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We develop a combined coupled-clust&@C) or equation-of-motion coupled-clustéEOM-CC)
theory and Rayleigh—Schdinger pert_urbation theory on the basis of a perturbation expansion of the

similarity-transformed HamiltonianH =exp(—T)H exp(T). This theory generates a series of
perturbative corrections to any of the complete CC or EOM-CC models and hence a hierarchy of the
methods designated by C@fPT(n) or EOM-CC(m)PT(n). These methods systematically
approach full configuration interactiditCl) as the perturbation orden) increases and/or as the
cluster and linear excitation operators become closer to comptetedfeasel while maintaining

the orbital-invariance property and size extensivity of CC at any perturbation order, but not the size
intensivity of EOM-CC. We implement the entire hierarchy of @QPT(n) and
EOM-CC(m)PT(n) into a determinantal program capable of computing their energies and wave
functions for any given pair om and n. With this program, we perform C@(PT(n) and
EOM-CC(m)PT(n) calculations of the ground-state energies and vertical excitation energies of
selected small molecules for all possible valuesnofand O<n<5. When the Hartree—Fock
determinant is dominant in the FCI wave function, the second-order correction to CCSD
[CC(2)PT(2)] reduces the differences in the ground-state energy between CCSD and FCI by more
than a factor of 10, and thereby significantly outperforms CA3br even CCSDT. The third-order
correction to CCSOCC(2)PT(3)] further diminishes the energy difference between(ZET(2)

and FCI and its performance parallels that of some C&Pmodels. CC)PT(n) for the ground

state with some multideterminantal character and EOMf@®T(n) for the excitation energies,
however, appear to be rather slowly convergent with respect t® 2001 American Institute of
Physics. [DOI: 10.1063/1.1346578

I. INTRODUCTION cludesT;+T,+T5, is nominally ann® procedure K being
the number of orbita)s and CCSDTQ, which include$;

The coupled-clusteCC) method:™® which includes  +T,+Ts+T,, is n'% Because of this fast growing rank of
connected single and double excitatiofig € T,), known as  the computational procedure of the CC methods, it is advan-
CCSD? usually provides rather accurate results for manytageous to have somewhat simpler methods for the approxi-
properties of molecules in the vicinity of their equilibrium mate inclusion ofT; and higher excitations. The develop-
geometries. This may be ascribed to the effective inclusioment of such approximate CC methods was initiated by
of the principal part of quadruple excitationsT€) and some ~ Bartlettet al,">"*"and there has been intensive research to
contributions from disconnected tripled (T,), etc., and find the best-performing approximatiofi.*’ These methods
also to the size extensivity of the method. When the refer@re broadly categorized into two groups—iterative and non-
ence wave function is too poor an approximation to the parlter_anve. The former includes éhe f|rs_t apprpxmate method
ticular electronic state of interest, however, CCSD will still ©0 |ncorpor1a6teT3, CC81I63T-1a1, and its ariants such as
fail and it becomes necessary to account for the effect of CSDT-1b,” CCSDT-2,” and CCSDT-3 while the latter

16 20
connected triple T5) or even higher excitations at least ap- INcludes I gCSDT(CCSD' ceso), and
proximately. The efforts to include such higher excitationsCCSDTQ)-" CCSDT) has turned out to be remarkably

rigorously lead to a hierarchy of complete CC methods®ccurate while requiring a single’ procedure after CCSD,

0-12 13,14 . . and has been widely used in applications.
(CCSD, CCSDT,"#CCSDTQ;** ....), which provides a In the equation-of-motion coupled-cluster

systematically more accurate treatment of correlation, but a({EOM-CC)31‘46 treatment for electronic excited states. the
rapidly increasing computational cost. CCSDT, which in-pacessity of incorporatings and higher excitations is even
greater. EOM-CCSD, which includes single and double ex-
dElectronic mail: hirata@qtp.ufl.edu citations among the cluster and linear excitation operators,
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generally provides reasonably accurate excitation energieend wave function are those of the parent CC or EOM-CC
only for dominant single replacement transitions and it carmodel.

be erratic for dominant double replacement and higher rank In this study, we attempt to develop a combined CC or
transitions, even when the CCSD description of the groundEOM-CC and Rayleigh—Schdinger perturbation theory
state is appropriate. An attempt to estimate the triples contrithat possesses many of the above-mentioned desirable fea-
butions to the EOM-CCSD excitation energies has been urtures by employing the strategy of Stanton, Gauss, and
dertaken by Watts and Bartlett, and has led to several modefSrawford. We first split the similarity-transformed Hamil-
such as EOM-CCSDT-Y EOM-CCSDT-3*¥ EOM- tonian within the full Hilbert space into a zeroth-order part

CCSDT),*® and EOM-CCSD(J,*° as approximations to the and a perturbation and subsequently apply the standard
complete EOM-CCSDT method. Koch, Christiansen, andRayleigh—Schrdinger perturbation theory with an appropri-

their co-worker®-52 also advocated some models incorpo- ate constraint to the perturbative wave functions arising from
rating triple excitations in EOM-CCSD in iterative and non- the intermediate normalization. This mathematically trans-

iterative manners. These approximate models have shownPRgrent and unambiguous procedure leads to an energy ex-

significant improvement over EOM-CCSD for dominant pression and a recursion relation for the perturbative wave

double replacement transitions, which attests to the fact thJFnCt'onS' which resemble the familiar expressions of many-

they appropriately capture the triples contributions to the ex—bOdy perturbation theoryMBPT). By choosing the zeroth-

citation energies. Related to these efforts is the (DS order part of the similarity-transformed Hamiltonian appro-
method, proposed by Head-Gordeinal,****which adds the priately, we can insist the zeroth-order energy and wave

doubles corrections to the excitation energies obtained frorwnc“on to be those of the parent C.C or EOM.'CC modell anq
configuration interaction singld€l1S). we can also ensure the perturbative corrections to maintain

A general noniterativéperturbative approach that can the orbital-invariance property of the parent CC or EOM-CC

handle both CC and EOM-CC has been proposed by StanthOdel' The formalism is general in that it can be applied,

and Gauss$>°® They attempted to generate a family of per- without any modification, to any of the complete CC or
turbative approximations to any given CC or EOM-CC EOM-CC models. We may, therefore, designate the com-

model from a single perturbation theory framework, ratherbIneOI CC or EOM-CC and perturbation theory by

than to consider approximations to a particular CC orCC(m)PT(n) or EOM-CCm)PT(n), respectively, with pa-

i : . _~ rametemm representing the truncation order of the parent CC
EOM-CC model. Having realized that CC and EOM-CC or EOM-CC model and parameterthe order of perturba-

e.nergles and wave .fuhctl.ons were the elgehvalge_s ant?on. CCm)PT(n) and EOM-CC)PT(n) converge at FCI
eigenvectors of a similarity-transformed Hamiltoniah 55 harametem or n increases, regardless of the parent CC or
=exp(-T)Hexp(T) within a certain determinantal space, FopM-CC model upon which the perturbation theory is
they derived a perturbation series on the basis ofwdio-  |eq. COf)PT(n) maintains the size extensivity of
type perturbation expansidhof the similarity-transformed CC(m) at any perturbation order, but the excitation energies
Hamiltonian within the space. The perturbation correctiongptained from EOM-CQf))PT(n) are not size intensive.

thus obtained are size extensive at any perturbation order and T4 gssess the performance of the entire hierarchy of the
the sum of these corrections systematically approached t"@C(m) PT(n) and EOM-CC(M)PT(n) methods, we imple-
energies of the parent CC or EOM-CC model, though thenent them into a general-order program capable of comput-
implementation of the method was limited to second ordering the CCM)PT(n) and EOM-CC)PT(n) energies and
The same strategy has been adopted by Crawford angave functions for any given pair of parametensand n.
Stantor® who derived and implemented the second-orderrhis is accomplished by combining a determinantal CC or
perturbation correction to CCSD. Unlike Stanton and Gaussgom-cC algorithni*~%” and a determinantal MBPT
they considered a perturbation expansion of the similarityg|gorithm®6° These determinantal algorithms are a unique
transformed Hamiltonian in the full Hilbert space, andand powerful tool for the analysis and assessment of a wave
thereby obtained the perturbation corrections to any CGunction-based method, because they permit the implemen-
model that summed to the full configuration interactiontation of the entire hierarchy of the method into one program
(FCI) energy at convergence. We consider that these angithout a substantial effort, but at the sacrifice of applicabil-
related®~®® approaches are significant, in that they can poity as they inevitably involve a factorial number of compu-
tentially lead to a formalism having the following desirable tational operations. Thus, we may consider them to be
features(1) It can be applied in a single framework to any of complementary to the integral-based algorithms, which can
the complete CC or EOM-CC models. In other words, ape optimally efficient for a particular model of a hierarchical
single formalism applies to CCS, CCSD, CCSDT, etc., andnethod. The determinantal algorithms have early been in-
to EOM-CCS=CIS, EOM-CCSD, EOM-CCSDT, et¢2) It voked to study the convergence and other properties of
can provide in a single framework a series of perturbatiorMBPT by Laidig et al.?® by Knowleset al,?® and by Olsen
corrections that sums to the ex4€Cl) results, rather thanto et al,’®’* and of multireference perturbation theory by
the results of the parent CC or EOM-CC mod@) At any  Zarrabianet al.”>~"*They have recently been extended to the
order of perturbation, the orbital-invariance property and sizeanalysis of various CC and EOM-CC models by Hirata
extensivity of CC and the size intensivity of the excitation et al,?*5¢5py Kallay and Surja,®® and by Olseri’ In this
energie® of EOM-CC are maintained4) It should be ac- study, with the aid of the determinantal program, we carry
curate and efficient(5) Preferably, the zeroth-order energy out CC(m)PT(n) and EOM-CCm)PT(n) calculations for
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all possible values ain and O=sn=<5 for selected small mol- where we superscript the eigenvalues and eigenvectors by
ecules and compare the results against those of the completé0)” to indicate that they are approximate and will be con-
CC or EOM-CC models$which include FCI equivalentand  sidered as zeroth order in the perturbative treatment de-
of some representative iterative and noniterative approximatscribed in the following. A$R{”)) and(L(”)| are not defined
CC or EOM-CC treatments. This initial assessment of than the Q space at this moment, we insist for our convenience
performance of CG()PT(n) indicates that, when the HF that
determinant is dominant in the FCI wave function, the OO0 /1 (O A
second-order correction to CCYRC(2)PT(2)] reduces the QIR”)=(Li’|Q=0. (4)
differences in the ground-state energies of the small molye note that the right- and left-hand-side eigenvectors con-
ecules between CCSD and FCI by more than a factor of 1Qstitte a biorthonormal set
and thereby significantly outperforms CC8D or even
CCSDT. The third-order correction to CCYBC(2)PT(3)] (LOIROy= g, (5)
further diminishes the energy difference between -
CC(2)PT(2) and FCI and its performance parallels that of and also a complete set within tRespace
some CCSDTQ) models of Kucharski and Bartleit:?®
Hence, CCf)PT(n) is a promising alternative to the exist- > PIROKLOP=P. (6)
. ; . . k
ing perturbative approximations to CC. Q@)PT(n) for the
ground state with some multideterminantal character and It is customary to choose the space of EOM-CC to
EOM-CC(m)PT(n) for the excitation energies, however, ap- include the determinants that are accessible by the action of
pear to be rather slowly convergent with respech.to (1+T) on the reference determina); when theT opera-
tor contains all single, double,. ., n-tuple excitation opera-
tors, the P space for the corresponding EOM-CC model
Il. THEORY consists of all singly, doubly,..., n-tuply substituted
determinants as well as the reference determif@nt Al-
EOM-CC can be regarded as a configuration interactionhough the EOM-CC formalism does not limit itself to this
(Cl) problem involving a similarity-transformed Hamiltonian particular choice of thé space, this is practical and is also

H defined by shown to be the best balanced in terms of overall
_ performancé® It should also be appreciated that with this
H=exp(—T)H exp(T), (1) choice, one of the EOM-CC roots corresponds to the CC

with the cluster operatdF determined by solving a set of CC solution of the reference state, i.e.,

equations for a reference state. Diagonalizing the matrix rep- |R60)>: |0), (78)

resentation oH, we obtain the energies of the ground- and o
excited states as the eigenvalues. Forkttestate, we may (LYPI=(0|(1+A), (7b)

write this eigenvalue problem as with the so-calledA operator of CC gradient theofy.

HIR)=E.IR 2 Hence, we can formulate the perturbative corrections to CC
| k> k| k>! ( a) . . oy .
o energies and to EOM-CC energies within a single frame-
(Ll H=EW(L, (2b)  work. .

) o ) We now invoke Rayleigh—Schdinger perturbation
where we emphasize the distinction between the right-handpeory to derive the expressions for the perturbative correc-
side [Ry) and left-hand-side(L| eigenvectors associated tjons to EOM-CC(CC) energies. We partition the similarity-
with the eigenvalué&, of the non-Hermitian operatdd. As  ransformed Hamiltonia into two parts—a zeroth-order
the similarity transformation of Eq1) does not change the

spectrum of the original operator, the energies thus obtaine%artHO and a perturbatio, i.e.,

are exact within a given one-particle basis(&&t, the values H= ﬁ0+ AV @)
that would be obtained by FCleven when the CC wave '
function of the reference state is only approximate. where we introduce an ordering paramektgr which will

In practice, we divide the space of &ltelectron deter- later be set equal to unity. We choose the zeroth-order part of
minants into a primary spadevhich we callP space accord- H to be
ing to a conventionand the complementary spad@ épace

and diagonalize the matrix representationtbfvithin the P go: PﬁPJrQ

space to obtain approximate eigenvalues. By designating the

projection operators onto the and Q spaces a$ and Q _

(P+Q=1), respectively, we may write the problem in the WhereEY=(L{[H|R{”) is the CC energy of the reference

reduced dimension as state and~ is a sum of the occupied—occupied and virtual—
virtual blocks of the Fock operator

occ.

EP- +F|Q, 9

PHPIR?) =E{7PIRE), (33 it
— - it t
(LOIPHP=E(L|P, (3b) F_iE,j fiji J+aE’b fapad'b. (10
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This choice of the zeroth-order Hamiltonian ensures that théultiplying Eq. (17) by (L{”)| and using the biorthogonality
orbital-invariance property of the underlying EOM-CC and completeness of the zeroth-order eigenvectors, (Bs.
theory, i.e., invariance of the energy to the rotation amonagnd (6), and the intermediate normalization, Ed.3), we
occupied orbitals and to the rotation among virtual orbitalsobtain the following energy expression:

is maintained at any order of perturbation. This may be ac- . o

complished also by taking the full Fock operatorFam Eq. EOD=(LOIVIRI™ D) (i=1). (18
(9) instead of the occupied—occupied and virtual—virtual part " . . .

of the Fock operator, although the latter choice will facilitate (i)Rewrmng Eq.(17), we obtain a recursion relation for
the use of semicanonical orbitals as well as canonical orbitl-Rk ) as

als. It should also be noted that the zeroth-order energy and [

wave function are the CC energy and wave function of the (E(ko)—Ho)|R;(<i)>=V|Rf<i_1)>—2 ED|RI-D)

reference state =1

HolRO) = E([R(), (11) =[B{) (i=1). (19

by virtue of Eqs.(3a and (4). The choice Oﬂo is not lim-  The matrix representation of this operator equation amounts
ited to the one given by Eq9); one may consider different 0 & Set of linear equations, where the right-hand-side vector,

choices ofH,, which will result in different convergence Wih'C:\lwet r(rana?]evsjs?k r>d If’ cor:gpioskend \(l)vfnthseir?ne;%lesz arn(tdh
behavior of the perturbation series. elgenvectors ot lower orders and 1s known. since the zero

We expand the exact wave function and eneffigy the ~ Order part of the Hamiltoniahl, as defined by Ec(9) does

kth state in a Taylor series i not couple vectors in thB space with those in th@ space,
©) W — the P- and Q-space parts of the linear equations can be
[V =R+ N R HNRE) + -+, (128 handled separately, i.e.,
—g(0) D \2E@) 4 ... — . .
Exv=E’+NEHNEST - (12b) P(E(ko)—HO)P|R(k')>=P|B(k')>, (209

where theith-order quantities are superscripted byi)-(’ . _ _
Then, we impose the intermediate normalization to the exact Q(E{”—H,)Q|R{’)=Q|B{"). (20b)

wave function, i.e., ) )
When we use the determinants of canonical Hartree—Fock

(LI =(LPIRD) + MLORD) + A LR (HF) orbitals as the basis set, the matrix representation of
=1 13  Q(E{’—H)Q is diagonal and solving the linear equations
within the Q space forQ|R{") is trivial. Solving Eq.(203
may be more involved as the matrix representation of
(LORMY=0 (i=1), (14  P(EL’—Hg)P is singular and is not invertible. The singu-
) larity arises from the fact that the EOM-CC solution of the
since Eq.(13) must hold for all values ok. When the ref-

ONF ; 0)_
erence state is a degenerate excited state, we require the éﬁ{ﬁr%‘ce stat®| Ry d'> IS an elg_envectlor Otz:(Ek HO):T
act wave function to be biorthogonal against the left-hand"! € corresponding Zero eigenvaiue. Lonsequenty, we

side eigenvectors of all the degenerate roots. Substituting E .'” not be able to obtain a unique solution vector RIiR;’)

which means

(8) and Eqgs(12) into Eq.(2a), we obtain om Eq. (209 alone, but more than one solution vectors.
- ' S The space of these solution vectors consists of a particular
(Ho+ )\V)(|R(k0)>+7\|R(kl)>+7\2|R(k2)>+ o) solution vector added to the null-space vector, which in this
© D)1\ 2e(2) case isP|R(k°)>, of any length. However, this indeterminacy
= (B 7+ NEHNES ) can be eliminated by the intermediate normalization imposed
(0) 1) 216(2) upon the wave functiofEgs.(13) and(14)], which requires
X + + +... Dy . .

(IR + MR +A _le ) ), (15 P|R(’} (i=1) to be biorthogonal tdL{”|P. To illustrate
and equating coefficients of, we find this point, we shall derive an explicit expression for the
— unique solution ofP|R{"). Remembering Eq(6), we may
HolR() = E{VIRI), (168 expandP|B{") as
HolR() + VIR?) =ELIR() + EVIRY), (16b : -

PIBL)) =2 PIR”)(L{”IPIBL). (21)

ol R2) VIR~ E0RE) + QR+ EPIRO)
(160 We may immediately notice from Eqél8) and (19) that
etc., or generall .
d Y (LPIPIB{) =0, (22
I
Ho|RMY + V|RI~Dy= ZO EPIRI™DY  (i=1). (170 and hence we can eliminate-k from the summation in Eq.
= (21). As P|R{?)) is an eigenvector dP(E{”— H),P with the
Note that the expression for the zeroth-order eigenvalue ancbrresponding eigenvalue being{f’—E(?), we can solve
eigenvector, Eq(16a), recovers the EOM-CC equatidfl). Eq. (209 for P|Rf<')> as
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_ PIROYLOIP Some modifications of them also allow the operations that
PIR)= 2, me (23 are defined by Eqg8) and (9), i.e.,
k- HI —
(E—Ho)[Wa)=|Vs), (29

The argument can be extended straightforwardly for degen-

erate reference states as we impose the intermediate normal-

ization upon the exact wave function against all the degen-

erate roots of the reference state. With these subroutines, we first perform a determinantal
CC(m) calculatiof* to determine the amplitudes. Param-
etermindicates that the cluster operafbcontains alin-fold

IIl. IMPLEMENTATION excitation operators up to=m. As in the regular CC cal-

culations, the determinantal CC calculations involve an itera-
A general-order_ Cat)PT(n) ?”d EOM-CC(m) PT(r?% tive procedure to determine themplitudes. With some ap-
program hgs been |mplgmented n MLYMER program 0propriate initial guess of thea amplitudes, we form an
by employing a determinantal algonthm and a restrlpte exponential wave function exp(®,) by operating with the
Hartree_—FocKRHF) reference. We first generate all posglble exponential operator on the reference wave functiorour
determinants for and/3 eIectron§. These and3 dgterml— _case, the RHF determinanfThen, we substitute the expo-
nants may be compactly stored in memory as strings of bit

ith h bit ting th ; Bt Tential wave function into the Schitmger equation and
\c/jvéter?n?% an'l g:ﬁrﬁzegp'ggﬁeg %;C;psg::z)?ar?ggrstringg project the equation onto the RHF determinghg) and all

Y a ab i -

each of which is given an address in a consecutive and lex|s_|ngly{|<l>| )}, doubly{| @)}, ..., mtuply substituted de

cal order. Thus, any wave function can be represented by drminants, i.e.,

VW) =|¥g). (30)

array of a- and B strings, elements of which store the ClI (Do|H exp(T)| D) =E, (31)
coefficients of the corresponding determinants. Likewise,
any vector that has the same structure as a wave function, (®3H exp(T)|®q)=E(PexpT)|Py), (32
such as right- and left-hand-side eigenvectors of EOM-CC,
perturbative corrections to a right-hand-side eigenvector of (®fIH exp(T)|®)=E(d{lexp(T)| Do), (33

EOM-CC, and a set of all the amplitudes, ceglﬁté%sconve- etc. We upgrade the amplitudes until all these projection

niently packed into an array af- and g strings. equations are simultaneously satisfied.

Having wave functions as explicit linear combinations of Once the converged amplitudes are obtained from
determinants, we can operate on these wave functions Wit&C(m) we carry out a determinantal EOM-O@(m)
any operator which is defined by a finite number of Secon.%alculation‘?6 This amounts to obtaining an eigenvalue and

quantized creation and annihilation operators. We have Writy, . <<ociated right-hand-side eigenvector of the rB)C(
ten some operator subroutines that take any wave function

(I¥,)) as an input and return as an output the wave funCtioﬁimilarity—transformed Hamiltoniatd by diagonalizing its

(I¥g)) that is obtained by the action of an operator on thematrix representation within the space of altuply substi-

input wave function. They perform such basic operations a%uted determllnants with s@_nsm. _In practlcg, we circum-
vent the straightforward diagonalization by invoking a non-

H[Wa)=|Vg), (24 Hermitian modificatio”' of Davidson's iterative subspace
exp(£T)|Wa)=|Vg), (25) method®? In this method, we projed®HP onto a subspace

; of greatly reduced dimension spanned by a set of orthonor-
exp(£TH[W ) =[Vg). (260 mal trial vectors. Diagonalizing the subspace representation

The action of the Hamiltonian on any input wave functionof PHP, we obtain an approximate eigenvalue and right-
| ,), Eq.(24), is a common step in any determinantal FCI hand-side eigenvector. We iteratively increase the subspace
program, and efficient algorithms for this procedure havesize and repeat this process until the approximate eigenvalue
been available in the literatuf&-8° The action of an expo- and right-hand-side eigenvector satisfy E2p) within a pre-
nential operator ofi¥ ,), Egs.(25) and(26), can be accom- set tolerance. We perform another determinantal EOM-CC
plished by operating with-T or =T" on|W¥,) recursively  (m,m) calculation to obtain the left-hand-side eigenvector
and by accumulating £ T)"|W,)/h! or (=TH"W,)/h! for the same eigenvalue. Realizing that transposed left-hand-
The schematic representatiglvop structurg of the algo-  side eigenvectorPlL(ko)) satisfies an EOM-CC eigenvalue
rithm of this procedure can be found in Ref. 64. We note thaproblem invoIvingPﬁTP,

the Taylor expansion of exp(T) or exp(T") terminates _

after a finite number of terms, by virtue of the finite number ~ PHTP|L(®)=EQPP|L(D), (34)

of electrons and of orbitals, and hence the procedure is COM= . an compute the left-hand-side eigenvector by making
putationally well defined. By calling these basic subroutines

: . . “some minor modifications to the EOM-CC program for
in an appropriate order, we can also perform the following’. . )

. o right-hand-side eigenvectors.
composite operations:

At this point, we have the CC enerds{”) and the con-

ﬁl\IfA>=exq—T)H expT)| W) =|Tpg), (27 vergedt amplitudes for the reference state from the @¢(
_ calculation and the eigenvalig” for an electronic state of
HY W) =exp(THH exp(— TH| W) =|¥g). (28)  interest kth stat¢ and the corresponding right- and left-
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hand-side eigenvector®|R(”) and(L{”|P, of PHP from

Hirata et al.

TABLE |. Differences(in mE,) between the FCI energies and the energies
obtained from the MBPT{) and CCm)PT(n) theory series. The calcula-

the EOM'CC(n’m) calculations. With these_' we compute tions are carried out for the ground state of FH using an RHF reference and
the CCM)PT(n) or EOM-CC(Mm)PT(n) energies and wave the 6-31G basis set within the frozen core approximation at three selected

functions in a recursive manner by using E(&8) and (19)

bond lengths:re=R.=0.917 A; rey=1.5R,; rpy=2.0R,. The FCI

or (20). The evaluation oE{’ and the right-hand-side vector i”;ég;‘;z o8 _(120&1)14 80E, (RJ, —100.048138, (1.5, and
|B(k')> of the linear equation can be done straightforwardly in__"__ AT
each iterition with the aid of the subroutif®0) that oper- Theory Re 15k, 2.0R, Annotatiof
ates withV on any g_iven wave _function. As_ we use the RHF MBPT(1) 131.398 160.173 202.857 MPHE
reference, the solution of the linear equation in @epace, MBPT(2) 3723 8782 24608 MP2
Eq. (20D, is trivial; for example, thabf” element ofQ|R{") MBPT(3) 4932 11.733 26523 MP3
array is thed?" element ofQ|B(") array divided by E{” MBPT(4) 0622 2445 7.017 MP4
—E{—e,— ep+ €+ ;). Equation(23) may appear to sug- MBPT(5) 0.422 1845 4885 MPS
ges(to)that we need to have all the left-hand-side eig(eol;vectorscc(l) 131.398 160.173 202.857 CESIF
{(Li"’[P} and all the right-hand-side eigenvect¢rRi™)} CC1PT2) 3723 8782 24608 CGY
of PHP to solve the linear equatiof20a. However, we can ~ CCLPTR) 4932 11.733 26.523 CQY
solve the equation without having either the entire set of CADPTA) 0543 1934 5198 Ca§
) ; . ) CC(1)PT(5) 0416 1732 3.821 Ca5
left-hand-side eigenvectors or the entire set of right-hand-
side eigenvectors. This can be accomplished by expandingcc(2) 1.032 2634 6.007 CCSD
the solution vectoP|R(") by a set of trial vector§P|X,)} CCRIPT(2) 0.004 1537 4978 CCSP)
(see Refs. 83 and 84 CCRPT(3) 0.034 0.933 4.144 CCSB)
CC2)PT(4) -0.002 0577 3.459 CC9ID
PIR()~P(Cy|Xq) +ColXo)+ - - - +Cql X)) (35) CC2)PT(5) 0.002 0.363 2.894 CCSB)
. , . . cc3 0350 0.626 0.971 CCSDT
with each trial vector being biorthogonal (& (*'|P Cg((g,;PT(z) 0031 0352 0791 COSDI)
© CCRPTA) 0.008 0.203 0.647 CCSOI
(Li’[PIXp)=0  (p=1,...@. (30)  caEPTA) 0.001 0.118 0531 CCSD¥)
CC3)PT(5) 0.000 0.070 0.436 CCSDY)
Thus, we can conveniently impose the intermediate normal-
ization to P|R{’) and eliminate the singularity in the linear gg(iipm) 8-882 8-8?8 8-832 gggg;%
equa@h_ons. The coefficients,, . . . Cq Mmay be obtained by CCaPT(3) 0.000 0005 0022 CCSDT®
requiring that the norm of the residuum CC4)PT(4) 0000 0003 0017 CCSDT®
o — CC4)PT(5) 0.000 0.001 0.013 CCSDT®
P|Yq)=P(E{”—Ho)P(cy|X1) + ol Xo) + - - - +cqlXg))
_ CC(5) 0.001 0.003 0.005 CCSDTQP
—P|B{"), (37) CCB)PT(2) 0.000 0.002 0.004 CCSDTQB
CC(5)PT(3) 0.000 0.001 0.003 CCSDT@®
becomes minimal. This requirement reduces to solving a CCOPT# 0.000  0.000  0.002 CCSDTQ@H
greatly reduced number of linear equations having no singu—CO(S)PT(5) 0.000  0.000  0.002 CCSDTQH
larity. The number of the trial vectors is increased iteratively ccg) 0.000 0000 0000 CCSDTQPH
until the norm of the residuum becomes smaller than a presetcc(7) 0.000 0.000 0.000 CCSDTQPHS
tolerance. The new trial vectd?|X,.;) may be generated CC(®) 0.000 0.000 0.000 CCSDTQPHS®CI
from the residuum vectdP|Y ) as
CCSDT-1a 0.354 0.622 0.454
_ _ pIpON/] (0) CCSDT-1b 0.350 0.616  0.653
PIXq+1)=P[Yq) = PIR) LI P Yg). (38) CCSDT-2 0.403 0772 1141
CCSDT-3 0.409 0.829 1567
V. DEMONSTRATIVE CALCULATIONS CCSD+T(CCSD  0.287  0.282 —1.407 CCSDT]=CC4SOT]
The total energies are calculated by @QPT(n) for the cesom 0414 0.719 ~0.000
d states of FH and,J@ at the equilibrium bond length CCSDTQ), 0014~ 0.114  0.159
grouna ste 2 q dleng CCSOTQy) . 0014 0121  0.161
R. and with bonds stretched to R5and 2.0, using the CC5sOTQl, 0.015 0.081 0.052

6-31G basis set. The lowest orbitals are not taken into ac

count in the correlation treatment, and hence(8§&€FCI.
The results of these C@()PT(n) calculations (Em=8
and O=n=<5) are compiled in Table | for FH and in Table Il
for H,O. The total energies obtained from MBRi)( (0

<n=<5) and some iterative and noniterative approximate CQions with theAces I program®® and the CCSDIQ), ,
CCSDTQy), ,%?%and CC5SPTQ], 24?8 calculations with a
program written by Kucharski and Bartlett.

We first note that the C@J)PT(n) results systemati-
cally approach the corresponding results of FCI as the per-

models are also given in these tables. The @JXT(n) and
MBPT(n) calculations have been performed with theLy-
MER program’’ the CCSDT-1&° CCSDT-1b'® CCSDT-21¢
CCSDT-3% CCSD+T(CCSD,*® and CCSDT)?° calcula-

&Commonly used notations of the theoretical models. The MBP&nd
CC(1) total energies are the same as the HF energy.

26,28
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TABLE Il Differences(in mE,) between the FCI energies and the energies ergies is always null, and the first nonvanishing correction to
obtained from the MBPT{) and CCm)PT(n) theory series. The calcula- the CC energies occurs in the second order of the perturba-
tions are carried out for the ground state gfHusing an RHF reference and . .

the 6-31G basis set within the frozen core approximation at three selecteuon theory' It may be noticed from the tables that
bond lengthsr op= R.=0.967 A andayon=107.6°; 1 on=1.5R, andauoy CC(1)PT() and MBPT) are closely related to each other.
=107.6°; rou=2.0R, and a,o4=107.6°. The FCI energies are These two perturbation series are based on the same

~76.12117&, (R), —75.98578, (15R), and —75.87647&y  CC(1)=HF reference state, and hence MBRT

(20Ro). —CC(1)PT(0), but they differ in the definition of the primary
Theory Re 15R, 2.0R, Annotatiof (P) and complementary (J) spaces. TheP space of
MBPTQ) 136,671 197556 295881 MPLIF MBPT(n) is jUS.t the HF determma_nt, while that. of
MBPT(2) 8215 20.051 48.894 MP2 CC(1)PT(n) consists of the HF determinant and all singly
MBPT(3) 6.577 24.159 66.947 MP3 substituted determinants thereof. The second- and third-order
MBPT(4) 1300 5.758 15.235 MP4 energies of these two perturbation series are identical to each
MBPT(S) 0.583  4.446 14.639 MPS other, and at the fourth order and onwards the energies of
cc) 136.671 197556 295881 CESIF these_ two series d_gwate from each other as a consequence of
CCPTR) 8215 20.051 48.894 CCH the different definition of thé> and Q spaces, but they both
CC()PT(3) 6.577 24.159 66.947 CGCH converge at FCI with increasing perturbation order. We con-
CC(L)PT(4) 1128 4381 9213 CQ3 sider it a pleasant feature for the GBYPT(n) hierarchy to
CCPT(S) 0597 4423 15172 CQY comprise a series that closely resembles the most ubiquitous
perturbation theoryMBPT) at the lowest end of the hierar-
EE%PT(Z) é:igg i:gg 2;3;‘2 222) chy. The difference between the QQPT(4) and MBPT4)
CC(2)PT(3) 0.077 3170 7.838 CCSB) energies arises from the different ways of including the en-
CC(2PT4) 0.007 2402 6.981 CCSB) ergy contributions from the singly substituted determinants.
CC2PTE) 0007 1834 6208 CCSB) The energy differences are marginal, but the(DET(4) re-
cad) 0449 1199 —1.965 CCSDT sults appear to be systematically closer to FCI than the
CC3)PT(2) 0.049 0.891 —2.006 CCSDT2) MBPT(4) results.
CC(3PT(3) 0.013 0.667 —2.040 CCSDW) At the equilibrium bond lengths, the proposed second-
CC(3)PT(4) 0.003  0.502 —2.065 CCSDT) order perturbation theory is remarkably effective. For ex-
CABPTS) 0.001 0379 —2.084 CCSDT) ample, CQ2)PT(2) reduces the errors between @C
co@) 0012 0097 0102 CCSDTO =CCSD and FCI from 1.032 to 0.004Epn and from 1.545
CC4)PT(2) 0.002 0.067 0089 CCSDTQ to 0.102 nfy in the total energies of FH and,B atR.,
CC(4)PT(3) 0.000 0.047 0.077 CCSDTQ respectively. The CQ)PT(2) errors(0.004 nEy for FH and
CC4)PT(4) 0.000  0.033  0.067 CCSDT@ 0.102 nEy, for H,0) are significantly smaller than the errors
CCAPTE) 0.000  0.024  0.059 CCSDTQ obtained from any of the CCSD models that approximately
cas) 0003 0015 0023 CCSDTQP incorporateT; such as CCSDT-1&0.354 and 0.492 )
CC5)PT(2) 0.001 0.010 0.020 CCSDTQ® and CCSDT) (0.414 and 0.534 m&®,). They are even
CC(5)PT(3) 0.000 0.007 0.018 CCSDTQ@® smaller than the errors of @8=CCSDT (0.350 and 0.449
CC5)PT(4) 0.000 0005 0.016 CCSDTQH mE,). This may be expected as CIPT(2) incorporates not
COOPTE) 0.000 0004 0.015  CCSDTEH only T but also all higher-rank cluster operators in an ap-
cce) 0000 0001 0002 CCSDTQPH proximate manner. Among the approximate CC models con-
cC(7) 0.000 0.000 0.000 CCSDTQPHS sidered here, only the CC$DQ) variants of Kucharski and
CC(®) 0.000  0.000 0.000 CCSDTQPHS®CI Bartlett, which incorporatd ; andT, in a noniterative man-
CCSDT1a 0492 11473740 ner, outperform CQ@)PT(2). For the same system_s,
COSDT-1b 0493  1.141—3.491 CC(l)PT(Z)_zMBPT(Z)_ accounts for 94%—-97% of the basis-
CCSDT-2 0587 1.771-0.217 set correlation energies, and GIPT(2) reduces the errors
CCSDT-3 0.590 1.803  0.067 between CC3)=CCSDT and FCI roughly by a factor of 10.

It may be said, therefore, that C@[PT(2) is remarkably

CCSDfT(CCSD 0435 0544 —8.210  CCSDT]=CCASOT]  sccyrate for the states whose wave functions are predomi-

gggg?@« g'gig 01_';585 :2:222 nantly the HF determinant, and is a promising alternative to
CCSOTQy), 0.075 0283 —1.763 the existing perturbative approximations to CC.
CC5SOTQ], 0.036 0.226 —1.226 CC(m)PT(n) appears to be particularly effective at even or-

ders of the perturbation theory. The third-order perturbation
theory generally provides only modestly improved results or
occasionally poorer results than the second-order perturba-
tion theory. Nonetheless, C®PT(3) appears to achieve the
comparable accuracy as the CG$DR) models for the
turbation order ) increases, regardless of the referenceground states of FH and.© atR..

CC(m) model upon which the pgrturbation theory is based.  As bonds are stretched to R5and 2.R,, the wave
Owing to our particular choice dfly, CC(m)PT(0) simply  function assumes increased multideterminantal character
amounts to CQf). The first-order correction to the CC en- and, accordingly, the convergence of the perturbation theory

& ommonly used notations of the theoretical models. The MBP&nd
CC(1) total energies are the same as the HF energy.
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TABLE IIl. Differences between FCI and the EOM-O@[PT(n) theory  state and the vertical excitation energies, (@nd w,) to the
series in the total energyE( of the ground state and in the vertical excita- two Iowest-lying 12+ excited states of CH calculated by
tion energies ¢, and w,) to the two lowest-lying'S " excited states of .
CH' (rep=1.131 A. An RHF reference and the 6-31G** basis set are EOM-CC(m)PT(n) (1=m=4 and O<n<5) with the
employed within the frozen core and frozen virtual approximations. The FCI6-31G** basis set. The lowest and highest orbitals are ex-
energy for the ground state is37.998 81E,, and the FCI vertical excita-  cluded in the correlation treatment, and hence EOM44
tion energies to the two lowest singBf" states are 8.530 and 14.304 eV. —FCI. The transition to the Iowest-lyinbi* state @1) is
Theory AE/ME, Aw/eV AwyleV Annotatiort known to be a dominant double replacement from the refer-

ence, whereas, is a dominant single replacement. Thus,

EOM-CQ(1) 101.552 - 0.548 EOM-CCS-CIS ; _ ;

EOM.CODPT2) 31941 - 0242 EOM-CO®)=CIS-MP2 EOM CQ(l,l) CIS and the perturbatllon theory thereqf do
EOM-CO1PT(3) 13.220  --- 0121 EOM-CC®) not providew;. The results of some iterative and nonitera-
EOM-CQ1)PT(4) 6.255 0.049 EOM-CCH) tive approximate CC calculations for the ground states and
EOM-CQ1PT(5) 3.194 -~  0.026 EOM-CC%) the results of the CI®),>®> EOM-CCSDT-3* and EOM-
EOM-CQ12) 1941 0544 0062 EOM-CCSD (_3CSD_(~'I)49 calculations for the excitatic_m energies are also
EOM-CO2PT(2) 1.086 0370 0.051 EOM-CCSD) listed in the table. The CI®) calculation has been per-
EOM-CC2PT(3) 0.642 0.255 0.039 EOM-CCSB) formed with theQ-cHEM prograni® and the EOM-CCSDT-3

EOM-CC2)PT(4) 0.390 0.179  0.030 EOM-CCSB

EOM-GO2PT() 0244 0127 0022 EOM-GGSB and EOM-CCSD(T calculations with a program written by

Watts and Bartlett. In this study, the EOM-Q@)PT(n) ex-

EOM-CQQ3) 0.097 0073 0003 EOM-CCSDT citation energies are defined as the EOM-GRT(n) total
EOM-CQ3)PT(2) 0.070  0.056 0.002 EOM-CCSDI) energies for excited states minus the @¢PT(n) total en-
EOM-CA3)PT(3)  0.050 ~ 0.044  0.001 EOM-CCSD3) ergy for the ground state. With this definition, both the total

EOM-CC(3)PT(4) 0.036 0.035 0.001 EOM-CCS%)

EOM-CA3PT5) 0027 0028 0001 EOM-COSDH) energies and the excitation energies of EOM-@IRT(n)

converge at the corresponding FCI values with increasing
EOM-CQ(4) 0.000 0.000 0.000 EOM-CCSDTEFCI perturbation ordern, regardless of the parent EOM-CC
(m,m) model upon which the perturbation theory is based.

gggglj‘g g-jgg This is in contrast to some approximate EOM-CC models,
CCSDT-2 0556 ... such as EOM-CCSD(Tand CCSDR3),%? in which the total
CCSDT-3 0.555 - energies of excited states may not be unambiguously defined.
_ Unlike EOM-CCSDT-3, EOM-CCSD(), or CCSDRB3),
gg:gg(ccso) 8:32? cesaTl=ceasnT] however, EOM-CCih)PT(n) is not size intensive. The lack
CCSDTQ), 0.481 of the size intensivity of EOM-CG()PT(n) may be under-
CCSOTQ) s 0.486 stood by identifying the EOM-CQ@)PT(2) model as the
cc5sOTQl, 0172 - CIS-MP2 method proposed by Foresneiral,®” which also
lacks the size intensivity?
CISD) DTS e Th d state of CHhas substantial multidetermi
EOM-CCSDT-3 0231  0.022 e ground state o as substantial multidetermi-
EOM-CCSD{) 0202 —0.008 nantal character and is a challenging problem for single-

reference perturbation theories. The contribution of the RHF

Commonly used notations of the theoretical models. The EOMICC determinant in the FECI wave function is onIy 75%. As may
=EOM-CCS total energies for the ground and excited states are the sarr@e/

as the HF and CIS energies for the ground and excited states, respective e eXpeCted _from the results of stretched bon_d cases,
C(m)PT(n) yields a rather slowly convergent series. For
the vertical excitation energy of the dominant single replace-
.ment transition {,), the second- and third-order perturba-
Tion theories on the basis of EOM-CL1)=CIS reduce the
errors in the excitation energies from the FCI result roughly
by 50% and 75%, respectively. Consequently, EOM-
CC(1)PT(2)=CIS-MP2 performs slightly worse than
CIS(D), while EOM-CG1)PT(3) outperforms CIfD), the
i o = latter reducing the errors from the FCI result by 70%. Going
choice of HO within the Q space QHoQ) renders from EOM-CC(1,1)=CIS to EOM-CGZ,Z):EOM-CCSD or
CC(m)PT(n) remarkably effective for those electronic states 4 higher EOM-CC model, the perturbation theory tends to
that are described well by a HF determinant, but becomeﬁecome less effective. Far,, EOM-CQ2)PT(2) only mar-
less satisfactory as the states gain some muItideterminanta,na"y improves the EOM-C@)=EOM-CCSD result, al-
chiracter. It will be of interest to study the optimal choice Ofthough the latter is already a remarkably good approximation
QH,Q that compromises the applicability and accuracy in ao the FCI result. For the electronic transition having appre-
well-balanced manner. Such an analySiS will be greatly fa'ciab|e double rep|acement Characterwll’ EOM-
cilitated with a determinantal C@{)PT(n) program, as one CC(m)PT(n) provides a series of rather slowly improving
can examine different choices QfHyQ by a trivial modifi-  results. This reflects the multideterminantal character of the
cation of the program. wave function of the excited state that is the destination of
Table 1l summarizes the total energies of the groundthis transition. For this excited state, the second- and third-

particularly prominent in the results of CQJPT(n) with
m=2. Although CQ1)PT(2)=MBPT(2) accounts for a re-
spectable fraction83%—-95% of the basis-set correlation
energies of FH and $0O at 1.3, and 2.R., CC(2)PT(2)
only marginally improves CQ@). This suggests that our
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order perturbation theories decrease the error in the excitapproach employed here allows us to obtain essential infor-
tion energy between EOM-G2)=EOM-CCSD and FCI mation about the accuracy and some information about the
roughly by a factor of 1/3 and 1/2, respectively. To arrive atapplicability of the entire hierarchy of the models with a

the accuracy of EOM-CCSDT-3 or EOM-CCSD(Tone Mminimal implementation effort. However, the approach is not
must resort to EOM-C@)PT(3) or EOM-CQ2)PT(4). Con-  capable of providing any piece of information about the ef-
sidering the lack of size intensivity and the rather slow condiciency of the models. The integral-baséas opposed to
vergence of the perturbation series, we conclude that EOMmdeterminant-basgdmplementation of CGf)PT(n), which
CC(m)PT(n) does not deserve an implementation. This is inmay involve some further approximati¢e.g., the factoriza-
striking contrast with CQf)PT(n) for the ground states, tion approximatiof) and is beyond the scope of this study,
which performs remarkably well at equilibrium geometries, would provide this important piece of information about the
and is promising. It appears to be true that other perturbativefficiency. For excitation energies, EOM-Q@(PT(n) has
corrections to excitation energies such as EOM-CO3p turned out to lack size intensivity and converges rather
EOM-CCSD(T), CISD), and CIS-MP2 also perform less slovyly with respect tan, indicatﬁng that one may have to take
satisfactorily than their ground-state counterparts, i.e.2 different approach for excited statesee, e.g., Ref. 72
CCSD(T) and MBPT2). This is perhaps because, for some than for the ground state to achieve gnlformly good resqlts.
excited states, neither the EOM-CC or CI method providedn ©other words, the present formalism, which maintains
an appropriate zeroth-order description on the basis of whicH'@ny of the common features of single-reference perturba-

a rapidly convergent perturbation series can be generated. 10N theory, is particularly suited for those systems the wave
functions of which are predominantly the HF determinant.
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