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The general inclusion of thd@, operator into the coupled cluster equations requiresnth
computational procedure, and in the lowest order, as in the CCSDTQ«oupled cluster singles,
doubles, triples, and lowest order quadrupleethod. Coupled cluster methods with full inclusion

of singles, doubles, triples, and an efficient noniterative inclusion of connected quadruples
(CCSDT(Q)) have been introduced il. Chem. Phys108 9221 (1998]. Since the connected
quadruple part in the latter method scalea$CCSDT itself isn®) it offers an attractive route to
assess the connected quadruple contribution for larger basis sets. We present a detailed description
of the Q algorithm with explicit algebraic formulas for the spin—orbital formalism as well as for a
nonorthogonal spin adapted approach. The method has been applied to obtain the equilibrium
geometry and harmonic frequencies for thg iolecule for a sequence of correlation consistent
polarized (core valence (cc-p[C)VXZ, X=D,T,Q,5) basis sets. For the largest basis sets,
cc-pCVQZ and cc-pV5Z, the connected quadruple excitations lower the harmonic frequency by 10
cm ! and raise the bond length by 0.0014 A, providing results that agree with experiment f6-3 cm
and 0.0003 A. ©2001 American Institute of Physic§DOI: 10.1063/1.128891]7

I. INTRODUCTION for geometries close to equilibrium, or, more generally, when
nondynamical correlation effects are not dominant. How-
It is commonly believed that the coupled clust&€C)  ever, when the reference function is of multiconfigurational
(Refs. 1-14 method is an excellent theoretical tool for the character, as in bond breaking and certain other situations,
high accuracy prediction of properties of molecules. Theremondynamical effects play a significant role, and multirefer-
are many examples of accurate calculations with an inclusioence approach&?°would appear to be the better solution.
of single and double excitations on{€CSD,*> ® but a sub-  However, the true multireference formulations are more
stantial improvement of the results has been achieved upasomplicated, are more likely to suffer from convergence and
inclusion into the CC equations the connected tripleintruder state problems, and are not as applicable in a “black
excitations’** When this is done in an iterative way with a box” form. The alternative is to work within a single refer-
complete incorporation of theT; operator we have ence formalism and to include into CC theory sufficiently
CCSDT/~ Its numerous applications demonstrate that forhigh cluster operators to account for important nondynamical
the majority of molecules studied, the correlation energy iscorrelation along with the dynamical correlation.
very close to the full Cl valudi.e., the theoretical limjt To illustrate, the simplest multireference problem is
usually within a few tenths of a mHartree. Very good resultswhen the reference function is composed of two determi-
are also obtained with approximate iterative variants of thenants differing by a double excitation. For a reference func-
CCSDT method: CCSDT-1, CCSDT-2, and CCSDT-8.  tion of this type, the nondynamical effects that are not ad-
The advantage of using CCSDTiterative approaches is dressed byl % or other disconnected products of lower rank
that they scale with the size of the systenmasnstead of the  clusters, can be assessed by inclusion into the CC expansion
n® scaling of the full CCSDT. However, most applications of the connected, cluster operator. Unfortunately, the con-
are made with the noniterative approximation to the CCSDTstruction of theT, operator within a CC theory is computa-
(or CCSDT-1 known as CCSDI).'>** The latter method, tionally very demanding, as it requires af® algorithm for
along with its earlier incarnation, CC$D],'* has only one the full account anch® for the approximatgCCSDTQ-1
step scaling an’, making it significantly more efficient than account of theT, operator. One way proposed to circumvent
the iterative formulations. All these methods work very well this difficulty is to extract information about thE, cluster
from an external source such as the projected unrestricted
dpermament address: Institute of Chemistry, Silesian University, Szkolna éﬂartree_FOCk meth(ga’zz and various ClI metho£'_29 A
Katowice, Poland. similar procedure is followed by Jankowséi al23!in his
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split amplitude strategy when one part of the amplitude is  T,(CCSDTQ=T,(CCSDT), (4)
imported from the external source while the other is obtained
by solving simplified CC equations. To(CCSDTQ=T,(CCSDT) +Ry(WnTy), (5)

The approach adopte_d in our Iabo_ratory is differerjt. It. is T4(CCSDTQ=T4(CCSDT)+ Ra(H\T2)
based on the computation of the high-order contribution

solely within the CC theory, i.e., without importing thg, +Ra(WNT1T4)c, (6)

amplitudes from external sources. In addition, we require B 2
that the scheme would be capable of recovering a substantial Ta(CCSDTQ=Ry(Hn(Ta+ Tyt TyTo+ TyTy+T5/2

portion of theT, correlation, i.e., at least at the CCSDTQ-1 +T,Ta+ ToTa+ T2/2+ T2T,4/2
level. The proposed method has been described in Ref. 32 ) ) .
and later successfully applied in very accurate calculations of FTITa 2+ T T52+ T T3+ T5/6

the N, equilibrium geometry and harmonic frequeftand 92 3
to the interpretation of the harmonic force field in the ozone FTITR/4+TiT4/6))c, @)
molecule®® This approach is also complementary to active-where T,(CCSDT) represents the set of terms occurring in
orbital variants discussed elsewhéte. the T, equation of the CCSDT method, in Eq4)—(3), and
The methodology developed in Ref. 32 is to construct ahe R, operator is defined as

connected quadruple analog of the CG@EPmethod which ab-

could be denoted as CCSDQ). The main concept in this Rn(X)=(n!)*22 <q)ij--- X|0)
approach is to solve the CC equations forThe T,, andTy €tet -~
amplitudes(not necessary at the full CCSDT leyaind then 5 ensyre the presence of the required denominator and the

to obtain aT, contributi_on in a noniterative way, _evaluated_proper projection subspace for the sequence of operators rep-
at the lowest order. An important advantage of this method i$osented byX.

the possibility to exploit a factorization procedtfteo re- The most natural approximation to the CCSDTQ scheme
move the “long” T, denominator. Subsequently, we apply yoyd be to retain in Eqs4)—(7) those terms which would

the procedure classified in Ref. 37 as vertical factorizationy,ake the resulting method correct through fifth order. To
which is effected by splitting a diagrarfeontaining only  5chieve that we need to introduce two major additions to the
short denor_mnatorf} into parts_ and by doing calculations ~cgpT equations; add a new term into fheequations and

for ea_ch pgrt mdependently. This procedure has already begg onstruct the simplified’, equation, leaving th@; equa-
exD"’“ggS;” the expectation value coupled cluster theoryijon ynaltered(The T, equation is complete at the CCSDT
(XCC),™*" where XCQ5), i.e., XCC correct through the |gye| and cannot be altered for higher rank metholissuch

fifth-order MBPT energy, was programm&tA similar o way we obtain the equations defining the CCSDTQ-1
scheme was also employed in MB@J (Ref. 40 and approxi-

MBPT(6) (Ref. 4] calculations as well as in the develop- 1 4tion45
ment of a method correct through fifth order based on the

iterative solution of the CCSD equatioffsin the next sec- T1(CCSDTQ-1)=T,(CCSDT), 9
tion we present a derivation of the coupled cluster equations  + ~~spTO-1)=T.(CCSDT) + Ro(WaT 10
involving the connected quadruple excitation operator. 2 Q- D)=Tal D+ Ro(WnTa), (10

T3(CCSDTQ-1)=T3(CCSDT), (11
Il. COMPUTATIONAL METHODS T,(CCSDTQ-1)= R4(WN(T§/2+T3))C. (12)

~Inorder to present the hierarchy of approximations useqn Ref. 32 we introduced an approximation which allows us
in the current work transparently, we begin with the preseny, yse factorized formulas in the expressions containing the

tation 03f44the equations defining the full CCSDTQ T, gperator. That crucial modification enables us to reduce
method’*** To do so we first construct the CCSDT equa- e rank of the computational procedure frathto n’. The

tions which can be written as equations defining the CCSDTQ approximation then take
(DA (HN(L+ T+ Tyt T+ T2/2+ T, T, +T3/6))/0)=0, the following form:
@ T,(CCSDTQ-1)=T,(CCSDT), (13)
(DO (HN(1+Ty+ Tyt T+ T3/24+ Ty T+ Ty Ta+ T5/2 T,(CCSDTQ—1)=T,(CCSDT
+T36+ T3T,/2+T1/24))/0)=0, ) IR T TW(T224 To) 1,
(DERI(HN(To+ T+ TyTo+ Ty Ta+ T5/2+ TyTa+ TiT,/2 (14)
+T2T4/24 T, 52+ T3T,/6))|0)=0, 3 T4(CCSDTQ—1)=T4(CCSDT. (15)

whereHy=Wy+ Fy is the normal-ordered Hamiltonian, the T(zl) means the first-order contribution 13, R,Wy. Hence
T, are cluster operatorg,nz(n!)*zﬁtﬁ?ﬁ'{a*b*---ji}; |0) we do not even explicitly consider the, equation; instead
is the reference determinant, a(fﬁﬁﬁ'| is ann-tuply excited we have a new term in th&, equation depending on the,
determinant. On the basis of Eq4)—(3) we formulate the and T; amplitudes;T$" indicates the first ordef, ampli-
CCSDTQ approach, tudes.
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In analogy to the CCSO) method, we introduced in TABLE I. Definitions of symbols.
Ref. 32 a noniterative version of the CCSDTQ-1 method,

. Symbol Definiti
termed CCSDTQ), where we solve the CCSDT equations ymbo ernton
and use the convergel, and T, amplitudes to evaluate the ~ (SItW E[;I:ﬁ;_“S'“t)

. . . . . Uty
T, contribution according to the following formulas: \ivlib Liij|ab)/(e+ e, e,—e5)
Ed=(0|T;WyT4/0), (16) Wy W~ Wi
_ Ui 205 - v
T4=Ry(Wn(T5/2+ Tg)).. aw 2uii Vi
a 2t5°—t5
Now the total energy within the CCSIP) approximation is :—;bc pgabe_qabe
given as t=_|ajtl:|<c tha{lt()cit;(gcitabc

ik ijk —likj ik

Eccsono = Eccsprt E‘Z- (18
Finally, we may employ a factorized formula for the qua-

druple contribution as given by Eqel6), (17) to obtain press the overbar of, and T3. Out of the total number of

ngz%<O|ﬂT(21)T[WN(?§/2+?3)]C|o)_ (190 42 antisymmetrized diagrammatic terms 30 are obtained
o . from the X2 TVT(WyT%/2),|0) component, Eq(21a),
The total energy W|th_|n the CCSD®;) approximation is  gnd 12 from the%(d)f}b|T(21)T(WNT3)C|O) one, Eq.(21b). In
given analogously as in E{18), Table Il we divide all the algebraic terms corresponding to
Eq. (219 into three groups based on the form of tig,
operator: 7 diagrams for the four-particle componeni\gf,
Out of the four approximations introduced for the CCSDTQi.e.,(abllicd), indicated in the first column of Table Il by the
model, the most efficient computationally is CCSQYJ) de-  symbol pppp the next group of 7 obtained from the four-
fined by Egs.(19) and (20). Here we may summarize the hole component ofVy, hhhh and the last 16 terms corre-
most important characteristics of the latter approach: sponding to the two-particle-two-hole component \Wf,
hphp All the symbols used in the last column of Table II

(i) The method is size-extensive as it includes only con- . . ! . b
nected diagrams; represent the algebraic quantities defined in Tabtﬁ Ipe-

(i) itis correct through fifth order in the MBPT energy; ing the usual antisymmetrized amplitude. The third column
(i) theT, part scales an’; " of Table Il gives the number of Goldstone terms correspond-
4 y . . . . . .
(iv) the correlation corrections for the energy and proper-Ing tq a_part|c_ular ant|symmet_r|zed contr|but|_on. .
ties studied are very close to those obtained with the S|m|IarIy, in Table lll we I'Staghe la!rgebram expressions
standard CCSDTQ-1 methdd,and within about 1 corresponding to the term( @ 7| T5 (Wi T3)c[0), Eq.

mHartree of the full CCSDTQ, provided the latter re- (21b). Here we have two groups corresponding to pipeh

sult is available. The CCSDTQ, however, requires anterm (three-particle-one-hole indicesnd to thephhh one

n1° computational procedure while CCSDTQ-1ri& (one-particle-three-hole indicesEach group comprises 6

which places both beyond reach for larger basis Se{;mtisymmetrized diagrams corresponding to 38 Goldstone
ones. The total number of Goldstone terms corresponding to

Eccsom,) = Eccsort E%f- (20)

calculations. both terms in Eq.21) is 300. The number of Goldstone
terms is decisive here since the actual expressions which
lll. DEVELOPMENT OF THE FACTORIZED have been coded are derived on that basis and only apply to
CONTRIBUTION TO THE T, EQUATION closed shell systems. The general strategy in the derivation

dof the working formulas for the term in Eq21) is as fol-
lows: (i) derive all the antisymmetrized diagrams corre-
sponding to the term in questiofij) for each diagram con-
struct all Goldstone terms;(iii) apply ‘“vertical”

The crucial step in the development of the factorize
quadruple approach is a construction of the diagrammati
terms corresponding to the expression,

D3 = (D" TSV (W T5/2)/0) (218 factorization. To illustrate the last step let us first consider
1 the T3(WyT5)./4 term (appropriate projections assumed
+ z(@ﬁb|T(21)T(WNT3)C|O> (21b Eg. (21a. Here we have four vertices and owing to the fact

that we do not have any denominator present in the diagram
as a whole(denominators are included infio, vertices we

may evaluate this diagram by combining two vertices at a
time, i.e., adopt a three step procedure. In addition it can be

representing the last term in Eq.4); Df}b denotes a standard
denominator, i.e.Df’}b:eiJrej—ea—eb. Now the E%f ex-

pression, Eq(20), takes the form done in any desired sequence of the operators. Let us assume
ES — ) (21— tab)pabyrab 27 that the contribution in question can be represented symboli-
R (24— 40Dy (22) cally as a product of four operatois=ABCD. By combin-

Note thatt;*" refers to theT, amplitude obtained from the N9 any two of them, e.gA.and B we haveX=AB, and
factorized T, contribution, whilet3” represents th@, am-  T=XCD We call the resulting vertexi.e., operator X an
plitude obtained from the solution of the CC equations at théntermediate of the first rank. Next we combine the latter
CCSDT level. In order to simplify the notation we will sup- intermediate X, with one of the remaining vertices, e.é:,
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TABLE Il. Algebraic expressions corresponding to antisymmetrized dia-TABLE IIl. Algebraic expressions corresponding to antisymmetrized dia-
grams originating from thé{@ﬁﬂ[T(Zl)T(WNT§/2)C]|O> term.

grams originating from thé(tbﬁ"|[T(21)T(WNT3)]|0) term.

Form  Term No. of Form of Wy Term No. of
of Wy No. Goldstone terms Expressfon w operator No.  Goldstone terms Expression
1 4 +%P(ab)w‘é'dtﬁ|etifjb(da\|ef) 31 4 +%P(i j)wkltede(ablej)
2 2 — Wit (balef) 32 12 +3P() (D)L dblej)
3 16 +P(] g(ef)wcdtﬁ?t.j (adlef) opph 33 3 —3P(ij))Wkltedab]le)
pPPPP 4 6 +V1Vcdtk$tjl (ablef) 34 12 +P(ab)wiitccXad)el)
5 2 — gP(ab)Vv‘é'dtﬁftifjb(cdHef) 35 4 —2P(ij YWELER cdei)
6 4 - ?P(ab)w‘égtﬁftjfid(cbﬂef) 36 3 + gwggtggb@d”eb
! 6 +2P(ab)Wegtict{P(cdlef)
37 4 — FP(ab)WegtEna(mbij)
1/ nm . .. ~ .
8 4 +gf’&:l);ﬂ/%htﬁﬂqtﬁ?<_mnllll> 38 12 —1p(ij)(ab) @K tcoa mb1)
9 2 ~ Wegtitnf(mrli) hhhp 39 3 3P (ab)@Xited(malIkl)
10 16 +PSJ)(abz)wcdt;;tnj<mn||ll> 40 12 —P(ij)Whgtray(mad|lil )
hhhh 11 6 +Wedtimtar(mnfij) 41 4 +5P(ab)WEiter(dmlij)
1. .. Kl +cdeab 2 cd-klm
12 2 —%P(lj)chtﬁ“tﬁj(mnHkl) 42 3 _%Wg{,tcmaijb(mdukw
13 4 = 3P(i)) Wegtimitr(mnlkj)
14 6 %P(ij)Vv‘éL,t?étﬂ?(mnHkl) 2See footnote to Table II.
15 4 — FP(ab) Gt malle)
16 8 +5P(ij)(ab) W tsd e (malie , . . .
17 8 N ipgi} ;Eabiwﬁﬁtz‘?téjbémj”ke; first rank intermediates; the upper hé@deparated by the hori-
18 4 —;P(ij)(ab)\TvEEtfmnétgﬁ(mu“e) zontal line contains th_o§e qorresponding to H_Qla), the
19 8 ~ P(ab)tE2 e md]el) lower one, to those originating from the term in Eg1b).
20 16 —P(ij) (ab)WitratiXmdie) Since the latter term involves only three operators the first
21 8 +P(ab)W§Ltﬁ%ltﬁd<mylle> rank intermediates enter directly the amplitude equation, i.e.,
i Kl scaze H . . . .
hphp 22 16 ~P(ij) (ab)Wegtnti(mbfie) they appear in Table VI. The first rank intermediates con-
;31 12 ;ZSJ,),(awagdktlim:c'i b<emd”dk?> nected with Eq(21a are next exploited in the construction
o 1 _;(i(j')J ();Z)\;v‘ﬁ'lct‘;tg?;‘;gé&ﬂg? of the intermediates of the second rank listed in Table V and
26 3 +lP(ij)(ab)vcvdk'l?““te“(mwe} the latter are then used to obtain the contributiortfoas
27 4 —VEVELtﬁitﬁd<mdclfeI;n . shown in Table VI. Note that all quantities collected in
28 8 + P Wedtinti(mdlje) Tables IV, V, and VI are symmetric with respect to the si-
29 8 —T(IJ)cht?mtﬁmdlek) multaneous permutation of upper and lower indices, i.e.,
L iiyookl rabeed ; T
30 4 — 2P Wedtinti{md]je) xf‘lizz":x?jal”':etc. The indices are summed over doubly
l e l.“

aSummation over repeated indices assunigd;.., run over occupied one-

particle statesa,b,..., runover virtual one-particle stateRy(ij) or P(ab)
implies sum of two components differing by permutationipf or a, b
indices, respectivelyP(ij)(ab) implies sum of four terms differing by

permutation ofi, j anda, b indices;t?llizz denotes antisymmetrized double

excitation amplitude.

occupied spatial orbitals. Contrary to the quantities in Tables

TABLE IV. First rank intermediates.

Intermediate Expressién Scaling
3 —teawy nZn’
. . . T oA i f = mi 32
to obtain an intermediate of the second raviky =XC. The fij t:mTjXVi:_e"f' ngn,
: : : < &) b Wey Non,
last step combines the intermediate of the second renk, ab {20 ymn n2n
= . . Ce mntca . v
and the operatob, to generate the contribution to tfie & 12w — t2Sw) nan?
. ~ A A ai ae,,,mi 3,3
equation,T=YD. &by tnWoe ngn,
— ngn
In the case of th@5(WyT3)/2 term we have only three 50 sy b Waebm e
vertices, hence after a creation of the intermediate of the first EE wiifvfiiwg“b”vin’; ) ngnﬁ
. . . . . v
rank we obtain, directly, the contribution to tiig equation. . f -
. . . . . . € Taefes mn
The crucial point in this step-by-step construction of the final 5: tiénfn’\jviemf B ”g”;
T, contribution is a choice of the appropriate sequence of ggj Damter = Umn'tae nons
vertices. A general hint is that the vertices to be combined at 3, ::ggﬁ“x;fn ngnz
each step should have the maximum possible number of con- if, iMoo im S s 4
. - . . Ak UkaWert UmiWag NoN,,NoN,
traction lines, or, in other words, the maximum number of b ib mn., ebyvim nénd n2nd
gac UmnWac T UmcWae 0" v oy

common indices. This would ensure adopting the lowest rank

computational procedure in the evaluation of the desireaSymbols used are defined in Table I; summation over repeated indices

contribution to the considered CC equation.
The working formulas for the factorized contribution to
the T, equation, Eq(21), are presented in Tables IV, V, and

adapted CC amplitude.

VI. Table IV contains the expressions corresponding to thecolumn.

ajay
Tgalp

assumedm, n run over doubly occupied hole states;f run over doubly

occupied virtual statest  represents the(nonorthogonally spin

PEach of the two components has a different scaling as indicated in the last
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TABLE V. Second rank intermediatés. TABLE VI. Contributions toT, equatior?
Intermediate Expressifn Scaling Expressioh Scaling
Xb — &} n, D%t Xt e+ vy ngn;
s b
—&cdveb n, X2PtE + 5uaP( 08"+ /2" ngn
j 2Vef\Yijj ij v
RTINS TS ngny + T — £ S I 500! n§n§
N _ gt nd X+ S0 630+ 60 non;
nYm b b b
- an % s eni gk
i € ) f ) M€ ngn
e, g Xetm e tmt Xeitin et o
+§jef”‘¢7’efm+ f}?eagm ngng +Uej Oim T Vie ajm+vej Omi +Vie 6mj ngn,
A A A ngny
ab e ab 4 b b ~ab 3,3
Xed tgggifdb ae b sae fb n% _§ieim”3m+ €~ timée n‘j”g
gcfvcds_gfcved_;gfdvce . y — fhebemn ngn;
+&emvng + €amp cn — éemna nan, — faerzmb nn?
imj v
ij _domj ns
Ak _gml%k'mhrgm oM gl yim i 3 ach contribution is obtained by combining the two-electron integral or CC
kel © pkmnl LokmEnl L 9 2 amplitude and second rank intermedifite connection with Eq(218] or
+§Ul+§ vl ,ngJrth n-n . . . . .
fk%el T Sfi¥ek  SkfTel T Sefkl 0w first rank intermediatéin connection with Eq(21b)].
Xfﬂ _ gimv?bm ngnﬁ bSee footnote a to Table IV.
+ &8 nan?
+§ijlean+ amvnj 91 %
vt Sl o
+§gg§’i;j+§ife”mebaj 2l em_gai om :gzg have been employed as well as several multireference ClI
—Sib Vem™ i Ume— ib i _ . . .
_pimeea” giimgen® enib " Smel’bi 303 approaches. In other pap&s!Cl methods in either single-
btmi b i o'y . .
. 1}% i fgnr?jltae n3n? and multireference formulations were used.
= acy = € .
2 5ablim © 2 Sbefim In the current calculations, we report results from the
XA —&up nan2 three standard coupled cluster approaches which include the
ey n§n§ T, operator: CCSDT), CCSDT-3, and full CCSDT. On top
~EinVbmt EnUom™ EonUmi F EnpUmi Mo, of the convergedr, and T amplitudes, the lowest order
—&pivei T Epve ~ jVenT &jiVen ngn Tt i
_ ge_mva’i B ge_mvlai —Jga'mv em) gar me n3n3 connectedT, contribution has been evaluated according to
_ gf’n‘gt_e%'"_ gllimteame embl SmeTh) nfg’n% the CCSDXQ;) scheme, where X refers to tAeoperator at
eb*jm e jm v . . . .
1 miae ES various levels of approximation. The calculations have been
- Eg‘t-)neltmj : : : H
performed for the series of correlation consistent basis sets of
0f}bb 5?6’"7%375:{%;*} ngnz Dunn_ing;r’2 beginning with the small pvDZ containing 28
of o) tim non, functions, and ending at the pV5Z set with 182 functions.
grab gmnyab nén2 For the basis sets designated by a pVXZ acronyns=DX T,
ij ij *mn v

Q, etc) only the valence electrons were correlated; the
#Each intermediate is constrt_lcted from the fi_rst rank intermediate, defined ipcvxz sets indicate that all electron correlated calculations
b'ls'zlj:ef olc\)/t’n?tned atv;/(c))-_?;eb(:lgc:{w/.|ntegral or amplitude. were performed. In both cases all virtual orbitals were in-

cluded in the correlation. The calculated values of the equi-
librium bond length and harmonic frequency have been col-

Il and 11l they are not antisymmetric, i.e., the permutation oflected in Table VII and Table VIII, respectively. In addition
a pair of upper(or lowen indices creates a new amplitude. Table IX contains the bond lengths and vibrational frequen-
As we may notice from the last column of Table V the cies obtained for small basis sets with other methods treating

bottleneck of this scheme is a construction of §§ inter-  the T4 Operator in more rigorous ways.
mediate which requires amf procedure. In fact there is an-
other possible factorization scheme replacing tife by
nan>. We coded both ways, however, since in the curren
code only then$ route exploits spatial symmetry, the latter In Table VIl we list the computed bond distances for the
was used in the actual calculations. C, molecule. For each method applied we observe that with
an improved quality of basis, the computed bond lengths get
smaller. For the smallest basis sets, i.e., pVDZ and aug-
pVDZ, R, remains in the range of 1.270-1.273 A, for the
The equilibrium properties of the,@nolecule have been largest basis set used in the present work, pV5Z, it is shorter
investigated in several studies. The coupled cluster methodsy ~0.03 A assuming values 1.241-1.246, depending on the
have been employed in the study by Watts and Bafflett method. Comparing the computed bond lengths for various
where a number of CCSDm-variants including full CCSDT levels of theT; operator, we observe that by upgrading
were applied at the DZP level. For larger basis sets th€CSOT) to the iterative CCSDT-3, the bond length in-
CCSOT) approximation was used. A large basis set studycreases by 0.001 A, whereas going from CCSDT-3 to the full
has been reported by Dunning and co-workevehere both CCSDT has the opposite effect of nearly the same magni-
coupled cluster methodsit the CCSD and CCSD) level]  tude. As a result, the CCSDT bond length for the rdol-

tV. EQUILIBRIUM GEOMETRY

IV. RESULTS AND DISCUSSION
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TABLE VII. Geometry of the G molecule with coupled cluster methods and correlation consistent basis sets. A. ExpeRment, 2427

ccC

Basis No. of

sef b.f. SD(T) AQ° SI(TQy) SDT-3 AQ° SDT-3Q) SDT AQ° SDT(Qy)
pvDZ 28 1.2705 -11 1.2694 1.2714 3 1.2717 1.2707 12 1.2719
pvDZ+ 46 1.2720 -10 1.2710 1.2729 3 1.2732 1.2721 13 1.2734
pCVDZ 36 1.2680 -11 1.2669 1.2690 3 1.2693 1.2683 11 1.2694
pCVDZ+ 54 1.2694 -11 1.2683 1.2703 3 1.2706 1.2695 12 1.2707
pvTZ 60 1.2507 -10 1.2497 1.2518 4 1.2522 1.2506 14 1.2520
pVTZ+ 92 1.2508 -10 1.2498 1.2518 5 1.2523 1.2507 13 1.2520
pCVTZ 86 1.2465 -11 1.2454 1.2476 4 1.2480 1.2463 14 1.2477
pCVTZ+ 118 1.2471 -11 1.2460 1.2482 4 1.2486 1.2468 15 1.2483
pvQZ 110 1.2458 -10 1.2448 1.2469 5 1.2474 1.2455 14 1.2469
pVQZ+ 160 1.2460 -10 1.2450 1.2472 4 1.2476 1.2457 15 1.2472
pCVvQZ 168 1.2425 -11 1.2414 1.2437 4 1.2441 1.2422 14 1.2436
pV5Z 182 1.2447 -10 1.2437 1.2459 5 1.2464 1.2444 14 1.2458
pVe6Z 1.2444 1.2434 1.2456 1.246¢ 1.244¢ 1.2455%
pCV6Z 1.241% 1.2401 1.2423 1.2428 1.2408 1.242%

*Reference 56.

PCorrelation consistent basis sets from Ref. 53 ™ denotes augmented set; pVXZ basis sets indicate frozen core calculations, pCVXZ, all electron
calculations.

“The difference between values in adjacent columns, i.e., th& peffect (10 * A).

dExtrapolated, based on additivity of the computed CCSalue.

°Reference 47.

fExtrapolated, based on additivity of the CCSDvalue from Ref. 47.

ecule is very close to that obtained from the CCBD the most accurate one for the same basis gives 1.2458 A. For
method, the difference being 0.0001-0.0003 A. Howeverthe former method we also ran calculations for the pV6Z

when theT, operator is added, its effect strongly depends ory5sis and obtaineR, equal to 1.2444 A, which is lower by

the quality of theT, approximation. An inclusion of thd, 0.0003 A compared to the corresponding value for the pV5Z
operator on top of the CCSD) method decreases the bond basis set, see the penultimate row in Table VII. Based on that

length by 0.001 A, see the third column in Table VII, while . . L
for the full CCSDT, T, increases the bond length by value we evaluated, by assuming additive approximatins

~0.0015 A (last column of Table VI As a result the based on CCSO) the expectedR, values for the remaining

CCSDTQy) bond lengths are larger than those given bymethods, i.e., they were reduced by 0.0003 A, e.g. For
CCSDTQ,) by 0.0022—0.0025 A. For the pV5Z basis, the CCSDTQy) the extrapolated bond length is 1.2455 A, see
crudest approach, CC3D), gives a value of 1.2447 A while the same row in Table VII, which could be considered as

TABLE VIII. Harmonic frequency of the €molecule with coupled cluster methods and correlation consistent basicsets. Experiment,o = 1855.0?

_ ccC

Basis No. of

seP b.f. SI(T) AQ® SD(TQy) SDT-3 AQ® SDT3Q;) SDT AQ® SDT(Qy)
pvDZ 28 1828 6 1834 1830 -2 1828 1829 -8 1821
pVvDZ+ 46 1815 6 1821 1817 -2 1815 1816 -9 1807
pCVDZ 36 1827 7 1834 1829 -2 1827 1828 -8 1820
pCVDZ+ 54 1816 6 1822 1819 -2 1817 1818 -8 1810
pvTZ 60 1845 7 1852 1846 -2 1844 1847 -9 1838
pVTZ+ 92 1841 6 1847 1841 -2 1839 1844 -10 1834
pCVvVTZ 86 1856 7 1863 1855 -1 1853 1858 -9 1849
pCVTZ+ 118 1853 7 1860 1851 -2 1849 1854 -10 1844
pvQZ 110 1856 7 1863 1856 -2 1854 1859 -10 1849
pvVQZ+ 160 1855 5 1860 1854 -2 1852 1857 -9 1848
pCcvQz 168 1867 7 1874 1865 -2 1863 1869 -10 1859
pVv5Z 182 1859 7 1866 1858 -2 1856 1861 -9 1852
pveéz 1860 186 185¢' 1857 1862 1853
pCV6Z 187% 1878 1870 1868 1873 1864

aReference 56.

bSee footnote b to Table VII.

‘The difference between values in adjacent columns, i.e., th& peffect.
YExtrapolated, assuming the same 1 ¢rahange as occurs in CCDB.
°Reference 47.

Extrapolated, assuming the same change as occurs for QG8DRef. 47.
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TABLE IX. Performance of the coupled cluster methods including connected quadruple excitations at various
level of approximation in the calculations of the equilibrium geometry and harmonic frequency for,the C
molecule. Bond length in A, frequencies in thn

. CcC
Basis
seft SDT SDTQy) SDT(Q) SDTQ -1 SDTQ-1 SDTQ
Re
pvDz 1.2707 1.2719 1.2717 1.2721 1.2720 1.2723
pVDZ+ 1.2721 1.2734 1.2732 1.2736 1.2735 1.2738
pCVvDzZ 1.2683 1.2694 1.2693 1.2696 1.2695 1.2698
pVTZ 1.2506 1.2520 1.2519 1.2522 1.2521 1.2523
w
pvDz 1829 1821 1821 1820 1820 1816
pVDZ+ 1816 1807 1807 1807 1807 1802
pCVvDz 1828 1820 1820 1820 1820 1815
pVTZ 1847 1838 1838 1838 1837 1833

aSee footnote b to Table VII.

close to the basis set limit for CCSDJ;) and for the va- for the G, molecule. However, if we insist on accurracy be-
lence correlation. low 0.001 A we need a reliable estimate of the connected
In order to relate the computed value to experiment wequadruple excitation effect, which amounts to 0.0014 A.
need to include the correlation effects also for the core elec-
trons; otherwise the error of the computed value would reach
~0.003 A. As has been found on many occasions, iNclusioR); THE HARMONIC FREQUENCY
of core electrons significantly reduces the bond length in
diatomics, e.g., for the Nmolecule the bond contraction The harmonic frequencies for the @olecule are listed
amounts t0~0.002 A3347-53-5%¢gr the G molecule the core in Table VIII. The first observation which should be made is
correlation lowers the bond length by0.003—0.004 A de- an apparent insensivity of the frequency values with respect
pending on the method and basis set; compare the values ia the form of theT; equation considered. For example, the
rows corresponding to pVXZ and pCVXZ basis sets. Ourdifferences between the CC8D and CCSDT-3 models as
results are in agreement with other findiffgsThe largest well as those between CC$D and CCSDT oscillate be-
basis used here for which the calculations were made wittween 0 and 2 cft, in one or two cases only assuming 3
and without core electron correlation is pVQZ; the core ef-cm L. In addition the CCSDT and CCSDT-3 values change
fect in that case is equal to 0.0033 A for the majority of thein opposite directions with respect to the CQ$Dfrequen-
methods [CCSOT), CCSDT-3Q), CCSDT, and cies. These irregularities mirror those observed in the case of
CCSDTQs)]. For the remaining two methods it is equal to the equilibrium bond length calculations. However, the im-
0.0034 A[CCSOTQ)] and to 0.0032 A(CCSDT-3; the  portant observation is that tHE, corrections are practically
differences, however, come mostly from the roundup errorsindependent of the basis sets. They do depend strongly,
Applying the same bond length shift to the extrapolatedthough, on the quality of th&; operator. ThusT, correc-
pV6Z values we were able to evaluate the equilibrium bondions built from CCSIT) are equal in the majority of cases
length close to the basis set limit with highly sophisticatedto +7 cm, where the plus sign means that the CGBQ)
correlatio calculations, see the last row of Table VII. Wefrequency is larger than that of CCED, whereas the same
observe that for the CCSD) method we havéR, equal to  correction built on the full CCSDT method is, for larger
1.2411 A% ie., 0.0013 A shorter than experimem,,, basis sets, equal te9 or —10 cm 1, see respective columns
=1.2424%® Adding to this value theT, correction would in Table VIII with AQ headings. This behavior of the har-
moveR, in the wrong direction, i.e., the error would increase monic frequency is consistent with tig corrections to the
to 0.0025 A. On the other hand, the CCSDT-3 approactequilibrium bond length discussed in the previous section. A
would give a value much closer to experiment, the extraposimilar stability is observed with respect to the core electron
lated R, is 1.2423 and theT, correction built on the effect on condition that the basis sets of triple zeta quality or
CCSDT-3 amplitudes is small; it increases the bond lengtibetter are considered. For those cases an inclusion of core
by 0.0004 A so the final value of 1.2427 is still close to theelectrons into calculations increases the harmonic frequency
experimental one. We believe that the most reliable resultby 10—11 cm?. The stability of the latter two effects makes
obtained here are due to the CCSDT method corrected with possible to extrapolate the results of more demanding
the T, contribution. The CCSDT bond length of 1.2408 A is methods to the larger basis sets, the procedure applied suc-
shorter by 0.0016 A than experiment, however, Taavorks  cessfully above in case of the equilibrium bond length.
here in the proper direction increasing the value by 0.0014 A Thus considering the valence correlation only, we obtain
to 1.2422 A. We note that all the methods considered heréor the pV6Z basis set and CC$D the value of 1860 cm'.
give very accurate estimates of the equilibrium bond lengttBased on that we may evaluate the full CCSDT result
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to be 1862 cm'. However, theT, correction when added to monic frequency calculations for the four basis sets: pVDZ,
the CCSIIT) value gives 1867 cmt (+7 cm ), whereas pCVDZ, augmented pVDZ, and pVTZ. The methods used
when added to the CCSDT reduces it to 1853 tm—9 are CCSDTQ), CCSDTQ -1, CCSDTQ-1, and the full
cm ). The latter numbers are expected to be reasonablfCSDTQ. For comparison we also list the results for
close to the basis set limit for the CCSD(filQand CCSDT(Q) taken from Tables VII and VIII. We want to
CCSDT(Q) methods for the valence correlation. point out that the present calculations fully support what has
In order to get an estimate of the basis set limit for thebeen said before on the performance of thg)(@ethod.
harmonic frequency of the Omolecule with all electrons Namely all methods correct through fifth order give the equi-
correlated, we evaluate its value for the pCV6Z basis set. Wébrium bond length within 0.0001 A for all the basis sets
may do it in two ways, either by introducing the core elec-considered. Similarly, for the harmonic frequency the results
tron shift to the values obtained for the pV6Z basis(see  stay within 1 cmit. This means that the observation made in
penultimate row of Table VI) or based upon the CCSD) Ref. 32 with respect to the modest basis sets can be extended
value obtained for the pCV6Z basis in Ref. 47. Both waysto larger ones like the pVTZ set used in the current calcula-
lead to the same values within 1 ch see the last row of tions.
Table VIII. For example, the CCSDT-3 value obtained in In addition we list in the last column of Table IX the
that way is 1869 cm', whereas the full CCSDT is somewhat results obtained with the full CCSDTQ method. Taking into
higher being equal to 1873 c¢rh We observe that all three account that the sizes of the basis sets are 28, 36, 46, and 60,
values computed with the inclusion of thie; operator in  respectively, we want to emphasize that these are the largest
various approximations give a,@requency that is slightly calculations ever made with the full CCSDTQ method. The
too high comparing to the experimental value of 1855.0results obtained are consistent for all basis sets. We observe
cm 1°¢ The deviations are 16, 14, and 18 chirounding up  that an inclusion of thél, operator in a rigorous manner
the experimental value to full wave numbefor the increases the bond length by 0.0004 A for the DZ type basis
CCSOT), CCSDT-3, and CCSDT methods, respectively.sets and by 0.0003 for the TZ sétve compare the
Now in order to account for the connected quadruple effectCCSDT(Q) and CCSDTQ values in Table X Conse-
we add theT, correction on top of those obtained with the quently, the change in the harmonic frequency is of opposite
T, operator. Thus for the CCSD(TRQ method we obtain sign, being equal to-5 cmi ! for all the basis sets consid-
1878 cm® (+7 cm?), for the CCSDT-3(Q) 1867 cm!  ered. Assuming similar behavior of the CCSDTQ method for
(—2 cmY) and finally for the CCSDT(Q approach 1863 the remaining larger basis sets, we may estimate the pCV6Z
(—10 cmi ). We notice that also in this case tfig correc-  harmonic frequency at the CCSDTQ level to be equal to
tion works in the wrong direction for the CC$D method. ~1858 cm 1. This compares well with the harmonic experi-
In the case of the most rigorods; approach, i.e., the full mental value of 1855.0 cnt.>®
CCSDT scheme, th&, correction works properly reducing
the deviation from experiment from 18 crhfor the CCSDT
method to 8 for CCSDT(Q. Although the results obtained VIIl. CONCLUSIONS
here for the most rigorous scheme, CCSDY)(@re very

. . N, The detailed derivation of all algebraic terms occurrin
close to the experiment, both in case of theequilibrium ¢ g

bond | h as for the h ic f h il exi in the factorized expressions for the fifth-order noniterative
ond length as for the harmonic frequency, there still exists %uadruple contribution is presented. The principal advantage

small discrepancy of 0.0003 A and 8 ciprespectively, the  o¢o cirrent formulation relies on the exploitation of the
source of which is not clea_r. One of the pos§|b|l|t|gs IS thatvertical factorization introduced in Ref. 32 which allows us
the errors are connected with the approx[matlo.ns. mtroduce% combine two vertices at a time within a complex diagram.
at the T, operator level. In order to CIar.|fy this issue we The first two vertices combined create an intermediate of the
made an attempt to evaludlg in a more rigorous way. first rank and the latter combined with anothewertex or
integral results in an intermediate of the second rank which
when combined with the remaining vertex, gives rise to the
contribution to theT, amplitude. At each step the rank of the
The most efficient approach to tf, operator within  computational procedure was no worse thah for the
CC theory is the method outlined above where the vertica(WyT5/2) part anch’ for the (WyT3) part. All the terms are
factorization technique is applied to dll, diagrams which derived on the basis of Goldstone diagrams. Although the
creates the CCSDX(Q method with X representing the T total number of Goldstone diagrams is 300, the intermediates
operator at various levels of approximation. In Ref. 32 weintroduced reduce this significantly since each intermediate
have shown for small basis set examples that the abovean be used for constructing more than one diagram.
method gives practically identical results to those from other The CCSDT(Q) method was applied to the calculation
approximate models of the CCSDTQ method, i.e.,of the equilibrium geometry and harmonic frequency for the
CCSDTQ-1, CCSDTQ-1, and CCSDTQ). Here we make C, molecule using systematic basis sets: the largest of which
another test of the validity of the factorized method by per-were pCVQZ and pV5Z with 168 and 182 basis functions,
forming calculations for a broader range of basis sets. Imespectively. TheT, correction was built upon the ampli-
addition we managed to perform the calculation with the fulltudes obtained with three methods: CG$p CCSDT-3,
CCSDTQ method for the same basis sets. In Table IX weand the full CCSDT. For each of the methods Thecorrec-
collected the results of the equilibrium geometry and hartion to the equilibrium geometry or to the harmonic fre-

VII. METHODS WITH MORE RIGOROUS INCLUSION
OF THE T, OPERATOR
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