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Abstract

New approximations with improved shapes of their corresponding potentials are especially needed for high-quality
Kohn—Sham calculations. For two-electron densities, a new exact expression for the correlation potential v ([nl; r) in its
high-density scaling limit is derived. Our formula links v/([n]; r) to an integra of the static correlation kernel f.([n]; r,r’),
f.nl; r,r")=38v0n];r)/8n(r’), in the high-density limit. Numerical results, both exact and approximate, for
[ffn]; r, rInCr)n(r’ ) dr dr’ in the high-density limit for two model two-electron densities, are presented. It is shown that

several popular functionals give the wrong sign for the latter. © 1999 Elsevier Science B.V. All rights reserved.

1. Introduction and definitions

Density functional theory (DFT) [1-11] has pro-
vided an effective methodology for quantum chem-
istry calculations. The most widely used implementa-
tion of the present density functional formalism is
Kohn-Sham (KS) theory [2-5]. In this theory, the
interacting system of interest is replaced by a model
non-interacting system with the same ground-state
density in a new effective potential (the KS poten-
tial) incorporating all effects associated with the
electron—electron interactions. The ground-state
properties are obtained from the non-interacting KS
wavefunction and its corresponding density which, in
turn, is the true ground-state density of the interact-
ing system. Other properties like the polarizability,
hyperpolarizability, and excitation energies are calcu-
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lated by means of the time-dependent KS approach
[9-11] via the non-interacting KS response function.

In density functional calculations an energy func-
tional must be employed. The exact form of the
exchange—correlation component E,[n] of this
functional is unknown and has to be approximated.
For convenience, E,[n] is further partitioned into
exchange, E,[n], and correlation, E.[n], contribu-
tions, i.e. E [n]l=E/[n]+EI[n] [8]. In order to
arrive a the very best approximations to E,[n] and
E.[n], knowledge of their exact properties is needed.
One of the most powerful approaches for studying
the exact properties of the unknown E,[n] and E[n]
is the coordinate scaling of the density. Upon uni-
form scaling of the density given by

n( X, Yy, z) = A°n(Ax, Ay, A2), (1)
the following simple scaling occurs with E,[n], [8]:

Ex[nA]z)‘Ex[n]’ (2)
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where the exchange energy functional E,[n] is de-
fined as

E[n] = (@o[ ]Vl [ ] — U[n]. (3

In Eg. (3), \7ee is the electron—electron repulsion
operator, and @[ n] is the KS wavefunction, i.e. the
wavefunction that minimizes the expectation value
of the kinetic energy operator and yields the density
n(r). Except for certain degenerate cases, ®[n] is a
single determinant [12]. The Hartree electron—elec-
tron repulsion energy component, U[n], is known
explicitly in terms of the density, and is given by

1 ,
U[n]=§f/%drdr’. (4)

For computational purposes, E,[n] is often ap-
proximated as an explicit functional of the density,
even though it is known exactly in terms of the KS
wavefunction. The explicit functional dependence of
E,[n] on n(r) is known only for two-electron dia-
magnetic densities because E,[n] = (— H)U[n].

The correlation energy functional, EJ[n], which
contains all complicated dimensionality when n(r) is
scaled uniformly, is given by

E.[n] = (¥ [n]IT + V¥ [n]) — (D[ n]IT
+ VP, n]), (5)

where T is the kinetic energy operator, and ¥[n] is
that_antisymmetric wavefunction that minimizes <T
+ V,,» and yields the density n(r). Upon uniform
scaling of the density, E.[n] does not scale homoge-
neously. Instead, it satisfies the following high-A
(high-density) scaling limit [13—17]

)\I'_rfl E[n]=E?[n], (6)

where E®®[n] is the leading second-order contribu-
tion to the correlation energy EJ[n] for any trial
density n(r).

The quantity 2E[n] is particularly important
because it is the initial slope [14] in the adiabatic
connection method (coupling-constant formula) for
E.[n] [13,14,18-26]. It is aso believed that E[n] is
relatively insensitive to coordinate scaling [14,17],
i.e. E?[n]~E][n] for small atoms. As a result,
knowledge of E?[n] can be used for constructing
accurate approximations to E.[ n].

The qudity of the KS calculations depends on
properties of the approximations used to generate the
KS potentia. The KS potentia v([n]; r) is a unique
functional of the density n(r), and is written as

vs([n]; 1) =v(r) +u([n];r) + v, ([n];r)
+o([n]ir), (7)

where u(r) is the physical external potential of the
system. The Hartree potential u([n]; r) is

ol = [

) !

|r — r/| dr ! (8)
which is the functional derivative of the Hartree
electron—electron repulsion energy U[n]. In Eg. (8),
the exchange potentia v, ([n]; r) is the functional
derivative of E,[n] with respect to n(r), i.e
v, ([n]; 1) =38E,[n]/3n(r), and v (n]; r) is the cor-
relation potential defined as the functional derivative
of E[n], i.e. v (n];r)=38EJ[n]/dn(r).

When the time-dependent KS formalism within
the adiabatic approximation is invoked, one needs
functionals which not only produce good potentials,
but also yield reliable results for the static (zero-
frequency) exchange and correlation kernels. The
static exchange kernel f ([n];r,r’) and the static
correlation kernel f.([n]; r,r') are defined respec-
tively by

v :
(I = A, (%3
and

v ;
i) = D (%)

The correlation potential, v ([n]; r), is very diffi-
cult to approximate and many approximations to
E.[n] yielding very accurate results for the correla
tion energy fail to produce good potentials. The
static correlation kernel, f.([n]; r,r’), is even more
difficult to mimic due to its response nature in
contrast to v ([n]; r) being a point-wise expression,
and E/[n] being just a number. While there are
many exact conditions on E.n] to guide construc-
tion of approximations, relatively few exist for
v[n];r) and f(n];r,r). It is with this in mind,
that we derive a new expression, Eq. (22), for the
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high-density scaling limit of v ([n]; r) for two-elec-
tron densities in terms of f.([n]; r, r’). Connections
with previously derived results are established. Nu-
merical tests for [f.([n]; r, r'In(r'In(r)dr’ dr, in the
high-density scaling limit for model two-electron
densities, are presented. The exact numbers are com-
pared with results from viable approximations to
E.[n].

2. Derivations

The link between uniform scaling of the electron
density and scaling of the electron—electron interac-
tion in the adiabatic connection has been developed
by Gorling and Levy [14,23-25]. The effective po-
tential and the scaled electron—electron interaction
along the coupling constant path, which connects a
non-interacting and a fully interacting system with
the same electron density, have been used to con-
struct a DFT perturbation theory. A key result from
this perturbation theory [14,23-25] is the identificar
tion of E[n] as

E®[n] = 3{<@o[n]IH®[n]I* @ [n])
+ O] H®[n]ido[nD}, (10)

where
N

HO[n] =V, = ¥ {u([nliry) + o ([n]iri)}

= VAee - ; Uxu([n]; ri)* (ll)

with ¥®[n] being the first-order correction to the
K S wavefunction @[ n], due to perturbation H®[n],
and N being the number of particlesin the system of
interest. For brevity of notation, the following defini-
tion has been introduced

vw([n]ir) =u(ln]ir) +o([n]ir). (12)
The second-order energy E[n] is especially impor-
tant because it is the initial slope in the adiabatic
connection method for E[n], even where n(r) does
not belong to a high-density system.

Very recently lvanov, Burke and Levy (IBL) [27]
have presented different forms of Eg. (10) particu-
larly suitable for direct density variations. For any

two-electron diamagnetic density, they have derived
an analytic expression for v®([n]; r), and arrived at
the following closed-form expression connecting
E@[n] and an integra of v@(n];r), i.e.

EP[n] = %{A[n] +fu§2>([n]; r)n(r)dr},

(13)
where Aln] is a functional of the density. For KS
potentials for which al components vanish at infin-
ity, Eq. (13) was first derived by Gorling and Levy
[23], and later expressed in a closed form by Ivanov
et a. [28]. IBL have generalized formula (13) to any
two-electron density regardless of the corresponding
KS potential. The density functional Aln] is identi-
fied [23,28] as

Aln] = 2 golzu([n]; r)le™)

=3 [f(r)n(ryu([n]; ) dr

=4 [n(r)u([n];r)dr [#(ryn(r)dr,
(14)

where ¢, is the one-particle KS orbital, which is
doubly occupied for a two-electron diamagnetic den-
sity, and o™ is the first-order correction to ¢, due
to the perturbation 2u([n]; r) The wavefunctions ¢,
and ¢ can be expressed in terms of n(r) by

oo %nl/z(r), (15)

and

n*2(r)

¢(1)=[f(r)—%ff(r)n(r)dr] i (16)

In Egs. (14) and (16), f(r) is a rea one-body
multiplicative operator which is the solution to

V- [n(r)vi(n)]

=n(r)[u([n]; r) —%fn(r)u([n]; r)dr}.
(17)

When an appropriate transformation exists, such that
the three-dimensional one-particle problem, Eq. (17),
is reduced to three one-dimensional ones (i.e. the
separation of variables is possible), then the analytic
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solution to Eq. (17) exists, and can be obtained by
two consecutive integrations over each of the coordi-
nates.

By taking the functional derivative of E?[n]
given by Eqg. (13), we shall derive a new expression
for v@([n]; r) for two-€electron densities. In order to
obtain an expression for v@(n]; r), we will make
use of the following formula, which is simply a
direct consequence of the definition of a functional
derivative, i.e.

IG[n+ eg]
de

g(r)ydr, (18)

p=n

_ f 3G[ p]
e=0 Bp(r)
for al g(r) such that [g(r)dr =0, keeping the
particle number fixed through a small variation of

the density. (G[n] is an arbitrary functional of the
density n(r).) With thisin mind, one obtains

[ugZ)([n]; r)g(r)dr

-3{ fatnin oy ar
+fu§2)([n]; ryg(r)dr
+ffc(2’([n]; r, r’)g(r’)n(r)dr’dr}. (19)

Here, f2([n];r,r’) is the static correlation kernel in
the high-density scaling limit defined as
du?([n]; 1)

dn(r’)

and a(nl];r) is the functional derivative of A[n],
namely

f&([nlsr. 1) = (20)

3 Al n]
dn(r)
By noticing that Eg. (19) holds true for any g(r)
such that [g(r)dr =0, and some simple algebraic
manipulations, we arrive at a new expression for
v@(n];r) in terms of f@(n];r,r’) and a(n];r),
i.e

o@([n]sr) = [£&([n]ir,r)n(r') dr’
+a([n];r). (22)

a([n]ir) = (21)

In order to find the explicit form of a(n]; r), we
will use the approach introduced by IBL for taking
the functional derivative of an energy functiona
given by a second-order expression. In turn, Aln] is
the second-order energy due to the perturbation
($)u(n]; r). Note that Eq. (14) is equivalent to

Aln] = 2@ [n]lso[n] = A nlle®[n]),  (23)

because the first-order wavefunction ¢@[n] is the
solution to

{2o[n] = A[n]} ¢®[n]
={3u([nl;r)
_<¢0|%u([n]; r)|¢o>}¢o[n]- (24)
In Eg. (23) and (24), all n(r)-dependencies are
shown explicitly and the one-particle KS Hamilto-
nian hg is given by
A [n]= —1v7+u([n]ir). (25)

The corresponding KS equations are

A

heo, = e e, for k=0,1,2...
with gg<e;<e,< ... (26)

Following IBL and by making use of Egs. (14),
(23)—(26), we aobtain an expression for the potential
aln]; r),

N (D)
a([n];r)=2f%dr’

eD(r)
®o(T)

(V) ()
() ()

£|lVn®  £V2n
TR |

+3zu([nl;r)

2

+E{V2§(f)

(27a)
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Table 1

453

Comparison of the exact values for E2[n], fdr v@(n]; r)n(r), and [[fP(n]; r, rn(rIn(r)dr’ dr, for density n(r) = (2a%/m)e 2%,

with those obtained from different approximations (a.u.)

E@[n] Jo@(n]; n(r)dr [E@n]; r, rHn(r)n(r)dr’ dr
Exact value —0.0467 0.0177 0.3507
ELYP[n] —0.0567 —0.1093 —0.0175
EX[n] —0.0480 —0.0734 —0.0298
EPBE[n] —0.0479 —0.0730 —0.0320

or in terms of n(r) and f(r),

a([n];r) sz

g dr'+zu([n];r)f(r)

=5 [f(ryn(rydru([n];r)

2 vz, (VE)-(Vn)
+5{ r2]g((r)) - nZ(r)
£lVnl®>  ¢V2n
* n3(r) a n?(r) } (270)
with
E(r) =1

Z%[f(r) —%ff(r)n(r)drrn(r)- (28)

The combination of Egs. (22), (27a), (27b) and (28)
leads to a new point-wise formula for the high-den-
sity scaling limit of the correlation potential
v@([n]; r) for a two-electron density in terms of an
integral involving the static correlation kernel
f&(n]; v, 1),

Further, by multiplying both sides of Eq. (22) by
n(r) and integrating over all space, we obtain

Je@(Inl;r)n(r)dr
—fffc(z’([n]; r,r’)yn(r’yn(r)dr dr=3A[n].

(29)
We have made use of the fact that

fa([n];r)n(r)dr=3A[n], (30)

because upon integrating by parts

fn(r){v%m (%) ()

n(r) n*(r)
Elvn®  £Vv2n
TT} 0 =

Egs. (22) and (29) can be readily manipulated to
yield new easy-to-test constraints for E[n] and
integrals involving its functional derivatives, nhamely

6EP[n] —4[0@2)([n]; ryn(r)dr
+ [ [£@([n];r.r)n(r)n(r)dr' dr =0,

(32a)
or
2EP[n] - fffc(z)([n]; r,r’yn(r’yn(r)dr’ dr
—4A[n]. (32b)

Condition (32a) is especially convenient for testing
approximations to E®[n]. However, it is a less
stringent requirement than Eq. (32b) because of the
possibility for an error cancellation between the inte-
grals involving v@(n]; r) and f@(nl; r,r"). In the
above equations, E?[n] and Aln] are identified as
second-order energies and are always non-positive.

Last but not least, Egs. (22), (29), (32a) and (32b)
can undergo further density variations leading to new
relationships among higher-order functional deriva-
tives of E?[n] and Aln]. Examples include

SE@([n]:r, 1) sa([n]; 1)

an(r") n(rr)dr’= - an(r")

(33)
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Table 2

Comparison of the exact values for EQ[n], [v@(n]; On(r)dr, and [[f2(n];r, rIn(rIn(r)dr’ dr, for density n(r)=2(2a/m)%?

x e~22% with those obtained from different approximations (a.u.)

EC(n]

Jo@(n]; r)n(r)dr

[N, rOn(rn(r)dr dr

Exact value ~0.0497 -0.0712 0.0134
ELYP[n] —0.0355 -0.1023 -0.0223
EXV[n] —0.0782 —0.1061 —0.0313
EPBE[n] -0.0813 —0.1096 —0.0332
stemming from Eq. (22), and from Eq. (29) vaue of a given in Ref. [29], a = 0.04918, rather
S1O([n]ir, 1) than rounded-off a = 0.049, which was used in Ref.
/f . n(r')yn(r")dr dr” [28].)
dn(r") By making use of previous results by IBL, we
— —2a([n];1). (34) caculate the exact value for [[fP(n]; r, r')n(r’)

3. Numerical results

In this section, we shall present exact numbers for
[P, r)n(r)n(r)dr’ dr - for two different
two-electron densities. The exact values are com-
pared against the results from three different approx-
imations to E.[n] which scale to a constant upon
uniform scaling of the density for A — . See Eq.
(6). The first approximation we consider is the Lee—
Yang—Parr (LYP) [29] functional, the second the
Wilson-Levy (WL) [30] functional, and the third
tested functional is the recently derived generalized-
gradient approximation by Perdew, Burke, and Enrz-
erhof (PBE) [31,32].

The analytic forms of f(r) for two model two-
electron densities have been recently obtained, and
the values of Aln], E®[n] and [uo@(n]; r)n(r)dr
have been calculated in Refs. [27] and [28]. By
utilizing Eq. (29), we extract the exact numbers for
[N v, r)nCr)n(r)dr’ dr for the densities
considered in Refs. [27] and [28]. (Equalities (32a)
and (32b) might not be exactly satisfied because of
round-off errors.)

In Table 1, we present the exact values for E?[n],
[o@(n]; n(r)dr, and [/fA(n]; r, rHn(r)n(r)
xdr'dr, aong with those obtained from LYP,
WL and PBE functionals for density n(r) =
(2a3/m)e 2%, a> 0. This density corresponds to
KS potentials whose components vanish at infinity
[28]. (The LYP results are calculated with the full

xn(r)dr’ dr for n(r) = 2(2a/mw)¥2%e 22" a> 0.
This density is associated with a harmonic oscillator
external potential which does not vanish as r — «
[27]. In Table 2, we make comparisons between the
exact values and the results obtained by means of the
tested approximations.

All tested approximations yield very good to rea-
sonable results for E?[n] depending on the func-
tional and the density. The resuts for EP[n] with
n(r) = 2(2a/m)¥2%e 22" a>0, are significantly
worse than those with the hydrogen-like two-€electron
density, n(r)=(2a®/m)e ?*, a>0. The three
functionals produce poor results for [vP([n];r)
xn(r')dr and especidly for [[f(n];r, ")
xn(r’)n(r)dr’ dr. They cannot capture the positive
sign of the integral involving the high-density limit
of the static correlation kernel. This is not surprising
since none of them has been designed with con-
straints on the functional derivatives in mind. Yet it
is exactly such formal conditions that are essential
for constructing new approximations leading to accu-
rate results from time-dependent KS calculations.

4, Closing remarks

In order to arrive at new correlation energy func-
tionals with improved functional derivatives, a
knowledge of the exact properties of the correlation
potential v ([n]; r) and the static correlation kernel
f.(In]; r,r"), is needed. With this in mind, we have
derived a new expression for v ([n]; r) in the high-
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density scaling limit for two-electron densities. This
scaling limit is of a specia interest because it is the
second-order contribution to E[n] for any density
n(r) of chemical interest. The new analytic formula
for v@([n]; r) for two-electron diamagnetic densities
features an explicitly known component and integ-
ral involving f@(n];r,r'). As a direct conse
quence of our results for v?([n]; r), we have ob-
tained a closed-form expression for the difference
Jo,@nl)nCr)dr— [ (@ nl;r, r)nCr’ ) n
X (r)dr'dr for two-electron densities. By using
previous results for the exact values of [vP([nl;
r)n(r’)dr for two model two-electron densities, we
have calculated the exact values corresponding to
[Pk, r)n(r)n(r) dr’ dr - for those model
densities. The exact numbers have been compared to
results from three different approximations to E[ n].
None of the considered functionals yields the correct
positive sign of [[f@(n]; r, rIn(r)n(r)dr’ dr for
the test densities.
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