmetric sum of two-particle geminals th
each depend only on the relevant interparticle distancer i j

5ur i2r j u. Hence

G5
1

2 (
iÞ j

gi j ~r i j !. ~10!

We will henceforth supress the indices on the geminal~s! g,
to facilitate the notation. The transformed Hamiltonian c
be written

Ĥ̃5e2GĤeG5Ĥ1@ T̂,G#1 1
2@@ T̂,G#,G#, ~11!

sinceV commutes withG. Higher order commutators do no
occur sinceT̂ is a second-order differential operator. Th
commutators can be evaluated as

@ T̂,G#52
1

2 (
i ,kÞ l

1

2mi
~¹ i

2g~r kl!12~¹ ig~r kl!!•¹ i !

52
1

4 (
iÞ j

F 1

mi
~¹ i

2g~r i j !!1
1

mj
~¹ j

2g~r i j !!G
2

1

2 (
iÞ j

F 1

mi
~¹ ig~r i j !!•¹ i1

1

mj
~¹ jg~r i j !!•¹ j G .

~12!

Using thatg(r i j ) is a function of the interparticle distanc
only, we find

¹ ig~r i j !52¹ jg~r i j !5
dg~r i j !

dri j

r i2r j

r i j
[g8~r i j !

r i2r j

r i j
,

~13!
Downloaded 29 Sep 2005 to 128.227.192.244. Redistribution subject to A
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¹ i
2g~r i j !5¹ j

2g~r i j !5
2

r i j

dg~r i j !

dri j
1

d2g~r i j !

d2r i j

5
2

r i j
g8~r i j !1g9~r i j !. ~14!

Hence

@ T̂,G#52
1

4 (
iÞ j

S 1

mi
1

1

mj
D F 2

r i j
g8~r i j !1g9~r i j !G

2
1

2 (
iÞ j

g8~r i j !
r i2r j

r i j
•S 1

mi
¹ i2

1

mj
¹ j D .

~15!

Introducing the reduced mass

1

m i j
5

1

mi
1

1

mj
~16!

or

m i j 5
mimj

mi1mj
, ~17!

we can write

@ T̂,G#52
1

2 (
iÞ j

F 1

m i j r i j
g8~r i j !1

1

2m i j
g9~r i j !G

2
1

2 (
iÞ j

g8~r i j !
r i2r j

r i j
•S 1

mi
¹ i2

1

mj
¹ j D .

~18!

The single commutator, therefore, consists of a multipli
tive two-particle potential and a velocity dependent inter
tion which, in general, is not self-adjoint.

Similarly the double commutator can be written

1

2
@@ T̂,G#,G#52

1

16 (
k,iÞm, j Þn

2

mk
~¹kg~r im!•¹kg~r jn!!

52
1

2 (
kÞ i ,kÞ j

1

mk
~¹kg~r ki!•¹kg~r k j!!

52
1

2 (
kÞ i ,kÞ j

1

mk
g8~r ki!g8~r k j!

~r k2r i !

r ki

•

~r k2r j !

r k j
52

1

2 (
kÞ i

1

mk
~g8~r ki!!2

2
1

2 (
kÞ iÞ j

1

mk
g8~r ki!g8~r k j!

~r k2r i !

r ki

•

~r k2r j !

r k j
, ~19!

where, in going to the last line, the term is split in a ‘‘dia
onal’’ contribution i 5 j , and a remaining true three-partic
contribution. The two-particle contribution is more conv
niently written in a symmetric way as
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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2
1

2 (
kÞ i

1

mk
~g8~r ki!!252

1

4 (
iÞ j

S 1

mi
1

1

mj
D ~g8~r i j !!2

52
1

2 (
iÞ j

1

2m i j
~g8~r i j !!2.

~20!

Collecting terms, the transformed Hamiltonian can be w
ten as

Ĥ̃5T̂1Â1V̂21V̂3 , ~21!

where

T̂52
1

2 (
i

¹ i
2

mi
~22!

is the usual kinetic energy operator

Â52
1

2 (
iÞ j

g8~r i j !
r i2r j

r i j
•S ¹ i

mi
2

¹ j

mj
D , ~23!

is a two-particle, in general nonself-adjoint, velocit
dependent potential or drift term

V̂25
1

2 (
iÞ j

Fqiqj

r i j
2

g8~r i j !

m i j r i j
2

g9~r i j !1~g8~r i j !!2

2m i j
G , ~24!

is a modified multiplicative two-particle potential, and final

V̂352
1

2 (
kÞ iÞ j

g8~r ki!g8~r k j!

mk

~r k2r i !

r ki
•

~r k2r j !

r k j
,

~25!

is a true three-particle, multiplicative, potential term.
The above result has interesting implications. The ab

transformation shows that we can, within limits, pick a
two-particle interaction we want. The price to pay is an
troduction of three-particle interactions, and a veloci
dependent term. In addition we note the term (r i2r j )/r i j has
a discontinuity nearr i5r j .33 As mentioned before, in gen
eral the transformed Hamiltonian is no longer self-adjo
and this may pose some fundamental problems. If the cho
transformation is not bounded, the eigenfunctions of
transformed Hamiltonian may no longer be square in
grable. The variational principle in quantum mechanics
to be replaced by a bivariational principle, implying that o
gets both left- and right-hand wave functions. In the a
proach described above, only the right-hand wave func
becomes simpler as it no longer contains a cusp. The
hand eigenfunctions will actually become more cumberso
to calculate. Similar problems arise in the treatment of re
nances through the method of complex scaling. A very re
able account of these difficult topics has been presented
Löwdin.35 Let us emphasize that the exact eigenvalues of
transformed Hamiltonian do not change~provided the
boundary conditions are transformed accordingly, see in
duction!. However, if the Hamiltonian is mapped onto a
nite basis, the resulting nonsymmetric Hamiltonian may h
certain complex eigenvalues. Complex eigenvalues may
an indication that the basis set is insufficient to describe
corresponding state.
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The transformed Hamiltonian is self-adjoint only if th
functionG is purely imaginery, since then the transformati
is norm-conserving and unitary. However, it does not se
possible to eliminate the Coulombic infinity through such
transformation. It is possible to define a general comp
transformation, but since this does not render the tra
formed Hamiltonian self-adjoint, this also does not se
very useful. We will limit ourselves to real-valued function

Up to now our discussion has been fairly general. O
only assumption has been the form of the transformation
is time to consider feasible choices for the geminalsgi j , that
in general will depend on the type of particles. Let us est
lish some desiderata that have to be satisfied by our
Hamiltonian. The purpose of the transformation is to elim
nate the infinity from the two-particle potential. The mo
obvious way to accomplish this is to require that

qiqj

r i j
2

g8~r i j !

m i j r i j
, ~26!

is regular at the origin. This will be satisfied provided

lim
r i j→0

g8~r i j !5qiqjm i j . ~27!

This is a very trivial condition. As long as a functiong(r i j )
has a nonzero derivative at the origin, it can always be sca
to satisfy Eq.~27!. We do have to worry about the new
velocity-dependent term and the three-particle interactio
In particular we note that

r i2r j

r i j
, ~28!

does not fall off with the interparticle distance. Therefore w
have to require that the functionsg8(r i j ) ~as well asg9(r i j ))
fall off rather rapidly with the interparticle distance. This
important to reduce the degree of non-Hermiticity of t
Hamiltonian. In addition it will reduce the effective range
the three-particle interactions.

For this reason the most obvious choice for the gemi
g

g~r i j !5qiqjm i j r i j , ~29!

does not seem practical. Interestingly, this choice elimina
the Coulomb potential entirely. The two-particle interacti
is reduced to a constant term

V2→2
1

2 (
i , j

qi
2qj

2m i j . ~30!

However, the three-particle potential, as well as the veloc
dependent part, has infinite range~and the transformation is
unbounded!. As an aside, the explicitly correlated C
method~CCR12! of Noga, Klopper, and Kutzelnigg36 uses
the pure excitation part of the operatorr i j in an exponential
ansatz. There are some additional parameters in this sch
and it seems that these are needed to overcome the pote
improper behavior of this parameterization if the electro
are far apart. This observation may provide some additio
insight in the workings of the CCR12 method.23,36
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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III. ANALYSIS OF HYDROGEN-LIKE SYSTEMS

In order to analyze potential candidates for the gemi
function g(r ), it is illustrative to first consider the simples
possible Coulombic system, namely the hydrogen-like at
consisting of an electron and a nucleus with chargeZ. The
new electron–nuclear interaction potential is given by

V~r !52
Z

r
2

g8~r !

mr
2

g9~r !

2m
2

~g8~r !!2

2m
. ~31!

The three-particle potential is absent, of course, and the
dial part of the velocity-dependent potential is given by

A5g8~r !
d

dr
. ~32!

The total radial part of the new Schro¨dinger equation reads

1

mr

dw

dr
1

1

2m

d2w

dr2 1V~r !w~r !1g8~r !
dw

dr
5Ew~r !.

~33!

This equation is correct only for spherical (l 50) solutions.
After choosing a geminalg(r ), it is not necessary to explic
itly solve for the ground state of the transformed proble
because the~unnormalized! solution is given immediately a

w~r !5e2g~r !c~r !5e2g~r !e2mZr, ~34!

wherec(r ) is the ground state of the original radial Schr¨-
dinger equation. In Table I below, we list a few elementa
functionsg(r ) together with the potentials they generate, a
the derivativeg8(r ). The common factor2Zm, which in the
more general case would readqiqjm i j , is abbreviated as
Downloaded 29 Sep 2005 to 128.227.192.244. Redistribution subject to A
l

m

a-

d

Qm. Therefore, these potentials apply for the general C
lomb problem, including the interactions between two ele
trons. The potentials in Table I contain some arbitrary p
rameters, for which suitable values are to be chosen. Th
parameters are listed in Table I. In addition, in the last c
umn of Table I, we include the value of the potential in t
limit r→0. In Figs. 1~a!–6~a!, we plot the potentials for three
reasonable and illustrative values of the parameters~where
reasonable means that the potentials do not deviate too m
from the original Coulomb potential, also drawn in the fi
ures!. In Figs. 1~b!–6~b! we have drawn the correspondin
exact, but unnormalized, wave function@Eq. ~34!# that would
result from solving the respective radial Schro¨dinger equa-
tion. From these plots we conclude that, in particular, pot
tials III, VI, VII, and VIII appear to yield wave functions tha
can be well represented in terms of an expansion in Gaus
atomic basis functions. Another important criterion is t
feasibility of the integrals. Case VIII scores very well in th
respect. It is defined in terms of the error function

g~r !52
Ap

2

Qm

D
erf~2dr !5

Qm

D E
2dr

0

e2t2dt. ~35!

These integrals comply very well with the usual calculati
of Gaussian integrals.

The prime reason to apply the transformation appro
to the problem of the electron–nuclear cusp is the poten
improvement of properties near the nucleus. Energetic
one does not expect to gain too much, since Gaussian b
sets located on each atom are generally quite satisfac
We have used transformation VIII in an otherwise stand
TABLE I. Examples of generating functions and resulting two-particle interactions.

para-
# g(r) g8(r) meter v(r ) lim

r→0
(r )

I 0 0 ¯ Q/r `
II mQr mQ ¯ 2

1
2mQ2 2

1
2mQ2

III mQsln(s1r) mQs

s1r

s Q

s1r
1

1

2

Qs~12mQs!

~s1r2!

3

2

Q

s
2

1

2
Q2m

IV mQ

a
arctan~ar !

mQ

11a2r 2

a Qa2r

11a2r 21
1

2
Q

~2a2r 2mQ!

~11a2r 2!2 2
1

2
Q2m

V mQre2br2
(mQ22mQbr2)e2br2 b Q~12e2br2!

r
1~5Qbr22Qr3b2!e2br2 2

1

2
Q2m

1S2mQ2r2b2
1

2
mQ222mQ2r4b2De22br2

VI 2mQce2cr mQe2cr c
Q

~12e2cr!

r

3

2
Qc2

1

2
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3-Gaussian fit to Slater-type orbitals~STO-3G! basis-set cal-
culation of the hydrogen atom. By varying the parameted,
the resulting energybracketsthe exact energy of the hydro
gen atom, hence the energy may be lower than the e
value. In Table II we have included a selection of resu
From Table II we find that properties do not necessarily i
prove. Also we found~not shown! that extending the basi
set most strongly improves properties for the normal Ham
tonian. Of course, one has to keep in mind that the basis
used are optimized for the untransformed problem. Howe
the fact that the left-hand wave function, needed to obt
properties, actually has a stronger cusp and is poorly
scribed in the Gaussian basis will play a role too. Our ex
rience with the other transformations is similar.

The situation regarding the electron cusp is more co
plicated, since we want the wave function to be presenta
in terms of a linear combination ofproductsof one-particle
functions. This is more difficult to analyze, also because
act many-particle wave functions are not known analytica
It seems a good idea to apply our transformation techniq
to the Hooke’s law model~for overviews see e.g., Refs. 3
and 38!. This is a model two-electron system in which th
nuclear–electron Coulomb potential is replaced by a h

FIG. 1. ~a! Potential III, generated byg(r )52s ln(s1r). Included is the
Coulomb potential21/r and, in order of increasing closeness to21/r ,
VIII (r ;s) for s50.3, s50.15, ands50.075.~b! Corresponding exact radia
wave functions for same values ofs, in addition toe2r .
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monic potential. This allows one to solve the problem an
lytically. The ground state is the so-called Kais function39

The analysis of this problem is beyond the scope of t
paper. However, given the above results for hydrogen, i
pertinent to analyze this case in order to judge the poten
of the scheme. Related approaches for treating Coulom
singularities have also been considered by Panas,40 Taylor,41

and Teter~private communication!.

FIG. 2. ~a! Potential IV, generated byg(r )52(1/a)arctan(a,r). Included is
the Coulomb potential21/r and, in order of closeness to21/r , VIV(r ;a)
for a510.0,a55.0, anda51.0. ~b! Corresponding exact radial wave func
tions for same values ofa, in addition toe2r .

TABLE II. Energy and properties for the hydrogen atom calculated
STO-3G basis set.

% deviation5100* ~exact2calculated!/exact

Property Exact

Pot. VIII
d50.3
~%!

Pot. VIII
q50.4
~%!

Normal
Hamiltonian

~%!

E 20.5 0.19 20.29 20.85
r̄ 1 1.0 1.52 0.96 0.32
r̄ 2 2.0 22.22 23.46 24.88
r 1.5 23.84 23.49 23.08
r 2 3.0 210.04 29.51 28.86
d(r ) 0.3183 225.70 227.16 228.9
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IV. SURVEY OF POSSIBILITIES AND POTENTIAL
PROBLEMS

At first sight, the range of possibilities for using tran
formations of the kind discussed in this paper appears to
quite extensive, and at least is food for thought. A key e
ment is that the transformations apply to the coordinate r
resentation of the Hamiltonian. Hence every theoreti
model can potentially benefit from the improved numeri
stability of the resulting eigenvalue equation. In this bro
context, we can think, for example, of diffusion Monte-Car
calculations, but also of DFT approaches that might be ba
on a transformed Hamiltonian. The treatment of the nucle
electron cusp is similar in density-based and wave functi
based approaches, while an important part of the elec
correlation might be included automatically, starting fro
the transformed interactions. Similarly, Hartree–Fock
multiconfiguration self-consistent field~MCSCF! calcula-
tions based on the transformed Hamiltonian may already
clude the majority of the traditional correlation correction
Self-consistent-field approaches will have to be based o
non-Hermitean Hamiltonian. In the realm of electron scatt
ing, for example, such calculations have been carried
using complex scaling techniques.26

FIG. 3. ~a! Potential V, generated byg(r )52re2br2
. Included is the Cou-

lomb potential21/r and, in order of increasing closeness to21/r , VV(r ;b)
for b51.0,b55.0, andb510.0.~b! Corresponding exact radial wave func
tions for same values ofb, in addition toe2r .
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We note that as a consequence of the non-Hermiticity
the Hamiltonian, the density matrix is not symmetric eith

Another important area that might benefit is the calcu
tion of properties, in particular properties like nuclear ma
netic resonance~NMR! spin–spin coupling constants an
zero-field splittings in electron spin resonance~ESR! spec-
troscopy, which depend on the value of the wave function
the nucleus.25,42 The explicit treatment of the nuclear
electron cusp may be an essential simplification. Howev
our initial investigations for the hydrogen atom give mixe
results and warrant caution. The fact that the cusp prob
for the transformed left-hand wave function actually deter
rates is reason for concern. It indicates one might want to
different basis sets for the expansion of the ket state and
bra, or the projection manifold. As illustrated from the app
cation to hydrogen in a finite basis set, the energy eigenva
of the transformed Hamiltonian no longer presents an up
bound. This makes it difficult to gauge the accuracy of
sults. On the other hand, it may provide a means to syst
atically improve the energy coming from below.

The most immediate candidate for treatment is,
course, the electron–electron cusp. Our hope is that with
current approach we can reduce the basis set problem iab

FIG. 4. ~a! Potential VI, generated byg(r )52(1/c)e2cr. Included is the
Coulomb potential21/r and, in order of increasing closeness to21/r ,
VVI(r ;c) for c52.0, c54.0, andc58.0. ~b! Corresponding exact radia
wave functions for same values ofc, in addition toe2r .
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initio electronic structure calculations, such that with rath
modest basis sets like double zeta polarization~DZP! or
triple zeta double polarization~TZ2P! one can achieve high
accuracy. In the CCR12 method,23,36 one overcomes the
problem of the need for high angular momentum functio
but there is the unfortunate requirement of near complete
in thes, p basis. A slight non-Hermiticity of the Hamiltonia
should not cause major problems, and they can be dealt
straightforwardly in CC theory, which is nonsymmetric an
way. We note that there is certainly no upper bound on
total energies making it essential to look at observable qu
tities like excitation energies, dissociation energies, vib
tional frequencies, densities etc. The most daunting prob
is the occurrence of three-particle terms in the Hamiltoni
By choosing a suitable transformation, the range of the th
particle interaction can be made to be quite short, and
will be reflected by the sparsity of the three-particle integr
in the atomic basis set. However this sparsity will be los
the integrals would be transformed to the molecular orb
~MO! basis. One can hope that inclusion of the three-part
interactions can be dealt with at the Hartree–Fock level.
ter the self-consistent field~SCF! calculation, the three-body

FIG. 5. ~a! Potential VII, generated byg(r )52/t2/(t1r ). Included is the
Coulomb potential21/r and, in order of increasing closeness to21/r ,
VVII(r ;t) for t50.9, t50.6, and t50.3. ~b! Corresponding exact radia
wave functions for same values oft, in addition toe2r .
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component of the Hamiltonian is written in normal orde
yielding zero-particle, one-particle, two-particle, and fina
three-particle operators. We would propose including up
two-particle components, while the three-body pure exc
tion operators might be taken together with a parenthesT
approximation on top of a CCSD calculation~for an over-
view of perturbative corrections to CCSD see Ref. 43,
example!. The technical problem is choosing a suitable tra
formation that allows one to calculate the relevant integr
analytically and conveniently.

Finally, the reader might wonder if the transformatio
discussed in this paper might be applied to eliminate
long-range tail of the Coulomb potential. If we examine t
form of the transformed two-electron interaction@Eq. ~24!#,
this seems to require that limr→` g8(r )51. This, however,
leads to an infinite range for the three-particle terms and
velocity-dependent interactions. Another possibility is th
limr→` g9(r )→(2qiqjm i j /r ). This implies thatg8(r ) ass-
ymptotically tends to ln(r), an even more disastrous beha
ior. Therefore, we do not think the transformation can
used to simplify matters in the long-range regime.

In conclusion, the principal result of this paper is th

FIG. 6. ~a! Potential VIII, generated byg(r )52(Ap/2d)erf(2dr). In-
cluded is the Coulomb potential21/r and, in order of increasing closenes
to 21/r , VVIII (r ;d) for d53.0, d56.0, andd59.0. ~b! Corresponding ex-
act radial wave functions for same values oft, in addition toe2r .
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idea that an effective potential, based upon a similarity tra
formation of the Hamiltonian, can be developed to elimin
the cusp behavior in the normal Hamiltonian. The hope
that if a better behaved operator could be introduced tha
easier to describe in a normal one-particle quantum chem
basis set, then the basis set error in quantum chemistry c
be significantly reduced.
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