
JOURNAL OF CHEMICAL PHYSICS VOLUME 114, NUMBER 2 8 JANUARY 2001
Toward the limits of predictive electronic structure theory: Connected
quadruple excitations for large basis set calculations
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The general inclusion of theT4 operator into the coupled cluster equations requires ann10

computational procedure, andn9 in the lowest order, as in the CCSDTQ-1~coupled cluster singles,
doubles, triples, and lowest order quadruples! method. Coupled cluster methods with full inclusion
of singles, doubles, triples, and an efficient noniterative inclusion of connected quadruples
(CCSDT(Qf)) have been introduced in@J. Chem. Phys.108, 9221 ~1998!#. Since the connected
quadruple part in the latter method scales asn7 ~CCSDT itself isn8) it offers an attractive route to
assess the connected quadruple contribution for larger basis sets. We present a detailed description
of the Qf algorithm with explicit algebraic formulas for the spin–orbital formalism as well as for a
nonorthogonal spin adapted approach. The method has been applied to obtain the equilibrium
geometry and harmonic frequencies for the C2 molecule for a sequence of correlation consistent
polarized ~core! valence ~cc-p~C!VXZ, X 5D,T,Q,5) basis sets. For the largest basis sets,
cc-pCVQZ and cc-pV5Z, the connected quadruple excitations lower the harmonic frequency by 10
cm21 and raise the bond length by 0.0014 Å, providing results that agree with experiment to 3 cm21

and 0.0003 Å. ©2001 American Institute of Physics.@DOI: 10.1063/1.1288917#
e
er
io

p
ple
a

fo
i

lt
th

s

ns
D

el

en
w-
al
ns,
er-
n.
re
nd
ack
-
tly
ical

is
mi-
nc-
d-

nk
sion
-
-

nt

cted

a

I. INTRODUCTION

It is commonly believed that the coupled cluster~CC!
~Refs. 1–14! method is an excellent theoretical tool for th
high accuracy prediction of properties of molecules. Th
are many examples of accurate calculations with an inclus
of single and double excitations only~CCSD!,2–6 but a sub-
stantial improvement of the results has been achieved u
inclusion into the CC equations the connected tri
excitations.7–11 When this is done in an iterative way with
complete incorporation of theT3 operator we have
CCSDT.7–9 Its numerous applications demonstrate that
the majority of molecules studied, the correlation energy
very close to the full CI value~i.e., the theoretical limit!,
usually within a few tenths of a mHartree. Very good resu
are also obtained with approximate iterative variants of
CCSDT method: CCSDT-1,10 CCSDT-2, and CCSDT-3.11

The advantage of using CCSDT-n iterative approaches i
that they scale with the size of the system asn7 instead of the
n8 scaling of the full CCSDT. However, most applicatio
are made with the noniterative approximation to the CCS
~or CCSDT-1! known as CCSD~T!.12,13 The latter method,
along with its earlier incarnation, CCSD@T#,12 has only one
step scaling asn7, making it significantly more efficient than
the iterative formulations. All these methods work very w

a!Permament address: Institute of Chemistry, Silesian University, Szkoln
Katowice, Poland.
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for geometries close to equilibrium, or, more generally, wh
nondynamical correlation effects are not dominant. Ho
ever, when the reference function is of multiconfiguration
character, as in bond breaking and certain other situatio5

nondynamical effects play a significant role, and multiref
ence approaches14–20 would appear to be the better solutio
However, the true multireference formulations are mo
complicated, are more likely to suffer from convergence a
intruder state problems, and are not as applicable in a ‘‘bl
box’’ form. The alternative is to work within a single refer
ence formalism and to include into CC theory sufficien
high cluster operators to account for important nondynam
correlation along with the dynamical correlation.

To illustrate, the simplest multireference problem
when the reference function is composed of two deter
nants differing by a double excitation. For a reference fu
tion of this type, the nondynamical effects that are not a
dressed byT2

2 or other disconnected products of lower ra
clusters, can be assessed by inclusion into the CC expan
of the connectedT4 cluster operator. Unfortunately, the con
struction of theT4 operator within a CC theory is computa
tionally very demanding, as it requires ann10 algorithm for
the full account andn9 for the approximate~CCSDTQ-1!
account of theT4 operator. One way proposed to circumve
this difficulty is to extract information about theT4 cluster
from an external source such as the projected unrestri
Hartree–Fock method21,22 and various CI methods.23–29 A
similar procedure is followed by Jankowskiet al.30,31 in his

9,
© 2001 American Institute of Physics
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split amplitude strategy when one part of the amplitude
imported from the external source while the other is obtain
by solving simplified CC equations.

The approach adopted in our laboratory is different. I
based on the computation of the high-order contribut
solely within the CC theory, i.e., without importing theT4

amplitudes from external sources. In addition, we requ
that the scheme would be capable of recovering a substa
portion of theT4 correlation, i.e., at least at the CCSDTQ
level. The proposed method has been described in Ref
and later successfully applied in very accurate calculation
the N2 equilibrium geometry and harmonic frequency33 and
to the interpretation of the harmonic force field in the ozo
molecule.34 This approach is also complementary to activ
orbital variants discussed elsewhere.35

The methodology developed in Ref. 32 is to construc
connected quadruple analog of the CCSD~T! method which
could be denoted as CCSDT~Q!. The main concept in this
approach is to solve the CC equations for theT1 , T2 , andT3

amplitudes~not necessary at the full CCSDT level! and then
to obtain aT4 contribution in a noniterative way, evaluate
at the lowest order. An important advantage of this metho
the possibility to exploit a factorization procedure36 to re-
move the ‘‘long’’ T4 denominator. Subsequently, we app
the procedure classified in Ref. 37 as vertical factorizat
which is effected by splitting a diagram~containing only
‘‘short’’ denominators! into parts and by doing calculation
for each part independently. This procedure has already b
exploited in the expectation value coupled cluster the
~XCC!,38,39 where XCC~5!, i.e., XCC correct through the
fifth-order MBPT energy, was programmed.39 A similar
scheme was also employed in MBPT~5! ~Ref. 40! and
MBPT~6! ~Ref. 41! calculations as well as in the develo
ment of a method correct through fifth order based on
iterative solution of the CCSD equations.42 In the next sec-
tion we present a derivation of the coupled cluster equati
involving the connected quadruple excitation operator.

II. COMPUTATIONAL METHODS

In order to present the hierarchy of approximations u
in the current work transparently, we begin with the pres
tation of the equations defining the full CCSDT
method.43,44 To do so we first construct the CCSDT equ
tions which can be written as

^F i
au~HN~11T11T21T31T1

2/21T1T21T1
3/6!!cu0&50,

~1!

^F i j
abu~HN~11T11T21T31T1

2/21T1T21T1T31T2
2/2

1T1
3/61T1

2T2/21T1
4/24!!cu0&50, ~2!

^F i jk
abcu~HN~T21T31T1T21T1T31T2

2/21T2T31T1
2T2/2

1T1
2T3/21T1T2

2/21T1
3T2/6!!cu0&50, ~3!

whereHN5WN1FN is the normal-ordered Hamiltonian, th
Tn are cluster operators,Tn5(n!) 22St i j ¯

ab¯$a†b†
¯ j i %; u0&

is the reference determinant, and^ i j ¯
ab¯u is ann-tuply excited

determinant. On the basis of Eqs.~1!–~3! we formulate the
CCSDTQ approach,
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T1~CCSDTQ!5T1~CCSDT!, ~4!

T2~CCSDTQ!5T2~CCSDT!1R2~WNT4!, ~5!

T3~CCSDTQ!5T3~CCSDT!1R3~HNT4!

1R3~WNT1T4!c , ~6!

T4~CCSDTQ!5R4~HN~T31T41T1T31T1T41T2
2/2

1T2T31T2T41T3
2/21T1

2T3/2

1T1
2T4/21T1T2

2/21T1T2T31T2
3/6

1T1
2T2

2/41T1
3T3/6!!c , ~7!

whereTn(CCSDT) represents the set of terms occurring
the Tn equation of the CCSDT method, in Eqs.~1!–~3!, and
the Rn operator is defined as

Rn~X!5~n! !22(
^F i j ¯

ab¯uXu0&
ei1ej1¯2eb2ea

$a†b†
¯ j i % ~8!

to ensure the presence of the required denominator and
proper projection subspace for the sequence of operators
resented byX.

The most natural approximation to the CCSDTQ sche
would be to retain in Eqs.~4!–~7! those terms which would
make the resulting method correct through fifth order.
achieve that we need to introduce two major additions to
CCSDT equations; add a new term into theT2 equations and
to construct the simplifiedT4 equation, leaving theT3 equa-
tion unaltered.~The T1 equation is complete at the CCSD
level and cannot be altered for higher rank methods.! In such
a way we obtain the equations defining the CCSDTQ
approxi-
mation,45

T1~CCSDTQ21!5T1~CCSDT!, ~9!

T2~CCSDTQ21!5T2~CCSDT!1R2~WNT4!, ~10!

T3~CCSDTQ21!5T3~CCSDT!, ~11!

T4~CCSDTQ21!5R4~WN~T2
2/21T3!!c . ~12!

In Ref. 32 we introduced an approximation which allows
to use factorized formulas in the expressions containing
T4 operator. That crucial modification enables us to redu
the rank of the computational procedure fromn9 to n7. The
equations defining the CCSDTQf-1 approximation then take
the following form:

T1~CCSDTQf21!5T1~CCSDT!, ~13!

T2~CCSDTQf21!5T2~CCSDT!

1 1
2R2$T2

~1!†@WN~T2
2/21T3!#%,

~14!

T3~CCSDTQf21!5T3~CCSDT!. ~15!

T2
(1) means the first-order contribution toT2 , R2WN . Hence

we do not even explicitly consider theT4 equation; instead
we have a new term in theT2 equation depending on theT2

and T3 amplitudes;T2
(1) indicates the first orderT2 ampli-

tudes.
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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In analogy to the CCSD~T! method, we introduced in
Ref. 32 a noniterative version of the CCSDTQ-1 meth
termed CCSDT~Q!, where we solve the CCSDT equation
and use the convergedT̄2 and T̄3 amplitudes to evaluate th
T4 contribution according to the following formulas:

EQ
5 5^0uT̄2

†WNT4u0&, ~16!

T45R4~WN~ T̄2
2/21T̄3!!c . ~17!

Now the total energy within the CCSDT~Q! approximation is
given as

ECCSDT~Q!5ECCSDT1EQ
5 . ~18!

Finally, we may employ a factorized formula for the qu
druple contribution as given by Eqs.~16!, ~17! to obtain

EQf

5 5 1
2^0uT̄2

†T2
~1!†@WN~ T̄2

2/21T̄3!#cu0&. ~19!

The total energy within the CCSDT~Qf) approximation is
given analogously as in Eq.~18!,

ECCSDT~Qf )
5ECCSDT1EQf

5 . ~20!

Out of the four approximations introduced for the CCSDT
model, the most efficient computationally is CCSDT~Qf) de-
fined by Eqs.~19! and ~20!. Here we may summarize th
most important characteristics of the latter approach:

~i! The method is size-extensive as it includes only c
nected diagrams;

~ii ! it is correct through fifth order in the MBPT energy
~iii ! the T4 part scales asn7;
~iv! the correlation corrections for the energy and prop

ties studied are very close to those obtained with
standard CCSDTQ-1 method,45 and within about 1
mHartree of the full CCSDTQ, provided the latter r
sult is available. The CCSDTQ, however, requires
n10 computational procedure while CCSDTQ-1 isn9

which places both beyond reach for larger basis
calculations.

III. DEVELOPMENT OF THE FACTORIZED
CONTRIBUTION TO THE T2 EQUATION

The crucial step in the development of the factoriz
quadruple approach is a construction of the diagramm
terms corresponding to the expression,

Di j
abt i j

ab5 1
2^F i j

abuT2
~1!†~WNT2

2/2!cu0& ~21a!

1
1

2
^F i j

abuT2
~1!†~WNT3!cu0& ~21b!

representing the last term in Eq.~14!; Di j
ab denotes a standar

denominator, i.e.,Di j
ab5ei1ej2ea2eb . Now the EQf

5 ex-

pression, Eq.~20!, takes the form

EQf

5 5(
abi j

~2t i j
ab2t j i

ab!Di j
abt i j8

ab . ~22!

Note thatt i j8
ab refers to theT2 amplitude obtained from the

factorizedT4 contribution, whilet i j
ab represents theT2 am-

plitude obtained from the solution of the CC equations at
CCSDT level. In order to simplify the notation we will sup
Downloaded 29 Sep 2005 to 128.227.192.244. Redistribution subject to A
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press the overbar onT2 andT3 . Out of the total number of
42 antisymmetrized diagrammatic terms 30 are obtai
from the 1

2^F i j
abuT2

(1)†(WNT2
2/2)cu0& component, Eq.~21a!,

and 12 from the1
2^F i j

abuT2
(1)†(WNT3)cu0& one, Eq.~21b!. In

Table II we divide all the algebraic terms corresponding
Eq. ~21a! into three groups based on the form of theWN

operator: 7 diagrams for the four-particle component ofWN ,
i.e., ^abicd&, indicated in the first column of Table II by th
symbol pppp; the next group of 7 obtained from the fou
hole component ofWN , hhhh, and the last 16 terms corre
sponding to the two-particle-two-hole component ofWN ,
hphp. All the symbols used in the last column of Table
represent the algebraic quantities defined in Table I;t i j

ab be-
ing the usual antisymmetrized amplitude. The third colum
of Table II gives the number of Goldstone terms correspo
ing to a particular antisymmetrized contribution.

Similarly, in Table III we list the algebraic expression
corresponding to the term1

2^F i j
abuT2

(1)†(WNT3)cu0&, Eq.
~21b!. Here we have two groups corresponding to theppph
term ~three-particle-one-hole indices! and to thephhh one
~one-particle-three-hole indices!. Each group comprises 6
antisymmetrized diagrams corresponding to 38 Goldst
ones. The total number of Goldstone terms correspondin
both terms in Eq.~21! is 300. The number of Goldston
terms is decisive here since the actual expressions w
have been coded are derived on that basis and only app
closed shell systems. The general strategy in the deriva
of the working formulas for the term in Eq.~21! is as fol-
lows: ~i! derive all the antisymmetrized diagrams corr
sponding to the term in question;~ii ! for each diagram con-
struct all Goldstone terms; ~iii ! apply ‘‘vertical’’
factorization. To illustrate the last step let us first consid
the T2

†(WNT2
2)c/4 term ~appropriate projections assumed!,

Eq. ~21a!. Here we have four vertices and owing to the fa
that we do not have any denominator present in the diag
as a whole~denominators are included intoT2 vertices! we
may evaluate this diagram by combining two vertices a
time, i.e., adopt a three step procedure. In addition it can
done in any desired sequence of the operators. Let us ass
that the contribution in question can be represented symb
cally as a product of four operators,T̂5ÂB̂ĈD̂. By combin-
ing any two of them, e.g.,Â and B̂ we haveX̂5ÂB̂, and
T̂5X̂ĈD̂ We call the resulting vertex~i.e., operator! X̂ an
intermediate of the first rank. Next we combine the lat
intermediate,X̂, with one of the remaining vertices, e.g.,Ĉ,

TABLE I. Definitions of symbols.

Symbol Definition

^rsi tu& ^rsutu&2^rsuut&
v tu

rs ^rsutu&
wab

i j 1
2^ i j uab&/(ei1ej2ea2eb)

w̃ab
i j wab

i j 2wba
i j

v̄ut
rs 2v tu

rs2vut
rs

w̃tu
rs 2wtu

rs2wut
rs

t̄ i j
ab 2t i j

ab2t j i
ab

t̄ i jk
abc 2t i jk

abc2t ik j
abc

t% i jk
abc 2t i jk

abc2t ik j
abc2t j ik

abc
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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to obtain an intermediate of the second rank,Ŷ:Ŷ5X̂Ĉ. The
last step combines the intermediate of the second rankŶ,
and the operatorD̂, to generate the contribution to theT2

equation,T̂5ŶD̂.
In the case of theT2

†(WNT3)c/2 term we have only three
vertices, hence after a creation of the intermediate of the
rank we obtain, directly, the contribution to theT2 equation.
The crucial point in this step-by-step construction of the fi
T2 contribution is a choice of the appropriate sequence
vertices. A general hint is that the vertices to be combine
each step should have the maximum possible number of
traction lines, or, in other words, the maximum number
common indices. This would ensure adopting the lowest r
computational procedure in the evaluation of the desi
contribution to the considered CC equation.

The working formulas for the factorized contribution
theT2 equation, Eq.~21!, are presented in Tables IV, V, an
VI. Table IV contains the expressions corresponding to

TABLE II. Algebraic expressions corresponding to antisymmetrized d

grams originating from the
1
2^F i j

abu@T2
(1)†(WNT2

2/2)c#u0& term.

Form
of WN

Term
No.

No. of
Goldstone terms Expressiona

pppp

1 4 1
1
2P(ab)w̃cd

kl tkl
cet i j

f b^daie f&
2 2 2

1
2w̃cd

kl tkl
cet i j

f d^baie f&
3 16 1P( i j )(ab)w̃cd

kl tki
cet l j

f b^adie f&
4 6 1w̃cd

kl tki
cet j l

f d^abie f&
5 2 2

1
2P(ab)w̃cd

kl tkl
eat i j

f b^cdie f&
6 4 2

1
2P(ab)w̃cd

kl tkl
eat j i

f d^cbie f&
7 6 1

1
2P(ab)w̃cd

kl t ik
aet l j

f b^cdie f&

hhhh

8 4 1
1
2P( i j )w̃cd

kl tkm
cd tn j

ab^mni l i &
9 2 2

1
2w̃cd

kl tkm
cd tnl

ba^mni i j &
10 16 1P( i j )(ab)w̃cd

kl tkm
ca tn j

db^mni i l &
11 6 1w̃cd

kl tkm
ca tnl

bd^mni i j &
12 2 2

1
2P( i j )w̃cd

kl tmi
cdtn j

ab^mnikl&
13 4 2

1
2P( i j )w̃cd

kl tmi
cdtnl

ba^mnik j&
14 6 1

2P( i j )w̃cd
kl t im

actn j
db^mnikl&

15 4 2
1
2P(ab)w̃cd

kl tkm
cd t i j

eb^mai le&
16 8 1

1
2P( i j )(ab)w̃cd

kl tkm
cd t l j

eb^mai ie&
17 8 1

1
2P( i j )(ab)w̃cd

kl tmi
cdt l j

eb^maike&
18 4 2

1
4P( i j )(ab)w̃cd

kl t im
cdtkl

ea^mbi je&
19 8 2P(ab)w̃cd

kl tkm
ca t i j

eb^mdiel&
20 16 2P( i j )(ab)w̃cd

kl tkm
ca t l j

eb^mdi ie&
21 8 1P(ab)w̃cd

kl tkm
ca t j i

ed^mbi le&
hphp 22 16 2P( i j )(ab)w̃cd

kl tkm
ca t j l

ed^mbi ie&
23 16 2P( i j )(ab)w̃cd

kl t im
act l j

eb^mdike&
24 8 1

1
2P( i j )(ab)w̃cd

kl t im
actkl

be^mdi je&
25 16 2P( i j )(ab)w̃cd

kl t im
act j l

ed^mbike&
26 8 1

1
2P( i j )(ab)w̃cd

kl t im
actkl

ed^mbi je&
27 4 2w̃cd

kl tkm
abt i j

ed^mci le&
28 8 1P( i j )w̃cd

kl tkm
abt il

ed^mci je&
29 8 2P( i j )w̃cd

kl t im
abt j l

ed^mciek&
30 4 2

1
2P( i j )w̃cd

kl t im
abtkl

ed^mci je&

aSummation over repeated indices assumed;i , j ,..., run over occupied one
particle states;a,b,..., runover virtual one-particle states;P( i j ) or P(ab)
implies sum of two components differing by permutation ofi, j or a, b
indices, respectively;P( i j )(ab) implies sum of four terms differing by
permutation ofi, j anda, b indices;t i 1i 2

a1a2 denotes antisymmetrized doubl

excitation amplitude.
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first rank intermediates; the upper half~separated by the hori
zontal line! contains those corresponding to Eq.~21a!, the
lower one, to those originating from the term in Eq.~21b!.
Since the latter term involves only three operators the fi
rank intermediates enter directly the amplitude equation,
they appear in Table VI. The first rank intermediates co
nected with Eq.~21a! are next exploited in the constructio
of the intermediates of the second rank listed in Table V a
the latter are then used to obtain the contribution tot i j

ab as
shown in Table VI. Note that all quantities collected
Tables IV, V, and VI are symmetric with respect to the
multaneous permutation of upper and lower indices, i
xi 1i 2¯

a1a2¯5xi 2i 1¯

a2a1¯5etc. The indices are summed over doub

occupied spatial orbitals. Contrary to the quantities in Tab

-TABLE III. Algebraic expressions corresponding to antisymmetrized d

grams originating from the
1
2^F i j

abu@T2
(1)†(WNT3)#u0& term.

Form of WN

w operator
Term
No.

No. of
Goldstone terms Expressiona

ppph

31 4 1
1
4P( i j )w̃cd

kl tkli
cde^abie j&

32 12 1
1
4P( i j )(ab)w̃cd

kl tkli
cea^dbie j&

33 3 2
1
2P( i j )w̃cd

kl tki j
cde^abi le&

34 12 1P(ab)w̃cd
kl tki j

ceb^adiel&
35 4 2

1
2P( i j )w̃cd

kl tkl j
eab^cdiei&

36 3 1
1
2w̃cd

kl tki j
eab^cdiel&

hhhp

37 4 2
1
4P(ab)w̃cd

kl tklm
cda^mbi i j &

38 12 2
1
2P( i j )(ab)w̃cd

kl tkmi
cda^mbi l j &

39 3 1
2P(ab)w̃cd

kl tmi j
cdb^mai lkl &

40 12 2P( i j )w̃cd
kl tkm j

cab^mdi l i l &
41 4 1

1
2P(ab)w̃cd

kl tklm
cab^dmi i j &

42 3 2
1
2wcd

kl tmi j
cab^mdikl&

aSee footnote to Table II.

TABLE IV. First rank intermediates.

Intermediate Expressiona Scaling

jb
a 2tmn

ea w̃eb
mn n0

2nv
3

j j
i tm j

e f w̃e f
mi n0

3nv
2

jkl
i j tkl

e fw̃e f
i j n0

2nv
4

jcd
ab tmn

ab wcd
mn n0

2nv
4

j ib
a j t im

aew̃eb
m j2tmi

aeweb
m j n0

3nv
3

jb j
ai tm j

aewbe
mi n0

3nv
3

jab
i j w̃ae

imvmb
e j 2wae

imvbm
e j n0

3nv
3

jab
i j wae

m jvmb
ie n0

3nv
3

zab
i j we f

i j vab
e f 1wab

mnvmn
i j n0

2nv
4

j i
a

t̃ imn
ae fw̃e f

mn n0
3nv

3

ja
i vam

e f w̃e f
im2vmn

ie w̃ae
mn n0

3nv
2

j ik
a j

t% imk
ae fwe f

m j n0
4nv

3

j ic
ab

t% imn
aecweb

mn n0
3nv

4

jak
i j b vka

e fwe f
j i 1vmk

e j wae
im n0

3nv
3,n0

4nv
2

jac
ib b vmn

ib wac
mn1vmc

ebwae
im n0

3nv
3,n0

2nv
4

aSymbols used are defined in Table I; summation over repeated ind
assumed;m, n run over doubly occupied hole states;e, f run over doubly
occupied virtual states;t i 1 ,i 2¯

a1a2¯ represents the~nonorthogonally! spin

adapted CC amplitude.
bEach of the two components has a different scaling as indicated in the
column.
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II and III they are not antisymmetric, i.e., the permutation
a pair of upper~or lower! indices creates a new amplitude

As we may notice from the last column of Table V th
bottleneck of this scheme is a construction of thexcd

ab inter-
mediate which requires annv

6 procedure. In fact there is an
other possible factorization scheme replacing thenv

6 by
n0

2nv
5. We coded both ways, however, since in the curr

code only thenv
6 route exploits spatial symmetry, the latt

was used in the actual calculations.

IV. RESULTS AND DISCUSSION

The equilibrium properties of the C2 molecule have been
investigated in several studies. The coupled cluster meth
have been employed in the study by Watts and Bartle46

where a number of CCSDT-n variants including full CCSDT
were applied at the DZP level. For larger basis sets
CCSD~T! approximation was used. A large basis set stu
has been reported by Dunning and co-workers47 where both
coupled cluster methods@at the CCSD and CCSD~T! level#

TABLE V. Second rank intermediates.a

Intermediate Expressionb Scaling

xb
a 2j f

ev̄eb
f a nv

4

2jn
mv̄mb

na n0
2nv

2

2jcd
eav̄eb

cd nv
5

2jme
an v̄bn

me2jen
amv̄mb

ne n0
2nv

3

x j
i 2jn

mv̄m j
ni n0

4

2j f
ev̄e j

f i n0
2nv

2

1j jk
mnvnm

ki n0
5

1j j f
emv̄em

i f 1j j f
mev̄em

f i n0
3nv

2

xcd
ab 1jc

eved
ab nv

4

2jc f
aev̄cd

f b1j f c
aeved

f b1j f d
aevce

f b nv
6

1jcm
navnd

mb1jdm
na vcn

mb2jcm
an v̄nd

mb n0
2nv

4

xkl
i j 2jm

i vkl
m j n0

5

2jkm
in v̄nl

m j1jkm
ni vnl

m j1jkm
n j vnl

im n0
6

1j f k
ievel

f j1j f l
ievek

j f 2jk f
ie v̄el

f j1je f
i j tkl

e f n0
4nv

2

x ib
a j 2jm

j v ib
am n0

3nv
2

1jb
ev ie

a j n0
2nv

3

1j in
m jvmb

an 1jnb
amv im

n j n0
4nv

2

1jeb
a fv i f

e j1j i f
e jveb

a f n0
2nv

4

2j ib
emvem

a j 2jbi
emvme

a j 2jem
a j v ib

em2jme
a j vbi

em n0
3nv

3

2jeb
jmtmi

ea2jbe
i jmtmi

ea n0
3nv

3

1
1
2 zab

mjt̄im
ae1

1
2 zbe

mjtim
ae n0

3nv
3

xb j
ai 2jm

i vb j
am n0

3nv
2

1jb
eve j

ai n0
2nv

3

2j jn
imv̄bm

an 1j jn
mivbm

an 2jbn
amv̄m j

ni 1jnb
amvm j

ni n0
4nv

2

2jb f
aev̄e j

f i 1j f b
aeve j

f i 2j f j
eiv̄eb

f a1j j f
eiveb

f a n0
2nv

4

2jb j
emvem

ai 2jb j
emvme

ai 2jem
ai vb j

em2jme
ai vb j

me n0
3nv

3

2jeb
imt jm

ea2jbe
limt jm

ea n0
3nv

3

2
1
2 zbe

mitmj
ae n0

3nv
3

u i j
ab

j ie
amt̄ m j

eb2jei
amtm j

eb n0
3nv

3

u i j8
ab je j

amt im
eb n0

3nv
3

u i j9
ab j i j

mntmn
ab n0

4nv
2

aEach intermediate is constructed from the first rank intermediate, define
Table IV, and two-electron integral or amplitude.

bSee footnote a to Table IV.
Downloaded 29 Sep 2005 to 128.227.192.244. Redistribution subject to A
f

t

ds

e
y

have been employed as well as several multireference
approaches. In other papers48–51CI methods in either single
and multireference formulations were used.

In the current calculations, we report results from t
three standard coupled cluster approaches which include
T3 operator: CCSD~T!, CCSDT-3, and full CCSDT. On top
of the convergedT2 and T3 amplitudes, the lowest orde
connectedT4 contribution has been evaluated according
the CCSDX~Qf) scheme, where X refers to theT operator at
various levels of approximation. The calculations have be
performed for the series of correlation consistent basis se
Dunning,52 beginning with the small pVDZ containing 2
functions, and ending at the pV5Z set with 182 function
For the basis sets designated by a pVXZ acronym (X5D, T,
Q, etc.! only the valence electrons were correlated; t
pCVXZ sets indicate that all electron correlated calculatio
were performed. In both cases all virtual orbitals were
cluded in the correlation. The calculated values of the eq
librium bond length and harmonic frequency have been c
lected in Table VII and Table VIII, respectively. In additio
Table IX contains the bond lengths and vibrational frequ
cies obtained for small basis sets with other methods trea
the T4 operator in more rigorous ways.

V. EQUILIBRIUM GEOMETRY

In Table VII we list the computed bond distances for t
C2 molecule. For each method applied we observe that w
an improved quality of basis, the computed bond lengths
smaller. For the smallest basis sets, i.e., pVDZ and a
pVDZ, Re remains in the range of 1.270–1.273 Å, for th
largest basis set used in the present work, pV5Z, it is sho
by '0.03 Å assuming values 1.241–1.246, depending on
method. Comparing the computed bond lengths for vari
levels of theT3 operator, we observe that by upgradin
CCSD~T! to the iterative CCSDT-3, the bond length in
creases by 0.001 Å, whereas going from CCSDT-3 to the
CCSDT has the opposite effect of nearly the same ma
tude. As a result, the CCSDT bond length for the C2 mol-

in

TABLE VI. Contributions toT2 equation.a

Expressionb Scaling

Di j
abt i j8

ab xe
at i j

be1j i
eve j

ab n0
2nv

3

2x i
mtm j

ab2jm
a v i j

mb n0
3nv

2

xe f
abt̄ i j

e f1
1
2ve f

ab(u i j
e f1u i j8

e f) n0
2nv

4

1j i f
aev̄e j

f b2j i f
eave j

eave j
f b2j i f

ebve j
a f n0

2nv
4

x i j
mnt̄ mn

ab 1
1
2v i j

mn(umn
ab 1umn

ab ) n0
4nv

2

2j in
amv̄m j

nb1jni
amvm j

nb1jn j
amv im

nb n0
4nv

2

x ie
amt̄ m j

eb1xei
amtm j

eb1xe j
amt im

eb n0
3nv

3

1ve j
amu im

eb1v ie
amu jm

ab1ve j
amumi8eb1v ie

amum j8eb n0
3nv

3

1 v̄ ie
amum j9eb1v ie

amu jm9
eb1ve j

amu im9
eb n0

3nv
3

2j i j
emvem

ab1jme
abv i j

me2 t̄ i jm
abeje

m n0
3nv

3

2 t% imn
aebje j

mn n0
4nv

3

2 t% im j
ae fje f

mb n0
3nv

4

aEach contribution is obtained by combining the two-electron integral or
amplitude and second rank intermediate@in connection with Eq.~21a!# or
first rank intermediate@in connection with Eq.~21b!#.

bSee footnote a to Table IV.
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



ctron

697J. Chem. Phys., Vol. 114, No. 2, 8 January 2001 Connected quadruple excitations
TABLE VII. Geometry of the C2 molecule with coupled cluster methods and correlation consistent basis sets. Å. Experiment,Rexp51.242.a

Basis
setb

No. of
b.f.

CC

SD~T! DQc SD~TQf) SDT-3 DQc SDT-3~Qf) SDT DQc SDT~Qf)

pVDZ 28 1.2705 211 1.2694 1.2714 3 1.2717 1.2707 12 1.2719
pVDZ1 46 1.2720 210 1.2710 1.2729 3 1.2732 1.2721 13 1.2734
pCVDZ 36 1.2680 211 1.2669 1.2690 3 1.2693 1.2683 11 1.2694
pCVDZ1 54 1.2694 211 1.2683 1.2703 3 1.2706 1.2695 12 1.2707
pVTZ 60 1.2507 210 1.2497 1.2518 4 1.2522 1.2506 14 1.2520
pVTZ1 92 1.2508 210 1.2498 1.2518 5 1.2523 1.2507 13 1.2520
pCVTZ 86 1.2465 211 1.2454 1.2476 4 1.2480 1.2463 14 1.2477
pCVTZ1 118 1.2471 211 1.2460 1.2482 4 1.2486 1.2468 15 1.2483
pVQZ 110 1.2458 210 1.2448 1.2469 5 1.2474 1.2455 14 1.2469
pVQZ1 160 1.2460 210 1.2450 1.2472 4 1.2476 1.2457 15 1.2472
pCVQZ 168 1.2425 211 1.2414 1.2437 4 1.2441 1.2422 14 1.2436
pV5Z 182 1.2447 210 1.2437 1.2459 5 1.2464 1.2444 14 1.2458

pV6Z 1.2444 1.2434d 1.2456d 1.2461d 1.2441d 1.2455d

pCV6Z 1.2411e 1.2401f 1.2423f 1.2428f 1.2408f 1.2422f

aReference 56.
bCorrelation consistent basis sets from Ref. 51, ‘‘1’’ denotes augmented set; pVXZ basis sets indicate frozen core calculations, pCVXZ, all ele
calculations.

cThe difference between values in adjacent columns, i.e., the netT4 effect (1024 Å).
dExtrapolated, based on additivity of the computed CCSD~T! value.
eReference 47.
fExtrapolated, based on additivity of the CCSD~T! value from Ref. 47.
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as
ecule is very close to that obtained from the CCSD~T!
method, the difference being 0.0001–0.0003 Å. Howev
when theT4 operator is added, its effect strongly depends
the quality of theT3 approximation. An inclusion of theT4

operator on top of the CCSD~T! method decreases the bon
length by 0.001 Å, see the third column in Table VII, whi
for the full CCSDT, T4 increases the bond length b
'0.0015 Å ~last column of Table VII!. As a result the
CCSDT~Qf) bond lengths are larger than those given
CCSD~TQf) by 0.0022–0.0025 Å. For the pV5Z basis, th
crudest approach, CCSD~T!, gives a value of 1.2447 Å while
Downloaded 29 Sep 2005 to 128.227.192.244. Redistribution subject to A
r,
n

the most accurate one for the same basis gives 1.2458 Å
the former method we also ran calculations for the pV

basis and obtainedRe equal to 1.2444 Å, which is lower by

0.0003 Å compared to the corresponding value for the pV
basis set, see the penultimate row in Table VII. Based on
value we evaluated, by assuming additive approxima
based on CCSD~T! the expectedRe values for the remaining
methods, i.e., they were reduced by 0.0003 Å, e.g.

CCSDT~Qf) the extrapolated bond length is 1.2455 Å, s
the same row in Table VII, which could be considered
TABLE VIII. Harmonic frequency of the C2 molecule with coupled cluster methods and correlation consistent basis sets~cm21!. Experiment,v51855.0.a

Basis
setb

No. of
b.f.

CC

SD~T! DQc SD~TQf) SDT-3 DQc SDT3~Qf) SDT DQc SDT~Qf)

pVDZ 28 1828 6 1834 1830 22 1828 1829 28 1821
pVDZ1 46 1815 6 1821 1817 22 1815 1816 29 1807
pCVDZ 36 1827 7 1834 1829 22 1827 1828 28 1820
pCVDZ1 54 1816 6 1822 1819 22 1817 1818 28 1810
pVTZ 60 1845 7 1852 1846 22 1844 1847 29 1838
pVTZ1 92 1841 6 1847 1841 22 1839 1844 210 1834
pCVTZ 86 1856 7 1863 1855 21 1853 1858 29 1849
pCVTZ1 118 1853 7 1860 1851 22 1849 1854 210 1844
pVQZ 110 1856 7 1863 1856 22 1854 1859 210 1849
pVQZ1 160 1855 5 1860 1854 22 1852 1857 29 1848
pCVQZ 168 1867 7 1874 1865 22 1863 1869 210 1859
pV5Z 182 1859 7 1866 1858 22 1856 1861 29 1852

pV6Z 1860 1867d 1859d 1857d 1862d 1853d

pCV6Z 1871e 1878f 1870f 1868f 1873f 1864f

aReference 56.
bSee footnote b to Table VII.
cThe difference between values in adjacent columns, i.e., the netT4 effect.
dExtrapolated, assuming the same 1 cm21 change as occurs in CCDS~T!.
eReference 47.
fExtrapolated, assuming the same change as occurs for CCSD~T! in Ref. 47.
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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Downloaded 29 Sep
TABLE IX. Performance of the coupled cluster methods including connected quadruple excitations at v
level of approximation in the calculations of the equilibrium geometry and harmonic frequency for th2

molecule. Bond length in Å, frequencies in cm21.

Basis
seta

CC

SDT SDT~Qf) SDT~Q! SDTQf21 SDTQ-1 SDTQ

Re

pVDZ 1.2707 1.2719 1.2717 1.2721 1.2720 1.2723
pVDZ1 1.2721 1.2734 1.2732 1.2736 1.2735 1.2738
pCVDZ 1.2683 1.2694 1.2693 1.2696 1.2695 1.2698
pVTZ 1.2506 1.2520 1.2519 1.2522 1.2521 1.2523

v

pVDZ 1829 1821 1821 1820 1820 1816
pVDZ1 1816 1807 1807 1807 1807 1802
pCVDZ 1828 1820 1820 1820 1820 1815
pVTZ 1847 1838 1838 1838 1837 1833

aSee footnote b to Table VII.
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close to the basis set limit for CCSDT~Qf) and for the va-
lence correlation.

In order to relate the computed value to experiment
need to include the correlation effects also for the core e
trons; otherwise the error of the computed value would re
'0.003 Å. As has been found on many occasions, inclus
of core electrons significantly reduces the bond length
diatomics, e.g., for the N2 molecule the bond contractio
amounts to'0.002 Å.33,47,53–55For the C2 molecule the core
correlation lowers the bond length by'0.003–0.004 Å de-
pending on the method and basis set; compare the valu
rows corresponding to pVXZ and pCVXZ basis sets. O
results are in agreement with other findings.47 The largest
basis used here for which the calculations were made w
and without core electron correlation is pVQZ; the core
fect in that case is equal to 0.0033 Å for the majority of t
methods @CCSD~T!, CCSDT-3~Qf), CCSDT, and
CCSDT~Qf)#. For the remaining two methods it is equal
0.0034 Å @CCSD~TQf)] and to 0.0032 Å~CCSDT-3!; the
differences, however, come mostly from the roundup erro
Applying the same bond length shift to the extrapola
pV6Z values we were able to evaluate the equilibrium bo
length close to the basis set limit with highly sophisticat
correlatio calculations, see the last row of Table VII. W
observe that for the CCSD~T! method we haveRe equal to
1.2411 Å;47 i.e., 0.0013 Å shorter than experiment,Rexp

51.2424.56 Adding to this value theT4 correction would
moveRe in the wrong direction, i.e., the error would increa
to 0.0025 Å. On the other hand, the CCSDT-3 approa
would give a value much closer to experiment, the extra
lated Re is 1.2423 and theT4 correction built on the
CCSDT-3 amplitudes is small; it increases the bond len
by 0.0004 Å so the final value of 1.2427 is still close to t
experimental one. We believe that the most reliable res
obtained here are due to the CCSDT method corrected
theT4 contribution. The CCSDT bond length of 1.2408 Å
shorter by 0.0016 Å than experiment, however, theT4 works
here in the proper direction increasing the value by 0.001
to 1.2422 Å. We note that all the methods considered h
give very accurate estimates of the equilibrium bond len
 2005 to 128.227.192.244. Redistribution subject to A
e
c-
h
n
n

in
r

th
-

s.
d
d

h
-

h

ts
th

Å
re
h

for the C2 molecule. However, if we insist on accurracy b
low 0.001 Å we need a reliable estimate of the connec
quadruple excitation effect, which amounts to 0.0014 Å.

VI. THE HARMONIC FREQUENCY

The harmonic frequencies for the C2 molecule are listed
in Table VIII. The first observation which should be made
an apparent insensivity of the frequency values with resp
to the form of theT3 equation considered. For example, t
differences between the CCSD~T! and CCSDT-3 models a
well as those between CCSD~T! and CCSDT oscillate be
tween 0 and 2 cm21, in one or two cases only assuming
cm21. In addition the CCSDT and CCSDT-3 values chan
in opposite directions with respect to the CCSD~T! frequen-
cies. These irregularities mirror those observed in the cas
the equilibrium bond length calculations. However, the i
portant observation is that theT4 corrections are practically
independent of the basis sets. They do depend stron
though, on the quality of theT3 operator. Thus,T4 correc-
tions built from CCSD~T! are equal in the majority of case
to 17 cm21, where the plus sign means that the CCSD~TQf)
frequency is larger than that of CCSD~T!, whereas the same
correction built on the full CCSDT method is, for large
basis sets, equal to29 or 210 cm21, see respective column
in Table VIII with DQ headings. This behavior of the ha
monic frequency is consistent with theT4 corrections to the
equilibrium bond length discussed in the previous section
similar stability is observed with respect to the core elect
effect on condition that the basis sets of triple zeta quality
better are considered. For those cases an inclusion of
electrons into calculations increases the harmonic freque
by 10–11 cm21. The stability of the latter two effects make
it possible to extrapolate the results of more demand
methods to the larger basis sets, the procedure applied
cessfully above in case of the equilibrium bond length.

Thus considering the valence correlation only, we obt
for the pV6Z basis set and CCSD~T! the value of 1860 cm21.
Based on that we may evaluate the full CCSDT res
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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to be 1862 cm21. However, theT4 correction when added to
the CCSD~T! value gives 1867 cm21 ~17 cm21!, whereas
when added to the CCSDT reduces it to 1853 cm21 ~29
cm21!. The latter numbers are expected to be reasona
close to the basis set limit for the CCSD(TQf) and
CCSDT(Qf) methods for the valence correlation.

In order to get an estimate of the basis set limit for t
harmonic frequency of the C2 molecule with all electrons
correlated, we evaluate its value for the pCV6Z basis set.
may do it in two ways, either by introducing the core ele
tron shift to the values obtained for the pV6Z basis set~see
penultimate row of Table VIII! or based upon the CCSD~T!
value obtained for the pCV6Z basis in Ref. 47. Both wa
lead to the same values within 1 cm21, see the last row of
Table VIII. For example, the CCSDT-3 value obtained
that way is 1869 cm21, whereas the full CCSDT is somewh
higher being equal to 1873 cm21. We observe that all three
values computed with the inclusion of theT3 operator in
various approximations give a C2 frequency that is slightly
too high comparing to the experimental value of 1855
cm21.56 The deviations are 16, 14, and 18 cm21 ~rounding up
the experimental value to full wave number! for the
CCSD~T!, CCSDT-3, and CCSDT methods, respective
Now in order to account for the connected quadruple effe
we add theT4 correction on top of those obtained with th
T3 operator. Thus for the CCSD(TQf) method we obtain
1878 cm21 ~17 cm21!, for the CCSDT-3(Qf) 1867 cm21

~22 cm21! and finally for the CCSDT(Qf) approach 1863
~210 cm21!. We notice that also in this case theT4 correc-
tion works in the wrong direction for the CCSD~T! method.
In the case of the most rigorousT3 approach, i.e., the ful
CCSDT scheme, theT4 correction works properly reducin
the deviation from experiment from 18 cm21 for the CCSDT
method to 8 for CCSDT(Qf). Although the results obtaine
here for the most rigorous scheme, CCSDT(Qf) are very
close to the experiment, both in case of the C2 equilibrium
bond length as for the harmonic frequency, there still exis
small discrepancy of 0.0003 Å and 8 cm21, respectively, the
source of which is not clear. One of the possibilities is th
the errors are connected with the approximations introdu
at the T4 operator level. In order to clarify this issue w
made an attempt to evaluateT4 in a more rigorous way.

VII. METHODS WITH MORE RIGOROUS INCLUSION
OF THE T4 OPERATOR

The most efficient approach to theT4 operator within
CC theory is the method outlined above where the vert
factorization technique is applied to allT4 diagrams which
creates the CCSDX(Qf) method with X representing the T
operator at various levels of approximation. In Ref. 32
have shown for small basis set examples that the ab
method gives practically identical results to those from ot
approximate models of the CCSDTQ method, i.
CCSDTQ-1, CCSDTQf -1, and CCSDT~Q!. Here we make
another test of the validity of the factorized method by p
forming calculations for a broader range of basis sets
addition we managed to perform the calculation with the f
CCSDTQ method for the same basis sets. In Table IX
collected the results of the equilibrium geometry and h
Downloaded 29 Sep 2005 to 128.227.192.244. Redistribution subject to A
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monic frequency calculations for the four basis sets: pVD
pCVDZ, augmented pVDZ, and pVTZ. The methods us
are CCSDT~Q!, CCSDTQf -1, CCSDTQ-1, and the full
CCSDTQ. For comparison we also list the results
CCSDT(Qf) taken from Tables VII and VIII. We want to
point out that the present calculations fully support what h
been said before on the performance of the (Qf) method.
Namely all methods correct through fifth order give the eq
librium bond length within 0.0001 Å for all the basis se
considered. Similarly, for the harmonic frequency the resu
stay within 1 cm21. This means that the observation made
Ref. 32 with respect to the modest basis sets can be exte
to larger ones like the pVTZ set used in the current calcu
tions.

In addition we list in the last column of Table IX th
results obtained with the full CCSDTQ method. Taking in
account that the sizes of the basis sets are 28, 36, 46, an
respectively, we want to emphasize that these are the lar
calculations ever made with the full CCSDTQ method. T
results obtained are consistent for all basis sets. We obs
that an inclusion of theT4 operator in a rigorous manne
increases the bond length by 0.0004 Å for the DZ type ba
sets and by 0.0003 for the TZ set@we compare the
CCSDT(Qf) and CCSDTQ values in Table IX#. Conse-
quently, the change in the harmonic frequency is of oppo
sign, being equal to25 cm21 for all the basis sets consid
ered. Assuming similar behavior of the CCSDTQ method
the remaining larger basis sets, we may estimate the pC
harmonic frequency at the CCSDTQ level to be equal
'1858 cm21. This compares well with the harmonic exper
mental value of 1855.0 cm21.56

VIII. CONCLUSIONS

The detailed derivation of all algebraic terms occurri
in the factorized expressions for the fifth-order noniterat
quadruple contribution is presented. The principal advant
of the current formulation relies on the exploitation of th
vertical factorization introduced in Ref. 32 which allows u
to combine two vertices at a time within a complex diagra
The first two vertices combined create an intermediate of
first rank and the latter combined with anotherT vertex or
integral results in an intermediate of the second rank wh
when combined with the remaining vertex, gives rise to
contribution to theT2 amplitude. At each step the rank of th
computational procedure was no worse thann6 for the
(WNT2

2/2) part andn7 for the (WNT3) part. All the terms are
derived on the basis of Goldstone diagrams. Although
total number of Goldstone diagrams is 300, the intermedia
introduced reduce this significantly since each intermed
can be used for constructing more than one diagram.

The CCSDT(Qf) method was applied to the calculatio
of the equilibrium geometry and harmonic frequency for t
C2 molecule using systematic basis sets: the largest of wh
were pCVQZ and pV5Z with 168 and 182 basis function
respectively. TheT4 correction was built upon the ampli
tudes obtained with three methods: CCSD~T!, CCSDT-3,
and the full CCSDT. For each of the methods theT4 correc-
tion to the equilibrium geometry or to the harmonic fr
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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quency is very stable and almost independent of the basi
employed. This permits an extrapolation of the compu
frequencies to very large basis sets that approach the b
set limit.

To test the validity of the CCSDT(Qf) approximation
we performed calculations with a more rigorous incorpo
tion of the connected quadruples into the CC theory incl
ing CCSDTQ. Here, however, due to the high rank of t
computation the calculations were possible only up to
pVTZ basis. Extrapolating the results obtained for t
CCSDTQ method to the pCV6Z basis set, we obtain 1.2
Å for the equilibrium bond length@experimentalRe is equal
to 1.242 44 Å~Ref. 56!# and 1858 cm21 for the harmonic
frequency@experimental value, 1854.7 cm21 ~Ref. 56!#. Al-
though our results are obtained with exceptionally high qu
ity wave functions there is still some minor disagreem
between the theory and experiment~'3 cm21!. Possible
sources of this inconsistency could be several including
accuracies in extracting the harmonic frequency experim
tally ~unlikely!, the Born–Oppenheimer approximation, re
tivistic effects and spin–orbit coupling. However, the mo
likely source are higher thanT4 excitations. See Ref. 57 fo
the connectedT5 results.
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