
JOURNAL OF CHEMICAL PHYSICS VOLUME 111, NUMBER 24 22 DECEMBER 1999
Configuration interaction singles, time-dependent Hartree–Fock,
and time-dependent density functional theory for the electronic
excited states of extended systems

So Hirata
Quantum Theory Project, University of Florida, Gainesville, Florida 32611

Martin Head-Gordon
Department of Chemistry, University of California, and Chemical Sciences Division, Lawrence Berkeley
National Laboratory, Berkeley, California 94720

Rodney J. Bartlett
Quantum Theory Project, University of Florida, Gainesville, Florida 32611

~Received 13 July 1999; accepted 28 September 1999!

A general formalism for time-dependent linear response theory is presented within the framework
of linear-combination-of-atomic-orbital crystalline orbital theory for the electronic excited states of
infinite one-dimensional lattices~polymers!. The formalism encompasses those of time-dependent
Hartree–Fock theory ~TDHF!, time-dependent density functional theory~TDDFT!, and
configuration interaction singles theory~CIS! ~as the Tamm–Dancoff approximation to TDHF! as
particular cases. These single-excitation theories are implemented by using a trial-vector algorithm,
such that the atomic-orbital-based two-electron integrals are recomputed as needed and the
transformation of these integrals from the atomic-orbital basis to the crystalline-orbital basis is
avoided. Convergence of the calculated excitation energies with respect to the number of unit cells
taken into account in the lattice summations (N) and the number of wave vector sampling points
(K) is studied taking the lowest singlet and triplet exciton states of all-trans polyethylene as an
example. The CIS and TDHF excitation energies of polyethylene show rapid convergence with
respect toK and they are substantially smaller than the corresponding Hartree–Fock fundamental
band gaps. In contrast, the excitation energies obtained from TDDFT and its modification, the
Tamm–Dancoff approximation to TDDFT, show slower convergence with respect toK and the
excitation energies to the lowest singlet exciton states tend to collapse to the corresponding Kohn–
Sham fundamental band gaps in the limit ofK→`. We consider this to be a consequence of the
incomplete cancellation of the self-interaction energy in the matrix elements of the TDDFT matrix
eigenvalue equation, and to be a problem inherent to the current approximate exchange–correlation
potentials that decay too rapidly in the asymptotic region. ©1999 American Institute of Physics.
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I. INTRODUCTION

In many of the previous attempts to understand the e
tronic structures of polymeric systems, the notion of a ba
gap has often been invoked loosely to account for sev
different experimental data such as the position of opt
absorption band edge, the threshold of photoemission,
the threshold of photoconduction. However, these exp
mental data are associated with different physical proce
and should be interpreted in terms of different calcula
quantities. Careful experimental studies on crystalline po
mers such as those on polyethylene1–5 and on poly-
diacetylene6–8 have indeed revealed that the measured va
of these quantities can be appreciably different from one
other, providing a motivation to develop a quantitative the
retical method that goes beyond the simple one-elec
band-structure picture. For example, the optical absorp
band edge of polyethylene is located at around 7.6 eV~Refs.
1 and 3! which is lower than the observed photoemission a
photoconduction threshold of 8.8 eV~Ref. 3!. This result
10770021-9606/99/111(24)/10774/13/$15.00
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indicates that the optical absorption bands of polyethyle
below 8.8 eV correspond to the transitions to excit
states,1,3,5 whose electronic structure is more suitably d
scribed as a linear combination of several singly excited c
figurations rather than as one configuration in which an e
tron is promoted from the valence band to the conduct
band.

In contrast to numerous elaborate excited-state theo
for molecular systems, relatively few studies have been
voted to the development of quantitative excited-state th
ries for polymeric systems. Among these studies are
Green’s function approach to the exciton spectra of po
meric systems advocated by Suhai9–13 and by Rohlfing and
Louie14–16 and the configuration interaction singles~CIS!
and time-dependent Hartree–Fock theory~TDHF! approach
to the same problem by Vrac˘ko and co-workers.17–19 The
Green’s function approach adopted by Suhai9–13 is formally
equivalent to the TDHF method~or the CIS method if the
Tamm–Dancoff approximation20 is invoked! generalized to
4 © 1999 American Institute of Physics
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extended systems when the Hartree–Fock~HF! orbitals are
used as the reference orbitals. Vrac˘ko and co-workers19 cal-
culated the transition energies to the lowest exciton state
polyethylene with the CIS and TDHF methods in combin
tion with the STO-3G and 3-21G basis sets. The excitat
energies to the lowest exciton states calculated with th
methods are systematically smaller than the calculated va
of the HF fundamental band gap, and are considerably cl
to the measured optical absorption band edge than the
gap, although they are still substantially overestimated. It
also been shown by Suhai9–13 and later by others21,22 that the
dynamical correlation effects can be conveniently incor
rated in the calculated excitation energies by using the q
siparticle energies generated from the second-order m
body perturbation calculations instead of the canonical
orbital energies. Very recently, Rohlfing and Louie have c
culated the exciton spectra of semiconductor clusters,14 crys-
talline semiconductors and insulators,15 and polymers16 by
solving the Bethe–Salpeter equation for the two-parti
Green’s function. The calculated exciton spectra were fo
to be in excellent quantitative agreement with the experim
tal results. The TDHF method~also known as the random
phase approximation, RPA! and its higher-order analog
have also been used extensively in a different context~for the
calculations of polarizabilities and hyperpolarizabilities
polymers! by Champagne and co-workers23–25 and recently
by Otto, Gu, and Ladik.26

In view of the enormous amount of computational r
sources involved in the extended-system calculations,
single-excitation theories, which are the simplest excit
state theories, undoubtedly constitute the most impor
class of excited-state theories for extended systems. In
paper, therefore, we explore the fundamental aspects an
performance of these single-excitation theories general
to deal with infinitely long polymeric systems. Those sing
excitation theories include CIS, TDHF, and time-depend
density functional theory~TDDFT!.27–30 This is the same
direction pursued by Suhai and Vrac˘ko and co-workers, bu
the present study brings about new contributions in the
lowing three points. First, a general formalism of TDDFT
given and implemented within the framework of linea
combination-of-atomic-orbital~LCAO! crystalline orbital
theory.31–35 The Tamm–Dancoff approximation to TDDFT
which was proposed earlier as an algorithmically simpler
ternative to TDDFT and is denoted as TDDFT/TDA,36 is
also implemented and studied. The general formalism gi
in this article also encompasses those of TDHF and CIS~as
the Tamm–Dancoff approximation to TDHF! as particular
cases. Second, a computationally efficient trial-vec
algorithm37–41 for the CIS, TDHF, TDDFT, and TDDFT/
TDA methods is described and implemented. In this al
rithm, an enormous amount of two-electron integrals in
atomic-orbital basis are not stored but are recomputed
needed~direct algorithm42! and the transformation of thes
integrals from the atomic-orbital basis to the crystallin
orbital basis is avoided. The adoption of the direct algorit
is particularly important for extended-system calculatio
since the size of the integral file would easily exceed sev
giga bytes even for polymers with small unit cells and mo
Downloaded 29 Sep 2005 to 128.227.192.244. Redistribution subject to A
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erate basis sets. Third, convergence of the calculated tra
tion energies with respect to several calculation paramete
investigated and discussed. The calculation parameters
clude the number of unit cells taken into account in the l
tice summations (N), the number of wave vector samplin
points in the first Brillouin zone (K), and the size of basis
sets. Convergence of the calculated transition energies of
gomers with respect to the chain length is also addresse

The numerical applications are carried out for the low
singlet and triplet exciton states of an infinite chain of a
trans polyethylene and its oligomers (n-alkane!. In this pa-
per, we confine ourselves to the exciton states that are ac
sible by the direct transitions. This treatment is justified sin
the wave vector of a photon is in general extremely smal
compared with that of an electron and the change in the w
vector of the electron due to the excitation is negligibly sm
in view of the wave vector conservation law. The resu
obtained from the numerical applications can be summari
as follows. First, although the convergence of the excitat
energies with respect toN is generally slower than that of th
total energies or the band gaps, it is possible to obtain e
tation energies converged up to 2 decimal places in elec
volts by taking typically twice as large a value forN as that
required to obtain converged total energies. The sing
excitation theories based on crystalline orbital theory con
tute a distinct advantage over the oligomer extrapolat
method, since the excitation energies obtained by the la
method show very slow convergence, the deviations from
infinite chain limit being roughly proportional to the invers
of the chain length with a large prefactor. Second, the C
and TDHF excitation energies converge very rapidly w
respect toK, whereas the TDDFT and TDDFT/TDA excita
tion energies exhibit much slower convergence. We cons
this slower convergence to be a consequence of the inc
plete cancellation of the self-interaction energy in the ma
elements of the TDDFT and TDDFT/TDA matrix eigenvalu
equation. Thus, this problem is inherent to the current
proximate exchange–correlation functionals. Third, the C
and TDHF methods yield the excitation energies to the lo
est singlet exciton states that are substantially smaller t
the HF fundamental band gaps, whereas the excitation e
gies to the lowest singlet exciton states obtained from T
DFT and TDDFT/TDA tend to collapse to the correspondi
Kohn–Sham~KS! fundamental band gaps. This is primari
due to the fact that the matrix elements of the TDDFT a
TDDFT/TDA matrix eigenvalue equation are dominated
the KS orbital energy differences in the diagonal eleme
and the two-electron integrals which add to the diagonal
off-diagonal elements are disproportionately small. We c
sider this to be another manifestation of the incomplete c
cellation of the self-interaction energy. The details are
scribed in the following.

II. THEORY

In this section, we describe the formulas of tim
dependent linear response theory~Refs. 30 and 43, and ref
erences therein! for the exciton states of infinite one
dimensional lattices~polymers!. The term exciton is used
here in distinction to a band-to-band transition. The form
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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isms presented here assume the use of a hybrid HF/
functional, such that they encompass the formalisms
TDHF and TDDFT using pure exchange–correlation fun
tionals as particular cases. The adiabatic approximation27 is
assumed from the outset. The CIS and TDDFT/TDA~Ref.
36! methods are defined as the Tamm–Dancoff approxi
tion to TDHF and TDDFT, respectively, although CIS bas
on HF determinant is usually viewed as the lowest-or
member of the hierarchical family of configuration intera
tion theory for excited states.

First, we assume that an infinitely long polymer is in
tially in a stationary state, whose electronic structure is s
ably described by time-independent HF/KS theory empl
ing periodic boundary conditions, and that the orthonorm
basis functions$cps

[k] (r )% are the HF/KS canonical crystallin
orbitals for this unperturbed ground state, which are cha
terized by energy bandp, spins, and wave vectork. The KS
Hamiltonian ~or Fock! matrix and density matrix for the
ground state, which are superscripted with~0!, are simply

Fpqs
(0)[kpkq]

5dpqdkpkq
eps

[kp]
~1!

and

Pi j s
(0)[kikj ]5d i j dkikj

, ~2!

Pias
(0)[kika]

5Pais
(0)[kaki ]5Pabs

(0)[kakb]
50, ~3!

wheree are the orbital energies, and we usei , j for occupied
orbitals, a,b for virtual orbitals, andp,q,r ,s,u for general
orbitals. These KS Hamiltonian and density matrices sat
the time-independent HF/KS equations43

(
q

(
kq

BZ

~Fpqs
(0)[kpkq] Pqrs

(0)[kqkr ]2Ppqs
(0)[kpkq]Fqrs

(0)[kqkr ] !50,

~4!

and the idempotency condition

(
q

(
kq

BZ

Ppqs
(0)[kpkq] Pqrs

(0)[kqkr ]5Pprs
(0)[kpkr ] . ~5!

We now apply an oscillatory perturbation, which can
described as a single Fourier component,

Gpqs
[kpkq]

5 1
2 $gpqs

[kpkq] exp~2 ivt !1gqps
[kqkp] * exp~ ivt !%,

~6!

where the matrixg represents a one-electron operator d
scribing the details of the perturbation. The first-order~lin-
ear! responseD of the density matrix to this applied pertu
bation is

Ppqs
[kpkq]

5Ppqs
(0)[kpkq]

1Dpqs
[kpkq] , ~7!

with

Dpqs
[kpkq]

5 1
2 $dpqs

[kpkq] exp~2 ivt !1dqps
[kqkp] * exp~ ivt !%.

~8!

The first-order change in the KS Hamiltonian matrix is co
posed of two terms: the change in the one-electron part
scribed by Eq.~6! and the change in the two-electron pa
induced by the first-order response of the density mat
namely,
Downloaded 29 Sep 2005 to 128.227.192.244. Redistribution subject to A
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Fpqs
[kpkq]

5Fpqs
(0)[kpkq]

1Gpqs
[kpkq]

1(
r ,s

(
kr ,ks

BZ

(
t

a,b ]Fpqs
[kpkq]

]Prst
[krks] U

g50

Drst
[krks] . ~9!

Substituting Eqs.~6! to ~9! to the time-dependent HF/KS
equations43

(
q

(
kq

BZ

$Fpqs
[kpkq] Pqrs

[kqkr ]2Ppqs
[kpkq]Fqrs

[kqkr ]%5 i
]Pprs

[kpkr ]

]t
,

~10!

and collecting the terms which are multiplied by th
exp(2ivt) factor, we obtain

(
q

(
kq

BZ H Fpqs
(0)[kpkq]dqrs

[kqkr ]2dpqs
[kpkq]Fqrs

(0)[kqkr ]

1S gpqs
[kpkq]

1(
s,u

(
ks ,ku

BZ

(
t

a,b ]Fpqs
[kpkq]

]Psut
[ksku] U

g50

dsut
[ksku] D

3Pqrs
(0)[kqkr ]2Ppqs

(0)[kpkq]

3S gqrs
[kqkr ]1(

s,u
(

ks ,ku

BZ

(
t

a,b ]Fqrs
[kqkr ]

]Psut
[ksku] U

g50

dsut
[ksku] D J

5vdprs
[kpkr ] . ~11!

The terms multiplied by the exp(ivt) factor lead to the com-
plex conjugate of the above equation.

The idempotency condition

(
q

(
kq

BZ

Ppqs
[kpkq] Pqrs

[kqkr ]5Pprs
[kpkr ] , ~12!

strongly restricts the possible form of thed matrix in Eq.~8!;
the occupied–occupied and virtual–virtual elements of thd
matrix are zero. Rewriting

dais
[kaki ]5xais

[kaki ] , ~13!

dias
[kika]

5yais
[kaki ] , ~14!

and using the diagonal nature of the unperturbed KS Ham
tonian and density matrices@Eqs.~1! to ~3!#, we obtain a pair
of equations

~eas
[ka]

2e is
[ki ] !xais

[kaki ]1gais
[kaki ]

1(
b, j

(
kb ,kj

BZ

(
t

a,b S ]Fais
[kaki ]

]Pb jt
[kbkj ] U

g50

xb jt
[kbkj ]

1
]Fais

[kaki ]

]Pjbt
[kjkb]U

g50

yb jt
[kbkj ] D 5vxais

[kaki ] ~15!

and
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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~e is
[ki ]2eas

[ka]
!yais

[kaki ]2gias
[kika]

2(
b, j

(
kb ,kj

BZ

(
t

a,b S ]Fias
[kika]

]Pb jt
[kbkj ] U

g50

xb jt
[kbkj ]

1
]Fias

[kika]

]Pjbt
[kjkb]U

g50

yb jt
[kbkj ] D 5vyais

[kaki ] . ~16!

For a general hybrid HF/DFT functional, the KS Ham
tonian matrix elements are written explicitly as44–46

Fpqs
[kpkq]

5hpqs
[kpkq]

1Jpqs
[kpkq]

2c HFKpqs
[kpkq]

1Xpqs
[kpkq] , ~17!

with the one-electron part of the KS Hamiltonian matrix d
fined by

hpqs
[kpkq]

5E cp
[kp] * ~r !S 2

1

2
¹22(

A
(

n

ZA

ur2RA2nRtu D
3cq

[kq]
~r !dr , ~18!

whereZA is the charge of nucleusA at positionRA in unit
cell n and Rt represents the translation vector in the ch
axis direction. The matricesJ and K are the Coulomb and
HF exchange contribution~with the mixing ratio ofcHF),
respectively, whose elements are written as

Jpqs
[kpkq]

5(
r ,s

(
kr ,ks

BZ

(
t

a,b

~ps
[kp]qs

[kq] ust
[ks]r t

[kr ] !Prst
[krks] ~19!

and

Kpqs
[kpkq]

5(
r ,s

(
kr ,ks

BZ

~ps
[kp]r s

[kr ] uss
[ks]qs

[kq]
!Prss

[krks] , ~20!
Downloaded 29 Sep 2005 to 128.227.192.244. Redistribution subject to A
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where the two-electron integrals are written in the Mullik
notation

~ps
[kp]qs

[kq] ust
[ks]r t

[kr ] !5E cps
[kp] * ~r !cqs

[kq]
~r !

1

ur2r 8u

3cst
[ks] * ~r 8!c r t

[kr ]~r 8!dr dr 8. ~21!

The last term in Eq.~17! is the contribution from the
exchange–correlation functional, and is written as46–48

Xpqa
[kpkq]

5E H ] f

]ra
cpa

[kp] * cqa
[kq]

1S 2
] f

]gaa
¹ra1

] f

]gab
¹rbD •¹~cpa

[kp] * cqa
[kq]

!J dr ,

~22!

and similarly for theb spin counterpart. Heref is a sum of
appropriately scaled exchange–correlation functionals
spin densitiesra ,rb and gradient invariantsgaa ,gab ,gbb .
The spin densityrs(r ) is related to the density matrix by

rs~r !5(
p,q

(
kp ,kq

BZ

Ppqs
[kpkq]cps

[kp]
~r !cqs

[kq] * ~r !. ~23!

Using the above definitions, we find49,50

]Fpqs
[kpkq]

]Prst
[krks] U

g50

5~ps
[kp]qs

[kq] ust
[ks]r t

[kr ] !2c HFdst~ps
[kp]r t

[kr ] ust
[ks]qs

[kq]
!

1~ps
[kp]qs

[kq] uwstust
[ks]r t

[kr ] !, ~24!

with
~pa
[kp]qa

[kq] uwaausa
[ks]r a

[kr ] !52E ¹~cpa
[kp] * cqa

[kq]
!•¹~csa

[ks] * c ra
[kr ] !

] f

]gaa
dr1E cpa

[kp] * cqa
[kq] ]2f

]ra
2

csa
[ks] * c ra

[kr ]dr12E cpa
[kp] * cqa

[kq]

3
]2f

]ra]gaa
¹ra•¹~csa

[ks] * c ra
[kr ] !dr12E ¹ra•¹~cpa

[kp] * cqa
[kq]

!
]2f

]ra]gaa
csa

[ks] * c ra
[kr ]dr

1E ¹rb•¹~cpa
[kp] * cqa

[kq]
!

]2f

]ra]gab
csa

[ks] * c ra
[kr ]dr1E cpa

[kp] * cqa
[kq]

3
]2f

]ra]gab
¹rb•¹~csa

[ks] * c ra
[kr ] !dr14E ¹ra•¹~cpa

[kp] * cqa
[kq]

!
]2f

]gaa
2

¹ra•¹~csa
[ks] * c ra

[kr ] !dr

12E ¹ra•¹~cpa
[kp] * cqa

[kq]
!

]2f

]gaa]gab
¹rb•¹~csa

[ks] * c ra
[kr ] !dr

12E ¹rb•¹~cpa
[kp] * cqa

[kq]
!

]2f

]gaa]gab
¹ra•¹~csa

[ks] * c ra
[kr ] !dr

1E ¹rb•¹~cpa
[kp] * cqa

[kq]
!

]2f

]gab
2

¹rb•¹~csa
[ks] * c ra

[kr ] !dr , ~25!

and
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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~pa
[kp]qa

[kq] uwabusb
[ks]r b

[kr ] !5E ¹~cpa
[kp] * cqa

[kq]
!•¹~csb

[ks] * c rb
[kr ] !

] f

]gab
dr1E cpa

[kp] * cqa
[kq] ]2f

]ra]rb
csb

[ks] * c rb
[kr ]dr

12E cpa
[kp] * cqa

[kq] ]2f

]ra]gbb
¹rb•¹~csb

[ks] * c rb
[kr ] !dr12E ¹ra•¹~cpa

[kp] * cqa
[kq]

!

3
]2f

]rb]gaa
csb

[ks] * c rb
[kr ]dr1E cpa

[kp] * cqa
[kq] ]2f

]ra]gab
¹ra•¹~csb

[ks] * c rb
[kr ] !dr

1E ¹rb•¹~cpa
[kp] * cqa

[kq]
!

]2f

]rb]gab
csb

[ks] * c rb
[kr ]dr14E ¹ra•¹~cpa

[kp] * cqa
[kq]

!

3
]2f

]gaa]gbb
¹rb•¹~csb

[ks] * c rb
[kr ] !dr12E ¹ra•¹~cpa

[kp] * cqa
[kq]

!
]2f

]gaa]gab
¹ra•¹~csb

[ks] * c rb
[kr ] !dr

12E ¹rb•¹~cpa
[kp] * cqa

[kq]
!

]2f

]gbb]gab
¹rb•¹~csb

[ks] * c rb
[kr ] !dr1E ¹rb•¹~cpa

[kp] * cqa
[kq]

!

3
]2f

]gab
2

¹ra•¹~csb
[ks] * c rb

[kr ] !dr . ~26!
y
ey

a

e-

e
on

lu
rix

lem

r a

g

The bb and ba matrix elements are readily obtained b
interchanginga andb in the above equations wherever th
appear.

Substituting Eq.~24! into Eqs.~15! and~16! and assum-
ing that the electronic transitions occur with an infinitesim
perturbation (gias

[kika]
5gais

[kaki ]50), we obtain a non-Hermitian
eigenvalue equation

S A B

B* A* D S X

YD 5vS 1 0

0 21D S X

YD , ~27!

with

Aais,b jt
[kaki ,kbkj ]5d i j dabdkikj

dkakb
dst~eas

[ka]
2e i t

[ki ] !

1~as
[ka] i s

[ki ] u j t
[kj ]bt

[kb]
!

2cHFdst~as
[ka]bt

[kb] u j t
[kj ] i s

[ki ] !

1~as
[ka] i s

[ki ] uwstu j t
[kj ]bt

[kb]
!, ~28!

Bais,b jt
[kaki ,kbkj ]5~as

[ka] i s
[ki ] ubt

[kb] j t
[kj ] !

2c HFdst~as
[ka] j t

[kj ] ubt
[kb] i s

[ki ] !

1~as
[ka] i s

[ki ] uwstubt
[kb] j t

[kj ] !. ~29!

At this point, we exploit the fact that the two-electron int
grals appearing in Eqs.~28! and ~29! vanish identically un-
less (2ka1ki2kj1kb) is an integral multiple of 2p/Rt

~Refs. 9–13 and 17–19!. This means that theA andB ma-
trices in Eq. ~27! have nonzero elements only within th
blocks whose wave vector indexes satisfy the following c
dition:

ka2ki5kb2kj1
2mp

Rt
[Dk, ~30!

wherem is an integer. Therefore, the large matrix eigenva
problem ~27!–~29! can be decomposed into smaller mat
Downloaded 29 Sep 2005 to 128.227.192.244. Redistribution subject to A
l

-

e

eigenvalue problems, and each smaller eigenvalue prob
is characterized by the exciton wavevectorDk introduced in
the above equation. The matrix equation to be solved fo
given Dk has apparently the same form~27! as before, but
the A andB matrix elements are now defined by

Aais,b jt
[ki ,kj ] 5d i j dabdkikj

dst~eas
[ki1Dk]

2e i t
[ki ] !

1~as
[ki1Dk] i s

[ki ] u j t
[kj ]bt

[kj 1Dk]
!

2c HFdst~as
[ki1Dk]bt

[kj 1Dk] u j t
[kj ] i s

[ki ] !

1~as
[ki1Dk] i s

[ki ] uwstu j t
[kj ]bt

[kj 1Dk]
!, ~31!

Bais,b jt
[ki ,kj ] 5~as

[ki1Dk] i s
[ki ] ubt

[kj 1Dk] j t
[kj ] !

2cHFdst~as
[ki1Dk] j t

[kj ] ubt
[kj 1Dk] i s

[ki ] !

1~as
[ki1Dk] i s

[ki ] uwstubt
[kj 1Dk] j t

[kj ] !. ~32!

Note that the dimension of theA andB matrices of Eqs.~31!
and~32! is smaller by a factor ofK2 than those of Eqs.~28!
and ~29! with K being the number of wave vector samplin
points. For the direct transitions (Dk50), the definition of
the A andB matrices is further simplified to

Aais,b jt
[ki ,kj ] 5d i j dabdkikj

dst~eas
[ki ]2e i t

[ki ] !

1~as
[ki ] i s

[ki ] u j t
[kj ]bt

[kj ] !

2c HFdst~as
[ki ]bt

[kj ] u j t
[kj ] i s

[ki ] !

1~as
[ki ] i s

[ki ] uwstu j t
[kj ]bt

[kj ] !, ~33!

Bais,b jt
[ki ,kj ] 5~as

[ki ] i s
[ki ] ubt

[kj ] j t
[kj ] !

2c HFdst~as
[ki ] j t

[kj ] ubt
[kj ] i s

[ki ] !

1~as
[ki ] i s

[ki ] uwstubt
[kj ] j t

[kj ] !. ~34!
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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Equations~27!, ~33!, and~34! are solved to obtain excitatio
energies v of TDHF or TDDFT. The Tamm–Dancof
approximation20 amounts to substituting zero for theB ma-
trix elements in Eq.~27!, which leads to a simpler Hermitia
eigenvalue problem of the form

AX5vX, ~35!

where the definition of theA matrix elements is the same a
before@Eqs.~31! and~33!#. The eigenvaluesv correspond to
the excitation energies of CIS or TDDFT/TDA.

III. IMPLEMENTATION

In HF/KS crystalline orbital theory, each canonical cry
talline ~Bloch! orbital is expressed as a linear combination
atomic orbitals$xm

(n)(r )% in the form

cps
[kp]

~r !5K21/2(
m

(
n

Cmps
[kp] exp~ inkpRt!xm

(n)~r !, ~36!

whereK is the number of wave vector sampling points in t
first Brillouin zone. The atomic orbitalxm

(n)(r ) is a real spa-
tial function centered in unit celln. The two-electron inte-
grals over the canonical crystalline orbitals are written
terms of the atomic orbitals as

~ps
[kp]qs

[kq] ust
[ks]r t

[kr ] !

5K21 (
m,n,l,k

(
l ,m,n

Cmps
[kp] * Cnqs

[kq]Clst
[ks] * Ckr t

[kr ]

3exp$ i ~kql 2ksm1krn!Rt%~m (0)n ( l )ul (m)k (n)!, ~37!

when the condition~30! is satisfied; otherwise the integra
vanish. The two-electron integrals over the atomic orbit
are written as

~m (0)n ( l )ul (m)k (n)!

5E xm
(0)~r !xn

( l )~r !
1

ur2r 8u
xl

(m)~r 8!xk
(n)~r 8!dr dr 8. ~38!

Likewise the two-electron integrals over the canonical cr
talline orbitals involving the electric second derivatives
exchange–correlation functionals vanish unless the cond
~30! is satisfied. Nonvanishing integrals are related to
two-electron integrals over the atomic orbitals as

~ps
[kp]qs

[kq] uwstust
[ks]r t

[kr ] !

5K21 (
m,n,l,k

(
l ,m,n

Cmps
[kp] * Cnqs

[kq]Clst
[ks] * Ckr t

[kr ]

3exp$ i ~kql 2ksm1krn!Rt%~m (0)n ( l )uwstul (m)k (n)!,

~39!

where the definition of the two-electron integrals over t
atomic orbitals can be readily inferred from Eqs.~25! and
~26!, and is not given here.

In the present implementation of TDHF and TDDFT, t
explicit formation of an enormous number of these tw
electron integrals over crystalline orbitals is avoided by
voking a trial-vector algorithm,37 which is based on the ide
of projecting the full matrices onto ones of greatly reduc
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dimensions.51,52 The generalization of this algorithm to
non-Hermitian eigenvalue equation has been considered
Hirao and Nakatsuji53 and for the particular form of Eq.~27!
by Olsen, Jensen, and Jo”rgensen.38 It should be remembered
that theA and B matrices are complex matrices and hen
we cannot reduce Eq.~27! to a Hermitian eigenvalue equa
tion of half the dimension as has usually been done in
implementations for molecules.36,41,49,50,54,55The CIS and
TDDFT/TDA methods can be implemented with min
modification to this algorithm outlined below. In the Olse
algorithm, theA and B matrices in Eq.~27! are projected
onto a subspace spanned by a set of trial vec
$(x(1),y(1)),(x(2),y(2)), . . . ,(x(n),y(n))%. Each iteration in-
volves the formation of matrix–trial vector products

x̄ais
(p) 5(

j ,b
(

t

a,b

~Aais,b jtxb jt
(p) 1Bais,b jtyb jt

(p) !, ~40!

ȳais
(p) 5(

j ,b
(

t

a,b

~Bais,b jt* xb jt
(p) 1Aais,b jt* yb jt

(p) !. ~41!

The subspace representation of theA and B matrices, de-
noted asA8 andB8, is obtained by forming the inner produc
of the trial vectors and the product vectors

Apq8 5(
i ,a

(
s

a,b

~xais
(p)* x̄ais

(q) 1yais
(p)* ȳais

(q) !, ~42!

Bpq8 5(
i ,a

(
s

a,b

~xais
(p)* ȳais

(q)* 1yais
(p)* x̄ais

(q)* !. ~43!

Likewise the subspace representation of the metric is
tained as

Cpq8 5(
i ,a

(
s

a,b

~xais
(p)* xais

(q) 2yais
(p)* yais

(q) !, ~44!

Dpq8 5(
i ,a

(
s

a,b

~xais
(p)* yais

(q)* 2yais
(p)* xais

(q)* !. ~45!

These matrices satisfy the following relations:

Apq8 5Aqp8* , ~46!

Bpq8 5Bqp8 , ~47!

Cpq8 5Cqp8* , ~48!

Dpq8 52Dqp8 . ~49!

The approximate eigenvaluesv8 are obtained by solving the
non-Hermitian eigenvalue equation of the reduced dimens

S A8 B8

B8* A8*
D S X8

Y8
D 5v8S C8 D8

2D8* 2C8*
D S X8

Y8
D . ~50!

Subspace size is increased iteratively until the approxim
eigenvaluesv8 converge within the preset tolerance. Th
non-Hermitian eigenvalue problem~50! can be viewed as a
Hermitian eigenvalue problem by considering the matrix
the left-hand side, which is positive definite for the grou
state,56 as metric and 1/v8 as eigenvalues. Thus this matr
equation can be solved by standard algorithms. Care mus
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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exercised to ensure that the trial vectors employed in e
iteration are linearly independent,51,52 since the subspac
method described above implicitly uses trial vectors of
form $(y(1)* ,x(1)* ),(y(2)* ,x(2)* ),•••,(y(n)* ,x(n)* )% also. In
our implementation, we diagonalize the metric of these t
vectors every time a new trial vector is added, and verify t
the new vector does not introduce linear dependence in
subspace.

The formation of matrix–trial vector products can b
carried out conveniently in the direct atomic-orbital-bas
algorithm, which is illustrated in the following for the prod
uct formation of a trial vector and the two-electron integr
involving the electric second derivative of a local exchang
correlation functional, namely,

(
j ,b

(
kj

BZ

(
t

a,b

~as
[ki ] i s

[ki ] uwstu j t
[kj ]bt

[kj ] !xb jt
(p)

5K21(
j ,b

(
kj

BZ

(
t

a,b

(
m,n,l,k

(
l ,m,n

xb jt
(p) Cmas

[ki ] * Cn is
[ki ]Cl j t

[kj ] * Ckbt
[kj ]

3exp$ i ~ki l 2kjm1kjn!Rt%

3E xm
(0)~r !xn

( l )~r !
]2f

]rs]rt
xl

(m)~r !xk
(n)~r !dr . ~51!

The summation can be carried out in four separate st
First, we form a density-matrix-like quantity~which we call
trial density matrix! defined by

Tlkt
(n2m)5K21(

j ,b
(
kj

BZ

xb jt
(p) Cl j t

[kj ] * Ckbt
[kj ] exp$ ik j~n2m!Rt%.

~52!

Second, we form an electron-density-like quantity~and their
gradients and gradient invariants with respect to the elec
variables if a gradient-corrected functional is being used! at
each point of the numerical integration grid

rt
T~r !5(

l,k
(
m,n

Tlkt
(n2m)xl

(m)~r !xk
(n)~r !. ~53!

Third, we carry out numerical integration to obtain

Smns
( l ) 5(

t

a,b E xm
(0)~r !xn

( l )~r !
]2f

]rs]rt
rt

T~r !dr . ~54!

The computational cost of this process for one trial vecto
on the same order of that of forming the exchang
correlation contributions to KS Hamiltonian matrix elemen
in the ground-state DFT calculations, because the ab
equation involves only two atomic-orbital indexes. Final
we backtransform this atomic-orbital-based product vecto
that over the crystalline orbitals

(
j ,b

(
kj

BZ

(
t

a,b

~as
[ki ] i s

[ki ] uwstu j t
[kj ]bt

[kj ] !xb jt
(p)

5(
m,n

(
l

Cmas
[ki ] * Cn is

[ki ] exp~ ik i lRt!Smns
( l ) . ~55!

The single-excitation theories outlined in this and pre
ous sections have been implemented in thePOLYMER pro-
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gram package,57 the details of which were described in ou
previous articles.45,46,58–61We employed the Slater–Vosko
Wilk–Nusair ~SVWN!,62,63 Becke–Lee–Yang–Par
~BLYP!,64,65 and Becke3–Lee–Yang–Parr~B3LYP!66 func-
tionals as representative local, gradient-corrected, and hy
functionals, respectively, in TDDFT and TDDFT/TDA ca
culations. The CIS, TDHF, TDDFT, and TDDFT/TDA ca
culations on oligomers~n-alkane molecules! were carried out
using a development version of theQ-CHEM program
package.67

IV. NUMERICAL APPLICATION

First, we briefly address the cutoff criterion of two
electron integrals employed in this study, which seems to
particularly relevant to the following discussions. We em
ployed the so-called ‘Namur cutoff criterion’ for truncatin
the infinite lattice summations~see Ref. 68 for the perfor
mance of various cutoff criteria!, which was advocated by
Delhalleet al.69 This criterion uses two parametersM andN,
and the two-electron integrals over the atomic orbitals wh
unit cell indexes are in a certain range determined by th
parameters are computed and included in the lattice sum
tions. Specifically, we compute the two-electron integrals
the form (m (0)n ( l )ul (m)k (n)) with the unit cell indexes in the
range

2M, l ,1M , ~56!

2N,m,1N, ~57!

m2M,n,m1M . ~58!

It is easy to obtain converged results with respect to par
eterM, since the two-electron integrals decay exponentia
with increasing the distance between the atomic orbitalsm (0)

andn ( l ) or that betweenl (m) andk (n). In contrast, the con-
vergence of the results with respect to parameterN is gener-
ally much slower since the two-electron integrals may de
asymptotically in inverse proportion to the distance betwe
the centers of the two charge distributions. The converge
of the excitation energies with respect toN are potentially
problematic since the trial density matrices defined by E
~52!, which are to be contracted with two-electron integra
do not necessarily decay with increasing the unit cell ind
unlike the regular ground-state density matrices that de
exponentially for insulators~see Ref. 33 and reference
therein!.

The calculated excitation energies to the lowest sing
and triplet exciton states of polyethylene with different va
ues ofN are given in Tables I–IV. In these calculations, w
hold M and K ~the number of evenly spaced wave vect
sampling points! fixed at 6 and 60, respectively. The tot
energies calculated by the ground-state HF and DFT m
ods converge up to 6 decimal places in hartree atN54. The
calculated band gaps are expected to show slower con
gence than the total energies,70 but they converge up to 3
decimal places in electron volts atN56. It can be noticed
from Table I that the CIS and TDHF excitation energies
the lowest singlet state show noticeably slower converge
with respect toN as compared with that of the total energi
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



ti
o

ap
n-

a
gi
o
u

a
ec
re
to
en
ie
he

he

ly

are
t
d
the

o

tion
e

N
on

the
are

orre-
ula-

l-
x-
re

gu-

ito
um
the

°

68
68
68
68
68
68
68
68
68

ito
um
e
tel

64
64
64
64
64
64
64
64
64

iton
um-
e
ely

46
46
46
46
46
46
46
46
46

iton
um-
e
tely

47
17
14
14
14
14
14
14
14

10781J. Chem. Phys., Vol. 111, No. 24, 22 December 1999 Excited states of extended systems
or the band gaps. However, we can have these excita
energies converged up to 2 decimal places in electron v
at N510, which is roughly twice as large a value ofN as that
required to obtain converged total energies and band g
For the TDDFT and TDDFT/TDA excitation energies, co
vergence can be achieved with a smaller value ofN than that
for the CIS and TDHF excitation energies. Therefore, it c
be said that we can obtain the converged excitation ener
by consistently taking into account only those two-electr
integrals that are used in the preceding ground-state calc
tions and taking a slightly larger value ofN than that for the
total energy only calculations. We have observed that,
though the trial density matrices for trial vectors do not n
essarily decay with increasing the unit cell index, the cor
sponding density matrices for the converged solution vec
of the lowest transitions of polyethylene do decay expon
tially. Tables I–IV also indicate that the excitation energ
to the lowest triplet state are relatively insensitive to t
choice ofN.

In Tables V–VIII, we summarize the convergence of t
calculated excitation energies with respect toK by holdingM
andN fixed at 6 and 14, respectively. It may be immediate

TABLE I. Convergence of the total energy per C2H4 unit (E), band gap
(Eg), and vertical excitation energies to the lowest singlet and triplet exc
states with respect to the number of unit cells included in the lattice s
mationsN. The HF, CIS, and TDHF calculations are carried out using
STO-3G basis set for an infinitely long all-trans polyethylene chain at the
HF/STO-3G optimized geometry~CC bond length: 1.5451 Å; CH bond
length: 1.0885 Å; CCC bond angle: 112.40 °; HCH bond angle: 107.07

N K E / hartree Eg / eV

CIS / eV TDHF / eV

Singlet Triplet Singlet Triplet

2 60 277.160 404 23.697 15.715 14.123 15.668 12.9
4 60 277.160 411 23.724 15.743 14.123 15.698 12.9
6 60 277.160 411 23.725 15.753 14.123 15.706 12.9
10 60 277.160 411 23.725 15.760 14.123 15.710 12.9
14 60 277.160 411 23.725 15.761 14.123 15.712 12.9
18 60 277.160 411 23.725 15.762 14.123 15.712 12.9
22 60 277.160 411 23.725 15.763 14.123 15.713 12.9
26 60 277.160 411 23.725 15.763 14.123 15.713 12.9
30 60 277.160 411 23.725 15.763 14.123 15.713 12.9

TABLE II. Convergence of the total energy per C2H4 unit (E), band gap
(Eg), and vertical excitation energies to the lowest singlet and triplet exc
states with respect to the number of unit cells included in the lattice s
mations N. The DFT, TDDFT, and TDDFT/TDA calculations using th
SVWN functional and the STO-3G basis set are carried out for an infini
long all-trans polyethylene chain at the geometry given in Table I.

N K E / hartree Eg / eV

TDA / eV TDDFT / eV

Singlet Triplet Singlet Triplet

2 60 276.948 043 12.185 12.187 12.165 12.187 12.1
4 60 276.948 040 12.185 12.187 12.165 12.187 12.1
6 60 276.948 039 12.185 12.188 12.165 12.188 12.1
10 60 276.948 039 12.185 12.188 12.165 12.188 12.1
14 60 276.948 039 12.185 12.188 12.165 12.188 12.1
18 60 276.948 039 12.185 12.188 12.165 12.188 12.1
22 60 276.948 039 12.185 12.188 12.165 12.188 12.1
26 60 276.948 039 12.185 12.188 12.165 12.188 12.1
30 60 276.948 039 12.185 12.188 12.165 12.188 12.1
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noticed that the calculated total energies and band gaps
converged up to the decimal places given in the tables aK
520 and they do not change asK increases. The calculate
CIS and TDHF excitation energies are also insensitive to
choice ofK as long asK>20 ~Table V!. In contrast to this,
the TDDFT and TDDFT/TDA excitation energies underg
noticeable changes upon increasingK; they do not converge
up to 3 decimal places in electron volts untilK becomes as
large as 80, although for practical purposes the excita
energies obtained withK520 seem sufficiently close to th
converged results. It is interesting to note that the SVW
and BLYP excitation energies to the lowest singlet excit
states approach the corresponding KS band gaps. Among
calculated excitation energies to triplet states also, there
those states whose excitation energies approach the c
sponding KS band gaps. These results persist in the calc
tions using larger basis sets~vide post! and those for other
polymeric systems, and are not coincidental.

As we have noted previously,36 the excited-state wave
functions obtained from the TDDFT and TDDFT/TDA ca
culations are very often dominated by only one singly e
cited configuration, unlike those of CIS and TDHF which a
generally linear combinations of a number of those confi

n
-

).

n
-

y

TABLE III. Convergence of the total energy per C2H4 unit (E), band gap
(Eg), and vertical excitation energies to the lowest singlet and triplet exc
states with respect to the number of unit cells included in the lattice s
mations N. The DFT, TDDFT, and TDDFT/TDA calculations using th
BLYP functional and the STO-3G basis set are carried out for an infinit
long all-trans polyethylene chain at the geometry given in Table I.

N K E / hartree Eg / eV

TDA / eV TDDFT / eV

Singlet Triplet Singlet Triplet

2 60 277.629 452 12.112 12.107 12.053 12.107 12.0
4 60 277.629 451 12.111 12.109 12.052 12.109 12.0
6 60 277.629 451 12.111 12.109 12.052 12.109 12.0
10 60 277.629 451 12.111 12.110 12.052 12.110 12.0
14 60 277.629 451 12.111 12.110 12.052 12.110 12.0
18 60 277.629 451 12.111 12.110 12.052 12.110 12.0
22 60 277.629 451 12.111 12.110 12.052 12.110 12.0
26 60 277.629 451 12.111 12.110 12.052 12.110 12.0
30 60 277.629 451 12.111 12.110 12.052 12.110 12.0

TABLE IV. Convergence of the total energy per C2H4 unit (E), band gap
(Eg), and vertical excitation energies to the lowest singlet and triplet exc
states with respect to the number of unit cells included in the lattice s
mations N. The DFT, TDDFT, and TDDFT/TDA calculations using th
B3LYP functional and the STO-3G basis set are carried out for an infini
long all-trans polyethylene chain at the geometry given in Table I.

N K E / hartree Eg / eV

TDA / eV TDDFT / eV

Singlet Triplet Singlet Triplet

2 60 277.636 780 14.410 13.465 13.176 13.459 13.1
4 60 277.636 782 14.417 13.443 13.145 13.442 13.1
6 60 277.636 782 14.417 13.441 13.141 13.440 13.1
10 60 277.636 782 14.418 13.443 13.141 13.442 13.1
14 60 277.636 782 14.418 13.444 13.141 13.443 13.1
18 60 277.636 782 14.418 13.444 13.141 13.443 13.1
22 60 277.636 782 14.418 13.445 13.141 13.443 13.1
26 60 277.636 782 14.418 13.445 13.141 13.444 13.1
30 60 277.636 782 14.418 13.445 13.141 13.444 13.1
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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rations. In our example, the TDDFT and TDDFT/TD
excited-state wave functions of the lowest singlet exci
states of polyethylene are dominated by the configuratio
which an electron is promoted from the highest valence b
at the Brillouin zone center to the lowest conduction band
the same position in the Brillouin zone. In the correspond
CIS and TDHF excited-state wave functions, on the ot
hand, the contributions from the configurations having d
ferent wave vectors are mixed. It should be noted that
weight of each singly excited configuration in the CIS a
TDHF wave functions exhibits correct scaling with respe
to K; as K increases, the weight decreases in proportion
K21/2 such that the sum of the squared weights equal to u
and the overall shape of wave functions remains unchan
However, the TDDFT and TDDFT/TDA wave functions d
not have this correct scaling properties, and they are m
and more dominated by a single configuration asK increases.
This means that the TDDFT and TDDFT/TDA excitatio
energies to the lowest singlet exciton states of polyethyl
approach the diagonal elements of theA matrix in the limit
of K→`. Since the diagonal elements of theA matrix is a
sum of the KS orbital energy difference (eas

[ki ]2e is
[ki ] ) and

two-electron integrals and the latter quantities are prop
tional to K21, one of the TDDFT and TDDFT/TDA excita
tion energies collapses to the KS band gap in the limit
K→`.

From the viewpoint of the matrix elements, the slo
convergence of the TDDFT and TDDFT/TDA excitation e
ergies with respect toK is a consequence of the fact that t

TABLE V. Convergence of the total energy per C2H4 unit (E), band gap
(Eg), and vertical excitation energies to the lowest singlet and triplet exc
states with respect to the number of wave vector sampling pointsK. The HF,
CIS, and TDHF calculations are carried out using the STO-3G basis se
an infinitely long all-trans polyethylene chain at the geometry given
Table I.

N K E / hartree Eg / eV

CIS / eV TDHF / eV

Singlet Triplet Singlet Triplet

14 20 277.160 411 23.725 15.761 14.123 15.712 12.9
14 40 277.160 411 23.725 15.761 14.123 15.712 12.9
14 60 277.160 411 23.725 15.761 14.123 15.712 12.9
14 80 277.160 411 23.725 15.761 14.123 15.712 12.9
14 100 277.160 411 23.725 15.761 14.123 15.712 12.9

TABLE VI. Convergence of the total energy per C2H4 unit (E), band gap
(Eg), and vertical excitation energies to the lowest singlet and triplet exc
states with respect to the number of wave vector sampling pointsK. The
DFT, TDDFT, and TDDFT/TDA calculations using the SVWN function
and the STO-3G basis set are carried out for an infinitely long all-trans
polyethylene chain at the geometry given in Table I.

N K E / hartree Eg / eV

TDA / eV TDDFT / eV

Singlet Triplet Singlet Triplet

14 20 276.948 039 12.185 12.195 12.149 12.195 12.1
14 40 276.948 039 12.185 12.190 12.162 12.190 12.1
14 60 276.948 039 12.185 12.188 12.165 12.188 12.1
14 80 276.948 039 12.185 12.187 12.166 12.187 12.1
14 100 276.948 039 12.185 12.186 12.166 12.186 12.1
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two-electron integrals of the type (abu j i ) are replaced by the
exchange–correlation integrals of the type (aiuwu jb) in Eqs.
~33! and ~34! on going from TDHF ~CIS! to TDDFT
~TDDFT/TDA!. These two-electron integrals are supposed
cancel spurious self-interaction energies in the orbital en
giese ~see Ref. 71!. However, while the interaction betwee
the two charge distributions in the former integrals (abu j i ) is
Coulomb type, which may decay in inverse proportion to t
distance between these two charge distributions, the la
integrals (aiuwu jb) decay exponentially due to the particul
form of the current approximate functionals. While in th
CIS and TDHF calculations, the self-interaction energies ie
are properly cancelled by the two-electron integrals (abu j i ),
in the TDDFT calculations, the cancellation is incomple
because of the too rapid decay of the integrals (aiuwu jb).
Since parameterK physically corresponds to the size of th
system,72 we can regard the slow convergence of the TDD
and TDDFT/TDA excitation energies with respect toK as
being due to the fact that the contribution of the integr
(aiuwu jb) become disproportionally small relative to that
e asK becomes large. The observation that the TDDFT a
TDDFT/TDA excitation energies to the lowest singlet exc
ton states tend to collapse to the KS band gaps and tha
associated wave functions do not exhibit correct scaling
havior with increasingK is likewise accounted for by the
incomplete cancellation of the self-interaction energies~see
also the discussions given by Perdew and co-workers73–75!.

Obviously, the above-mentioned problems in the T
DFT and TDDFT/TDA excitation energies are closely r

n

or

n

TABLE VII. Convergence of the total energy per C2H4 unit (E), band gap
(Eg), and vertical excitation energies to the lowest singlet and triplet exc
states with respect to the number of wave vector sampling pointsK. The
DFT, TDDFT, and TDDFT/TDA calculations using the BLYP functiona
and the STO-3G basis set are carried out for an infinitely long all-trans
polyethylene chain at the geometry given in Table I.

N K E / hartree Eg / eV

TDA / eV TDDFT / eV

Singlet Triplet Singlet Triplet

14 20 277.629 451 12.111 12.106 12.034 12.106 12.0
14 40 277.629 451 12.111 12.109 12.050 12.109 12.0
14 60 277.629 451 12.111 12.110 12.052 12.110 12.0
14 80 277.629 451 12.111 12.110 12.053 12.110 12.0
14 100 277.629 451 12.111 12.110 12.053 12.110 12.0

TABLE VIII. Convergence of the total energy per C2H4 unit (E), band gap
(Eg), and vertical excitation energies to the lowest singlet and triplet exc
states with respect to the number of wave vector sampling pointsK. The
DFT, TDDFT, and TDDFT/TDA calculations using the B3LYP function
and the STO-3G basis set are carried out for an infinitely long all-trans
polyethylene chain at the geometry given in Table I.

N K E / hartree Eg / eV

TDA / eV TDDFT / eV

Singlet Triplet Singlet Triplet

14 20 277.636 782 14.418 13.443 13.141 13.442 13.1
14 40 277.636 782 14.418 13.444 13.141 13.443 13.1
14 60 277.636 782 14.418 13.444 13.141 13.443 13.1
14 80 277.636 782 14.418 13.444 13.141 13.443 13.1
14 100 277.636 782 14.418 13.444 13.141 13.443 13.1
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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lated to the well-known common flaw that many of th
current approximate functionals share; the exchange po
tials generated from these functionals decay too rapidly
the asymptotic region.54,76,77 In the TDDFT calculations on
molecules, serious numerical errors manifest themselve
the excitation energies approach the negative of the hig
occupied KS orbital energies,76 which are typically signifi-
cantly higher than the excitation energies of the several l
est singlet or triplet excited states. For extended systems
effects of this flaw seem to be more acute since the nega
of the highest occupied KS orbital energies may often
lower than the excitation energies to the lowest exciton st
~for example, the highest occupied KS orbital energies
polyethylene are at24.9, 24.9, and26.1 eV, respectively,
at the SVWN/STO-3G, BLYP/STO-3G, and B3LYP
STO-3G levels!. These results suggest that considerable c
tion must be given to the calculated TDDFT and TDDF
TDA excitation energies of extended systems when they
compared with the experimental data.

Tables IX–XII compare the calculated excitation en
gies ofn-alkane molecules containing 5, 10, 20, and 40 c
bon atoms with those of an infinitely long polyethylen
chain. Due to the terminal groups of the oligomers, who
effects decay roughly in inverse proportion to the ch
lengthn, the calculated quantities ofn-alkane molecules ex
hibit very slow convergence with respect ton, although they
smoothly approach the limiting values of the infinite cha
predicted by the crystalline orbital calculations asn increases

TABLE IX. Convergence of the total energy per C2H4 unit (E), HOMO–
LUMO energy difference (Eg), and vertical excitation energies to the lowe
singlet and triplet excited states of all-trans n-alkane H~CH2!nH molecules
with respect to the chain lengthn. The HF, CIS, and TDHF calculations ar
carried out using the STO-3G basis set at the geometry given in Table

n E / hartree Eg / eV

CIS / eV TDHF / eV

Singlet Triplet Singlet Triplet

5 277.618 442 26.7 17.685 14.414 17.666 13.29
10 277.389 427 25.0 16.542 14.203 16.516 13.06
20 277.274 919 24.1 16.041 14.143 16.004 12.99
40 277.217 665 23.9 15.855 14.128 15.811 12.97
` a 277.160 411 23.725 15.763 14.123 15.713 12.96

aCrystalline orbital calculations withN530 andK560.

TABLE X. Convergence of the total energy per C2H4 unit (E), HOMO–
LUMO energy difference (Eg), and vertical excitation energies to the lowe
singlet and triplet excited states of all-trans n-alkane H~CH2)nH molecules
with respect to the chain lengthn. The DFT, TDDFT, and TDDFT/TDA
calculations using the SVWN functional and the STO-3G basis set are
ried out at the geometry given in Table I.

n E / hartree Eg / eV

TDA / eV TDDFT / eV

Singlet Triplet Singlet Triplet

5 277.404 006 14.5 14.894 14.093 14.889 14.00
10 277.176 009 13.1 13.393 12.964 13.382 12.96
20 277.062012 12.5 12.592 12.413 12.592 12.41
40 277.005 014 12.3 12.305 12.228 12.305 12.22
` a 276.948 039 12.185 12.188 12.165 12.188 12.16

aCrystalline orbital calculations withN530 andK560.
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~Fig. 1!. Insofar as the total energies are concerned, we
eliminate the effects of terminal groups by taking the ene
difference of twon-alkane molecules with different chai
lengths. Since total energies are size-extensive quanti
such a treatment can be justified and the resulting ene
differences converge reasonably rapidly with increasingn.
However, it is difficult to think of a similar extrapolation
scheme for excitation energies and band gaps. These ta
indicate that the calculated excitation energies and band g
do not converge up to one decimal place in electron vo
even atn540. Considering that these quantities of an in
nitely long polyethylene chain converge up to 2 decim
places in electron volts atN514 ~vide ante!, the single-
excitation theories based on crystalline orbital theory con
tute a distinct advantage over the oligomer extrapolation
proach. In other words, the periodic boundary conditions
particularly suited for the calculations of excitation energ
and band gaps of infinitely extended systems. This con
sion, however, does not deny the practical usefulness of
oligomer extrapolation approach. The oligomer extrapolat
approach is in many cases complementary to the crysta
orbital theory approach, since it provides important inform
tion about the convergence behavior of the properties of
gomers and one can check the soundness of both the
proaches by comparing the properties of infinitely extend
systems obtained from them. It should also be noted that
TDDFT and TDDFT/TDA excitation energies to the lowe

r-

TABLE XI. Convergence of the total energy per C2H4 unit (E), HOMO–
LUMO energy difference (Eg), and vertical excitation energies to the lowe
singlet and triplet excited states of all-trans n-alkane H~CH2)nH molecules
with respect to the chain lengthn. The DFT, TDDFT, and TDDFT/TDA
calculations using the BLYP functional and the STO-3G basis set are ca
out at the geometry given in Table I.

n E / hartree Eg / eV

TDA / eV TDDFT / eV

Singlet Triplet Singlet Triplet

5 278.100 733 14.4 14.852 13.802 14.835 13.62
10 277.865 080 13.0 13.268 12.763 13.258 12.74
20 277.747 256 12.4 12.485 12.259 12.485 12.25
40 277.688 344 12.2 12.213 12.100 12.213 12.09
` a 277.629 451 12.111 12.110 12.052 12.110 12.04

aCrystalline orbital calculations withN530 andK560.

TABLE XII. Convergence of the total energy per C2H4 unit (E), HOMO–
LUMO energy difference (Eg), and vertical excitation energies to the lowe
singlet and triplet excited states of all-trans n-alkane H~CH2)nH molecules
with respect to the chain lengthn. The DFT, TDDFT, and TDDFT/TDA
calculations using the B3LYP functional and the STO-3G basis set are
ried out at the geometry given in Table I.

n E / hartree Eg / eV

TDA / eV TDDFT / eV

Singlet Triplet Singlet Triplet

5 278.109 761 16.8 15.614 14.275 15.598 13.99
10 277.873 262 15.4 14.279 13.584 14.270 13.55
20 277.755 013 14.7 13.697 13.251 13.694 13.22
40 277.695 890 14.5 13.517 13.167 13.517 13.14
` a 277.636 782 14.418 13.445 13.141 13.444 13.11

aCrystalline orbital calculations withN530 andK560.
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singlet states ofn-alkane molecules rapidly approach the co
responding HOMO–LUMO orbital energy differences asn
becomes larger, which is consistent with the results of
crystalline orbital calculations.

In Table XIII, we summarize the excitation energies
the lowest singlet exciton state calculated by using five
ferent basis sets ranging from STO-3G to 6-31G**~contain-
ing Cartesian 6d functions!. The geometry used is the on
optimized at the B3LYP/6-31G* level and is in good agre
ment with the experimental data obtained from x-ray diffra
tion studies.78 We observe that the Tamm–Dancoff appro
mation introduces practically negligible errors in th
calculated TDDFT excitation energies, as we noted in
previous study on molecules.36 Since in the crystalline or-
bital calculations using complex orbitals we cannot bring
TDDFT matrix eigenvalue equation to one of half the dime
sion, the Tamm–Dancoff approximation reduces the c
time usage roughly by a factor of two without changing t
calculated results significantly.

We expect that the basis-set dependence will be gre
on the excited-state properties that involve the virtual or
als than the ground-state properties that are primarily de
mined by the occupied orbitals. Insofar as the lowest sin

FIG. 1. The vertical excitation energies to the lowest singlet~filled circles!
and triplet~open circles! excited states of all-trans n-alkane H~CH2!nH mol-
ecules and of an infinitely long all-transpolyethylene chain as a function o
the chain lengthn. The theoretical models employed are the~a! CIS/
STO-3G and the TDDFT methods at the~b! SVWN/STO-3G,~c! BLYP/
STO-3G, and~d! B3LYP/STO-3G levels.
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exciton state of polyethylene is concerned, however, the
culated excitation energies show reasonably rapid con
gence with respect to the basis set size. The present res
nevertheless, do not rule out possible important roles of
fuse basis functions. Experimentally, the optical absorpt
band edge of polyethylene is located at around 7.6 eV, wh
is substantially lower than the threshold of photoemiss
~8.8 eV!.1,3 We compare the latter experimental data with t
first ionization potential of polyethylene, i.e., the negativ
of the highest occupied orbital energies. Approximating
ionization potential by the negatives of the highest occup
orbital energies is justified by the Koopmans’ theorem
the HF calculations and by the theorem proven by Le
Perdew, and Sahni79 and by Almbladh and von Barth80 for
the DFT calculations. It should be noted that the previo
experimental studies~Ref. 5 and references therein! inter-
preted the threshold of photoconduction as correspondin
the fundamental band gap. In this paper, we confine our
cussions to the optical absorption band edge and the thr
old of photoemission. The theoretical interpretation of t
threshold of photoconduction will be discussed in our for
coming paper.81

The CIS and TDHF methods yield the excitation en
gies to the lowest singlet exciton states that are substant
lower than the band gaps, and are significantly closer to
measured optical absorption band edge than the band g
This result substantiates our expectation that the CIS
TDHF methods describe more appropriately the optical
sorption process than does the simple band-to-band trans
picture. Quantitatively, however, the calculated CIS a

TABLE XIII. The total energies (E), negatives of the highest occupie
orbital energies (2e), band gaps (Eg), and vertical excitation energies t
the lowest singlet exciton state of an infinitely long all-trans polyethylene
chain at the B3LYP/6-31G* optimized geometry~CC bond length: 1.5344
Å; CH bond length: 1.1005 Å; CCC bond angle: 113.60 °; HCH bond ang
105.94 °).

Theory
E /

hartree
2e /
eV

Eg /
eV

TDA a /
eV

TDDFTb /
eV

HF/STO-3G 277.159 644 9.72 23.80 15.89 15.84
HF/3-21G 277.637 596 10.85 17.85 12.53 12.51
HF/6-31G 278.036 449 10.84 16.88 11.70 11.68
HF/6-31G* 278.068 975 10.92 17.02 11.77 11.75
HF/6-31G** 278.075 058 10.90 17.00 11.75 •••

SVWN/STO-3G 276.948 513 5.09 12.25 12.25 12.25
SVWN/3-21G 277.462 437 6.66 8.81 8.82 8.82
SVWN/6-31G 277.862 181 6.58 8.07 8.08 8.08
SVWN/6-31G* 277.881 935 6.51 8.01 8.01 8.01
SVWN/6-31G** 277.886 817 6.55 8.03 8.03 •••

BLYP/STO-3G 277.629 772 5.15 12.18 12.18 12.18
BLYP/3-21G 278.146 333 6.36 8.81 8.82 8.82
BLYP/6-31G 278.554 066 6.27 8.09 8.09 8.09
BLYP/6-31G* 278.571 183 6.20 8.03 8.04 8.04
BLYP/6-31G** 278.576 883 6.24 8.06 8.06 •••

B3LYP/STO-3G 277.636 834 6.30 14.49 13.52 13.52
B3LYP/3-21G 278.144 078 7.51 10.67 9.95 9.94
B3LYP/6-31G 278.549 646 7.43 9.90 9.19 9.18
B3LYP/6-31G* 278.568 977 7.36 9.86 9.14 9.14
B3LYP/6-31G** 278.574 563 7.39 9.88 9.16 •••

Experimentc ••• 8.8 ••• 7.6 7.6

aCIS or TDDFT/TDA calculations withN514 andK560.
bTDHF or TDDFT calculations withN514 andK560.
cReferences 1 and 3.
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TDHF excitation energies are significantly higher than
experimental values. We consider that the CIS and TD
description of the exciton states to be a zeroth-order desc
tion, on the basis of which we can incorporate the elect
correlation effects systematically. The negatives of the hi
est occupied orbital energies obtained from the ground-s
HF calculations overestimate the measured photoemis
threshold by a few electron volts. The HF theory and H
based single-excitation theories~CIS and TDHF! fail to re-
produce the correct ordering of the optical absorption b
edge and the photoemission threshold. Sun and Bartl82

have shown that a large proportion of the error in the ioni
tion potential of polyethylene could be eliminated by inco
porating the electron correlation effects via second-or
many-body perturbation theory. We expect that the inclus
of electron correlation in the same model would lead to
significant improvement in the excitation energies.

The TDDFT and TDDFT/TDA methods yield the exc
tation energies to the lowest singlet exciton state, which
in fair agreement with the experimentally measured posit
of the optical absorption band edge. As we have observe
the STO-3G calculation results, these excitation energies
practically the same as the corresponding KS band gaps
for basis sets larger than the STO-3G. As one mi
anticipate,54,76,77 the negatives of the highest occupied K
orbital energies underestimate the experimental values
few electron volts. This is due to the too rapid decay of
approximate exchange potentials generated from the cu
approximate exchange–correlation functionals. As a con
quence, the TDDFT and TDDFT/TDA methods also fail
reproduce the correct ordering of the optical absorption b
edge and the photoemission threshold, although the origi
the failure is different from that of the HF and HF-bas
single-excitation theories. Despite the agreement between
TDDFT excitation energies and the experimental data
seems too hasty to conclude that the TDDFT and TDD
TDA methods are superior to the CIS and TDHF metho
for extended systems, for the following two reasons. Fi
the wave functions obtained from the TDDFT calculatio
do not show correct scaling with increasingK due to the
incomplete cancellation of self-interaction energies. We
pect the wave functions to keep their shape unchangedK
increases ifK is sufficiently large. Second, the calculate
excitation energies to the lowest singlet exciton states
higher than the negative of the highest occupied KS orb
energy. It has been shown that substantial errors man
themselves as the excitation energies approach this thres
energy, and the excitation energies above this threshold
not reliable, when the current approximate functionals
used.76

The HF/DFT hybrid functional provides calculated r
sults which are in between those obtained from the HF-ba
single-excitation theories and those of TDDFT using
pure exchange–correlation functionals. Consequently,
ionization potentials and the excitation energies are sign
cantly closer to the experimental data than are the Ko
mans’ ionization potential and the CIS and TDHF excitati
energies, respectively. However, these numbers are o
ously strongly dependent on the mixing ratio of the HF e
Downloaded 29 Sep 2005 to 128.227.192.244. Redistribution subject to A
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change in the hybrid functional, and the choice of the mixi
ratio seems too arbitrary for the purpose of calculating
excitation energies.

V. CONCLUSION

In this article, we present the general formalism for tim
dependent linear response theory for extended syst
within the framework of LCAO crystalline orbital theory
which encompasses the formalisms of TDHF, CIS, TDDF
and TDDFT/TDA as particular cases. These single-excitat
theories are implemented in an efficient direct algorithm t
employs trial-vector techniques to avoid the explicit form
tion of two-electron integrals over the crystalline-orbital b
sis. The methods are applied to polyethylene to study
dependence of the calculated excitation energies on the
eral parameters of the calculations and to compare the ca
lated excitation energies against the experimental data.
important results are summarized as follows.

First, the CIS and TDHF excitation energies exhibit n
ticeably slower convergence with respect toN than the total
energies and band gaps calculated at the same theore
model. However, we can obtain converged excitation en
gies with respect toN by taking roughly twice as large a
value of N as that required to obtain the converged to
energies and band gaps. The CIS and TDHF excitation e
gies show, on the other hand, very rapid convergence w
respect toK. The CIS and TDHF excitation energies an
wave functions obtained in this way might be considered
appropriate zeroth-order descriptions of optical absorpt
processes of many polymers, which are much more real
than the simple band-to-band transition pictures. Quant
tively, however, these calculated excitation energies are
nificantly overestimated, the errors being as large as a
electron volts.

Second, we find that the TDDFT and TDDFT/TDA ex
citation energies exhibit slow convergence with respect toK.
Although, for practical purposes, the calculated excitat
energies obtained with a reasonably small value ofK would
have sufficient numerical precision~as compared to the con
verged values!, this result indicates that the TDDFT an
TDDFT/TDA methods employing current approximate fun
tionals may no longer be a theoretically sound proced
when they are applied to extended systems within the fra
work of crystalline orbital theory. We consider that the slo
convergence is a consequence of the incomplete cancella
of the self-interaction energies and is closely connected
the well-known too rapid decay of the exchange–correlat
potentials generated from the current approxim
exchange–correlation functionals.

None of the methods studied here correctly reprod
the experimental findings that the optical absorption ba
edge of polyethylene, i.e., the excitation energy to the low
singlet exciton state, occurs lower than the threshold of p
toemission, which corresponds to the first ionization pot
tial. The most promising direction of future research to ov
come this failure will be to incorporate the electro
correlation effects in the calculated excitation energies
tained from the HF-based single-excitation theories.81 An-
other possible solution is to employ a theoretically more r
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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orous exchange functional, which does not introduce s
interaction errors, in the TDDFT and TDDFT/TDA
calculations. The exact multiplicative exchange poten
method, which has recently been implemented within
LCAO KS framework,83 will be one such functional.
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