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Abstract

New approximations with improved shapes of their corresponding potentials are especially needed for high-quality
Žw x .Kohn–Sham calculations. For two-electron densities, a new exact expression for the correlation potential Õ n ; r in itsc

Žw x . Žw x X.high-density scaling limit is derived. Our formula links Õ n ; r to an integral of the static correlation kernel f n ; r, r ,c c
Žw x X. Žw x . Ž X.f n ; r, r sdÕ n ; r rdn r , in the high-density limit. Numerical results, both exact and approximate, forc c
Žw x X. Ž . Ž X . XHHf n ; r, r n r n r d r d r in the high-density limit for two model two-electron densities, are presented. It is shown thatc

several popular functionals give the wrong sign for the latter. q 1999 Elsevier Science B.V. All rights reserved.

1. Introduction and definitions

Ž . w xDensity functional theory DFT 1–11 has pro-
vided an effective methodology for quantum chem-
istry calculations. The most widely used implementa-
tion of the present density functional formalism is

Ž . w xKohn–Sham KS theory 2–5 . In this theory, the
interacting system of interest is replaced by a model
non-interacting system with the same ground-state

Ždensity in a new effective potential the KS poten-
.tial incorporating all effects associated with the

electron–electron interactions. The ground-state
properties are obtained from the non-interacting KS
wavefunction and its corresponding density which, in
turn, is the true ground-state density of the interact-
ing system. Other properties like the polarizability,
hyperpolarizability, and excitation energies are calcu-

) Corresponding author. Fax: q1 352 392 8722; e-mail:
bartlett@qtp.ufl.edu

lated by means of the time-dependent KS approach
w x9–11 via the non-interacting KS response function.

In density functional calculations an energy func-
tional must be employed. The exact form of the

w xexchange–correlation component E n of thisxc

functional is unknown and has to be approximated.
w xFor convenience, E n is further partitioned intoxc

w x w xexchange, E n , and correlation, E n , contribu-x c
w x w x w x w xtions, i.e. E n sE n qE n 8 . In order toxc x c

w xarrive at the very best approximations to E n andx
w xE n , knowledge of their exact properties is needed.c

One of the most powerful approaches for studying
w x w xthe exact properties of the unknown E n and E nx c

is the coordinate scaling of the density. Upon uni-
form scaling of the density given by

n x , y , z 'l3n l x , l y , l z , 1Ž . Ž . Ž .l

w x w xthe following simple scaling occurs with E n , 8 :x

w x w xE n sl E n , 2Ž .x l x
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w xwhere the exchange energy functional E n is de-x

fined as

ˆ² < < :w x w x w x w xE n s F n V F n yU n . 3Ž .x 0 ee 0

ˆŽ .In Eq. 3 , V is the electron–electron repulsionee
w xoperator, and F n is the KS wavefunction, i.e. the0

wavefunction that minimizes the expectation value
of the kinetic energy operator and yields the density
Ž . w xn r . Except for certain degenerate cases, F n is a0

w xsingle determinant 12 . The Hartree electron–elec-
w xtron repulsion energy component, U n , is known

explicitly in terms of the density, and is given by

1 n r n rXŽ . Ž .
Xw xU n s d r d r . 4Ž .HH X< <2 rIr

w xFor computational purposes, E n is often ap-x

proximated as an explicit functional of the density,
even though it is known exactly in terms of the KS
wavefunction. The explicit functional dependence of

w x Ž .E n on n r is known only for two-electron dia-x
1w x Ž . w xmagnetic densities because E n s y U n .x 2

w xThe correlation energy functional, E n , whichc
Ž .contains all complicated dimensionality when n r is

scaled uniformly, is given by

ˆ ˆ ˆ² < < : ² <w x w x w x w xE n s C n TqV C n y F n Tc ee 0

ˆ < :w xqV F n , 5Ž .ee 0

ˆ w xwhere T is the kinetic energy operator, and C n is
ˆ²that antisymmetric wavefunction that minimizes T

ˆ : Ž .qV and yields the density n r . Upon uniformee
w xscaling of the density, E n does not scale homoge-c

neously. Instead, it satisfies the following high-l
Ž . w xhigh-density scaling limit 13–17

w x Ž2.w xlim E n sE n , 6Ž .c l c
l™`

Ž2.w xwhere E n is the leading second-order contribu-c
w xtion to the correlation energy E n for any trialc

Ž .density n r .
Ž2.w xThe quantity 2 E n is particularly importantc

w xbecause it is the initial slope 14 in the adiabatic
Ž .connection method coupling-constant formula for

w x w x w xE n 13,14,18–26 . It is also believed that E n isc c
w xrelatively insensitive to coordinate scaling 14,17 ,

Ž2.w x w xi.e. E n ;E n for small atoms. As a result,c c
Ž2.w xknowledge of E n can be used for constructingc

w xaccurate approximations to E n .c

The quality of the KS calculations depends on
properties of the approximations used to generate the

Žw x .KS potential. The KS potential Õ n ; r is a uniques
Ž .functional of the density n r , and is written as

w x w x w xÕ n ; r sÕ r qu n ; r qÕ n ; rŽ .Ž . Ž . Ž .s x

w xqÕ n ; r , 7Ž .Ž .c

Ž .where Õ r is the physical external potential of the
Žw x .system. The Hartree potential u n ; r is

n rXŽ .
Xw xu n ; r s d r , 8Ž .Ž . H X< <rIr

which is the functional derivative of the Hartree
w x Ž .electron–electron repulsion energy U n . In Eq. 8 ,

Žw x .the exchange potential Õ n ; r is the functionalx
w x Ž .derivative of E n with respect to n r , i.e.x

Žw x . w x Ž . Žw x .Õ n ; r sdE n rdn r , and Õ n ; r is the cor-x x c

relation potential defined as the functional derivative
w x Žw x . w x Ž .of E n , i.e. Õ n ; r sdE n rdn r .c c c

When the time-dependent KS formalism within
the adiabatic approximation is invoked, one needs
functionals which not only produce good potentials,

Žbut also yield reliable results for the static zero-
.frequency exchange and correlation kernels. The

Žw x X.static exchange kernel f n ; r, r and the staticx
Žw x X .correlation kernel f n ; r, r are defined respec-c

tively by

w xdÕ n ; rŽ .xXw xf n ; r, r s , 9aŽ .Ž . Xx
dn rŽ .

and

w xdÕ n ; rŽ .cXw xf n ; r, r s . 9bŽ .Ž . Xc
dn rŽ .

Žw x .The correlation potential, Õ n ; r , is very diffi-c

cult to approximate and many approximations to
w xE n yielding very accurate results for the correla-c

tion energy fail to produce good potentials. The
Žw x X.static correlation kernel, f n ; r, r , is even morec

difficult to mimic due to its response nature in
Žw x .contrast to Õ n ; r being a point-wise expression,c

w xand E n being just a number. While there arec
w xmany exact conditions on E n to guide construc-c

tion of approximations, relatively few exist for
Žw x . Žw x X.Õ n ; r and f n ; r, r . It is with this in mind,c c

Ž .that we derive a new expression, Eq. 22 , for the
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Žw x .high-density scaling limit of Õ n ; r for two-elec-c
Žw x X.tron densities in terms of f n ; r, r . Connectionsc

with previously derived results are established. Nu-
Žw x X . Ž X. Ž . Xmerical tests for Hf n ; r, r n r n r d r d r, in thec

high-density scaling limit for model two-electron
densities, are presented. The exact numbers are com-
pared with results from viable approximations to

w xE n .c

2. Derivations

The link between uniform scaling of the electron
density and scaling of the electron–electron interac-
tion in the adiabatic connection has been developed

w xby Gorling and Levy 14,23–25 . The effective po-¨
tential and the scaled electron–electron interaction
along the coupling constant path, which connects a
non-interacting and a fully interacting system with
the same electron density, have been used to con-
struct a DFT perturbation theory. A key result from

w xthis perturbation theory 14,23–25 is the identifica-
Ž2.w xtion of E n asc

1Ž2. Ž1. Ž1.ˆ² < < :w x w x w x w xE n s F n H n C n�c 02

Ž1. ˆ Ž1.² < < :w x w x w xq C n H n F n , 10Ž .40

where
N

Ž1.ˆ ˆw x w x w xH n sV y u n ; r qÕ n ;r� 4Ž . Ž .Ýee i x i
is1

N

ˆ w x'V y Õ n ; r , 11Ž .Ž .Ýee xu i
is1

Ž1.w xwith C n being the first-order correction to the
ˆ Ž1.w x w xKS wavefunction F n , due to perturbation H n ,0

and N being the number of particles in the system of
interest. For brevity of notation, the following defini-
tion has been introduced

w x w x w xÕ n ; r su n ; r qÕ n ; r . 12Ž .Ž . Ž . Ž .xu x

Ž2.w xThe second-order energy E n is especially impor-c

tant because it is the initial slope in the adiabatic
w x Ž .connection method for E n , even where n r doesc

not belong to a high-density system.
Ž . w xVery recently Ivanov, Burke and Levy IBL 27

Ž .have presented different forms of Eq. 10 particu-
larly suitable for direct density variations. For any

two-electron diamagnetic density, they have derived
Ž2.Žw x .an analytic expression for Õ n ; r , and arrived atc

the following closed-form expression connecting
Ž2.w x Ž2.Žw x .E n and an integral of Õ n ; r , i.e.c c

1Ž2. Ž2.w x w x w xE n s A n q Õ n ; r n r d r ,Ž .Ž .Hc c2 ½ 5
13Ž .

w xwhere A n is a functional of the density. For KS
potentials for which all components vanish at infin-

Ž .ity, Eq. 13 was first derived by Gorling and Levy¨
w x23 , and later expressed in a closed form by Ivanov

w x Ž .et al. 28 . IBL have generalized formula 13 to any
two-electron density regardless of the corresponding

w xKS potential. The density functional A n is identi-
w xfied 23,28 as

1 Ž1.² < < :w x w xA n s2 w u n ; r wŽ .0 2

1 w xs f r n r u n ; r d rŽ . Ž . Ž .H2

1 w xy n r u n ; r d r f r n r d r ,Ž . Ž . Ž .Ž .H H4

14Ž .
where w is the one-particle KS orbital, which is0

doubly occupied for a two-electron diamagnetic den-
sity, and w Ž1. is the first-order correction to w due0

1 Žw x .to the perturbation u n ; r The wavefunctions w02
Ž1. Ž .and w can be expressed in terms of n r by

1
1r2w s n r , 15Ž . Ž .0 '2

and
1r2n rŽ .

1Ž1.w s f r y f r n r d r . 16Ž . Ž . Ž . Ž .H2 '2

Ž . Ž . Ž .In Eqs. 14 and 16 , f r is a real one-body
multiplicative operator which is the solution to

=P n r = f rŽ . Ž .
1w x w xsn r u n ; r y n r u n ; r d r .Ž . Ž .Ž . Ž .H2

17Ž .
When an appropriate transformation exists, such that

Ž .the three-dimensional one-particle problem, Eq. 17 ,
Žis reduced to three one-dimensional ones i.e. the

.separation of variables is possible , then the analytic
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Ž .solution to Eq. 17 exists, and can be obtained by
two consecutive integrations over each of the coordi-
nates.

Ž2.w xBy taking the functional derivative of E nc
Ž .given by Eq. 13 , we shall derive a new expression

Ž2.Žw x .for Õ n ; r for two-electron densities. In order toc
Ž2.Žw x .obtain an expression for Õ n ; r , we will makec

use of the following formula, which is simply a
direct consequence of the definition of a functional
derivative, i.e.

w x w xE G nq´ g dG r
s g r d r , 18Ž . Ž .H

E´ dr rŽ .´s0 rsn

Ž . Ž .for all g r such that Hg r d rs0, keeping the
particle number fixed through a small variation of

Ž w xthe density. G n is an arbitrary functional of the
Ž . .density n r . With this in mind, one obtains

Ž2. w xÕ n ; r g r d rŽ .Ž .H c

1 w xs a n ; r g r d rŽ .Ž .H2 ½
Ž .2 w xq Õ n ; r g r d rŽ .Ž .H c

Ž2. w x X X Xq f n ; r , r g r n r d r d r . 19Ž . Ž . Ž .Ž .H c 5
Ž2.Žw x X.Here, f n ; r, r is the static correlation kernel inc

the high-density scaling limit defined as

Ž2. w xdÕ n ; rŽ .cXŽ2. w xf n ; r , r s , 20Ž .Ž . Xc
dn rŽ .

Žw x . w xand a n ; r is the functional derivative of A n ,
namely

w xd A n
w xa n ; r s . 21Ž .Ž .

dn rŽ .
Ž . Ž .By noticing that Eq. 19 holds true for any g r

Ž .such that Hg r d rs0, and some simple algebraic
manipulations, we arrive at a new expression for
Ž2.Žw x . Ž2.Žw x X. Žw x .Õ n ; r in terms of f n ; r, r and a n ; r ,c c

i.e.

Ž2. w x Ž2. w x X X X
Õ n ; r s f n ; r , r n r d rŽ .Ž . Ž .Hc c

w xqa n ; r . 22Ž .Ž .

Žw x .In order to find the explicit form of a n ; r , we
will use the approach introduced by IBL for taking
the functional derivative of an energy functional

w xgiven by a second-order expression. In turn, A n is
the second-order energy due to the perturbation

1Ž . Žw x . Ž .u n ; r . Note that Eq. 14 is equivalent to2

Ž1. ˆ Ž1.² < < :w x w x w x w x w xA n s2 w n ´ n yh n w n , 23Ž .0 s

Ž1.w xbecause the first-order wavefunction w n is the
solution to

ˆ Ž1.w x w x w x´ n yh n w n� 40 s

1 w xs u n ; rŽ .� 2

1 w x w xy w u n ; r w w n . 24² : Ž .Ž . 40 0 02

Ž . Ž . Ž .In Eq. 23 and 24 , all n r -dependencies are
shown explicitly and the one-particle KS Hamilto-

ˆnian h is given bys

1 2ˆ w x w xh n sy = qÕ n ; r . 25Ž .Ž .s s2

The corresponding KS equations are

ĥ w s´ w , for ks0, 1, 2 . . .s k k k

with ´ -´ F´ F . . . . 26Ž .0 1 2

Ž .Following IBL and by making use of Eqs. 14 ,
Ž . Ž .23 – 26 , we obtain an expression for the potential
Žw x .a n ; r ,

w rX
w Ž1. rXŽ . Ž .0 Xw xa n ; r s2 d rŽ . H X< <rIr

w Ž1. rŽ .
1 w xq u n ; rŽ .2

w rŽ .0

=
2j r =j P =nŽ . Ž . Ž .

1q y2 2½ n r n rŽ . Ž .

< < 2 2j =n j = n
q y , 27aŽ .3 2 5n r n rŽ . Ž .
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Table 1
Ž2.w x Ž2.Žw x . Ž . Ž2.Žw x X . Ž X . Ž . X Ž . Ž 3 . y2 arComparison of the exact values for E n , Hd r Õ n ; r n r , and HHf n ; r, r n r n r d r d r, for density n r s 2 a rp e ,c c c

Ž .with those obtained from different approximations a.u.
X X XŽ2. Ž2. Ž2.w x Žw x . Ž . Žw x . Ž . Ž .E n HÕ n ; r n r d r HHf n ; r, r n r n r d r d rc c c

Exact value y0.0467 0.0177 0.3507
LYPw xE n y0.0567 y0.1093 y0.0175c
WL w xE n y0.0480 y0.0734 y0.0298c
PBEw xE n y0.0479 y0.0730 y0.0320c

Ž . Ž .or in terms of n r and f r ,

f rX n rXŽ . Ž .
X 1w x w xa n ; r s d r q u n ; r f rŽ .Ž . Ž .H X 2< <rIr

3 w xy f r n r d r u n ; rŽ . Ž . Ž .H4

=j P =nŽ . Ž .2j Ž .1 = rq yŽ .2 n r 2½ n rŽ .

< < 2 2j =n j = n
q y , 27bŽ .3 2 5n r n rŽ . Ž .

with

< Ž1. < 2j r s wŽ .
2

1 1s f r y f r n r d r n r . 28Ž . Ž . Ž . Ž . Ž .H2 2

Ž . Ž . Ž . Ž .The combination of Eqs. 22 , 27a , 27b and 28
leads to a new point-wise formula for the high-den-
sity scaling limit of the correlation potential
Ž2.Žw x .Õ n ; r for a two-electron density in terms of anc

integral involving the static correlation kernel
Ž2.Žw x X.f n ; r, r .c

Ž .Further, by multiplying both sides of Eq. 22 by
Ž .n r and integrating over all space, we obtain

Ž2. w xÕ n ; r n r d rŽ .Ž .H c

Ž2. w x X X X w xy f n ; r , r n r n r d r d rs3 A n .Ž . Ž .Ž .HH c

29Ž .

We have made use of the fact that

w x w xa n ; r n r d rs3 A n , 30Ž . Ž .Ž .H

because upon integrating by parts

=
2j r =j P =nŽ . Ž . Ž .

n r yŽ .H 2½ n r n rŽ . Ž .

< < 2 2j =n j = n
q y d rs0. 31Ž .3 2 5n r n rŽ . Ž .

Ž . Ž .Eqs. 22 and 29 can be readily manipulated to
Ž2.w xyield new easy-to-test constraints for E n andc

integrals involving its functional derivatives, namely

Ž2.w x Ž2. w x6E n y4 Õ n ; r n r d rŽ .Ž .Hc c

Ž2. w x X X Xq f n ; r , r n r n r d r d rs0 ,Ž . Ž .Ž .HH c

32aŽ .
or

Ž2.w x Ž2. w x X X X2 E n y f n ; r , r n r n r d r d rŽ . Ž .Ž .HHc c

w xs4 A n . 32bŽ .
Ž .Condition 32a is especially convenient for testing

Ž2.w xapproximations to E n . However, it is a lessc
Ž .stringent requirement than Eq. 32b because of the

possibility for an error cancellation between the inte-
Ž2.Žw x . Ž2.Žw x X.grals involving Õ n ; r and f n ; r, r . In thec c

Ž2.w x w xabove equations, E n and A n are identified asc

second-order energies and are always non-positive.
Ž . Ž . Ž . Ž .Last but not least, Eqs. 22 , 29 , 32a and 32b

can undergo further density variations leading to new
relationships among higher-order functional deriva-

Ž2.w x w xtives of E n and A n . Examples includec

Ž2. w x X w xd f n ; r , r da n ; rŽ . Ž .c Y Yn r d r syŽ .H Y X
dn r dn rŽ . Ž .

33Ž .
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Table 2
Ž2.w x Ž2.Žw x . Ž . Ž2.Žw x X . Ž X . Ž . X Ž . Ž .3r2Comparison of the exact values for E n , HÕ n ; r n r d r, and HHf n ; r, r n r n r d r d r, for density n r s2 2 arpc c c

y2 ar 2 Ž .=e , with those obtained from different approximations a.u.
X X XŽ2. Ž2. Ž2.w x Žw x . Ž . Žw x . Ž . Ž .E n HÕ n ; r n r d r HHf n ; r, r n r n r d r d rc c c

Exact value y0.0497 y0.0712 0.0134
LYPw xE n y0.0355 y0.1023 y0.0223c
WL w xE n y0.0782 y0.1061 y0.0313c
PBEw xE n y0.0813 y0.1096 y0.0332c

Ž . Ž .stemming from Eq. 22 , and from Eq. 29
Ž2. w x X

d f n ; r , rŽ .c X Y X Yn r n r d r d rŽ . Ž .HH Y
dn rŽ .

w xsy2 a n ; r . 34Ž .Ž .

3. Numerical results

In this section, we shall present exact numbers for
Ž2.Žw x X. Ž X . Ž . XHHf n ; r, r n r n r d r d r for two differentc

two-electron densities. The exact values are com-
pared against the results from three different approx-

w ximations to E n which scale to a constant uponc

uniform scaling of the density for l™`. See Eq.
Ž .6 . The first approximation we consider is the Lee–

Ž . w xYang–Parr LYP 29 functional, the second the
Ž . w xWilson–Levy WL 30 functional, and the third

tested functional is the recently derived generalized-
gradient approximation by Perdew, Burke, and Enrz-

Ž . w xerhof PBE 31,32 .
Ž .The analytic forms of f r for two model two-

electron densities have been recently obtained, and
w x Ž2.w x Ž2.Žw x . Ž X.the values of A n , E n and HÕ n ; r n r d rc c

w x w xhave been calculated in Refs. 27 and 28 . By
Ž .utilizing Eq. 29 , we extract the exact numbers for

Ž2.Žw x X. Ž X. Ž . XHHf n ; r, r n r n r d r d r for the densitiesc
w x w x Ž Ž .considered in Refs. 27 and 28 . Equalities 32a

Ž .and 32b might not be exactly satisfied because of
.round-off errors.

Ž2.w xIn Table 1, we present the exact values for E n ,c
Ž2.Žw x . Ž X. Ž2.Žw x X. Ž X. Ž .HÕ n ; r n r d r, and HHf n ; r, r n r n rc c

=d rX d r, along with those obtained from LYP,
Ž .WL and PBE functionals for density n r s

Ž 3 . y2 ar2 a rp e , a)0. This density corresponds to
KS potentials whose components vanish at infinity
w x Ž28 . The LYP results are calculated with the full

w xvalue of a given in Ref. 29 , as0.04918, rather
than rounded-off as0.049, which was used in Ref.
w x .28 .

By making use of previous results by IBL, we
Ž2.Žw x X. Ž X.calculate the exact value for HHf n ; r, r n rc

Ž . X Ž . Ž .3r2 y2 ar 2
=n r d r d r for n r s2 2 arp e , a)0.
This density is associated with a harmonic oscillator
external potential which does not vanish as r™`

w x27 . In Table 2, we make comparisons between the
exact values and the results obtained by means of the
tested approximations.

All tested approximations yield very good to rea-
Ž2.w xsonable results for E n depending on the func-c

Ž2.w xtional and the density. The results for E n withc
Ž . Ž .3r2 y2 ar 2

n r s2 2 arp e , a)0, are significantly
worse than those with the hydrogen-like two-electron

Ž . Ž 3 . y2 ardensity, n r s 2 a rp e , a)0. The three
Ž2.Žw x .functionals produce poor results for HÕ n ; rc

Ž X . Ž2.Žw x X .=n r d r and especially for HHf n ; r, rc
Ž X. Ž . X

=n r n r d r d r. They cannot capture the positive
sign of the integral involving the high-density limit
of the static correlation kernel. This is not surprising
since none of them has been designed with con-
straints on the functional derivatives in mind. Yet it
is exactly such formal conditions that are essential
for constructing new approximations leading to accu-
rate results from time-dependent KS calculations.

4. Closing remarks

In order to arrive at new correlation energy func-
tionals with improved functional derivatives, a
knowledge of the exact properties of the correlation

Žw x .potential Õ n ; r and the static correlation kernelc
Žw x X.f n ; r, r , is needed. With this in mind, we havec

Žw x .derived a new expression for Õ n ; r in the high-c
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density scaling limit for two-electron densities. This
scaling limit is of a special interest because it is the

w xsecond-order contribution to E n for any densityc
Ž .n r of chemical interest. The new analytic formula

Ž2.Žw x .for Õ n ; r for two-electron diamagnetic densitiesc

features an explicitly known component and integ-
Ž2.Žw x X .ral involving f n ; r, r . As a direct conse-c

Ž2.Žw x .quence of our results for Õ n ; r , we have ob-c

tained a closed-form expression for the difference
Ž2. Ž w x . Ž X . Ž2. Ž w x X . Ž X .HÕ n ; r n r d ryH H f n ;r, r n r nc c
Ž . X

= r d r d r for two-electron densities. By using
Ž2.Žw xprevious results for the exact values of HÕ n ;c

. Ž X.r n r d r for two model two-electron densities, we
have calculated the exact values corresponding to

Ž2.Žw x X. Ž X. Ž . XHHf n ;r, r n r n r d r d r for those modelc

densities. The exact numbers have been compared to
w xresults from three different approximations to E n .c

None of the considered functionals yields the correct
Ž2.Žw x X. Ž X. Ž . Xpositive sign of HHf n ; r, r n r n r d r d r forc

the test densities.
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