ELSEVIER

30 March 2001

CHEMICAL
PHYSICS
LETTERS

Chemical Physics Letters 337 (2001) 138-142
www.elsevier.nl/locate/cplett
Electron correlation in artificial atoms
Thomas M. Henderson, Keith Runge, Rodney J. Bartlett *
Quantum Theory Project, University of Florida, Gainesville, FL 32611, USA
Received 14 November 2000; in final form 16 January 2001
Abstract

Electron correlation is essential to the accurate description of molecular systems. Here, parabolic quantum dots
(often referred to as artificial atoms) are treated with the coupled cluster formalism of quantum chemistry to introduce
correlation. Electron correlation is shown to account for between 1% and 9% of the total energy of quantum dots with
from two to eight electrons and has a significant qualitative effect on the addition spectra. We employ a scaling rela-
tionship, confirmed by our calculations, which allows the treatment of quantum dots without specific reference to
material properties. © 2001 Elsevier Science B.V. All rights reserved.

Semiconductor quantum dots [1,2] have at-
tracted tremendous interests, both experimentally
and theoretically, in the past several years. Be-
tween two layers of one semiconductor is placed a
thin layer of a second semiconductor; this thin
layer, a few nanometers in thickness and tens to
hundreds of nanometers across, comprises the
quantum dot. Excess electrons are driven into the
dot by an overpotential, where they are being es-
sentially confined to two dimensions.

Quantum dots have often been called ‘artificial
atoms’ because they share some of the properties
of real atoms. They have discrete electronic spectra
with narrow line widths and degenerate energy
levels. Artificial atoms exhibit lasing [3], just as real
atoms do. Their level structure makes it possible to
build a periodic table of artificial atoms, and
bonding between artificial atoms has been ob-
served [4]. With a vast array of potential uses,
ranging from applications in quantum computers
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through the creation of so-called ‘designer solids’
plus use in lasers and other optical or electronic
devices, a rigorous, many-electron, theoretical
understanding of these systems is critical for op-
timum design control.

Most theoretical treatments of quantum dots
assume they constitute a two-dimensional system
and treat the electron—electron interaction via the
constant interaction model [5]. Attempts to go
beyond this model have typically used Hartree—
Fock (HF) [6-8], exact diagonalization (ED) [8-
14], or density functional theory (DFT) [15,16].
HF fails entirely to describe electron correlation,
can easily treat only the lowest energy state of a
given symmetry, and unrestricted HF often im-
properly describes spin for open-shell systems.
DFT, which attempts to indirectly introduce some
electron correlation via a wide variety of exchange-
correlation potentials, has similar spin and sym-
metry problems for open-shell systems and does
not provide a path to converge to the exact an-
swer. ED is computationally intractable for larger
systems. Therefore, it seems desirable to establish a
theoretical framework that provides an accurate
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treatment of correlation and spin for ground and
excited states while remaining computationally
practical for many-electron artificial atoms. Here,
we report the application of coupled cluster (CC)
methods [17,18] which are easily applied in either
two or three dimensions and for ‘artificial mole-
cules’, since there is no assumption of cylindrical
or spherical symmetry, to treat electron correlation
in quantum dots to a very high level of approxi-
mation.

It has long been understood that electron cor-
relation is of critical importance in atoms, mole-
cules, and solids, and it should also be in quantum
dots. However, the methods must be efficient en-
ough computationally to allow the treatment of
many electron systems. It is also essential that the
correlation approach scale properly with the
number of electrons, that is, it must be ‘size-
extensive’. Furthermore, it is desirable to treat
excited states to a similar degree of accuracy. Here,
aided by a scaling relationship that allows quan-
tum dots to be described like real atoms, we
demonstrate the application of the highly accurate
CC methodology to artificial atoms.

The basic CC ansatz is that the wave function is
written as an exponential excitation operator onto
an independent particle reference,
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with a'i exciting an electron from the ith occupied

orbital into the ath virtual orbital. While the ref-

erence is normally taken to be HF, this need not be

the case. The CC ansatz leads to an energy ex-

pression of the form

E = (Do|H|®y), 3)
where
H=eTHe. (4)

The #¢ are given by

(@ [H|®o) = 0, (5)
where |<15‘?,b"'“> corresponds to the determinant
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Limiting the T excitation operator to single and
double excitations (7' =T} + T») defines the cou-
pled cluster singles and doubles (CCSD) [19]
method used in this work.

The CC formalism has several advantages in its
treatment of electron correlation. First, it provides
quite high accuracy, with CCSD typically recov-
ering about 93% of the correlation energy in mo-
lecular systems [18]. At the same time, it is
sufficiently computationally efficient to allow for
the treatment of reasonably sized systems, with
routine application to systems with tens of elec-
trons [18]. It is a size-extensive method (i.e., the
energy contains no unlinked diagrams), and hence
the energy and wave function scale properly with
the number of electrons. Furthermore, the results
are insensitive to the choice of reference orbitals,
which often makes it possible to treat difficult
problems accurately using non-standard references
[20]. CC methods are usually able to correct the
spin-contamination and other symmetry-breaking
problems often found in unrestricted HF (UHF)
[21]. Although a CCSD based on a UHF reference
does not give a spin eigenfunction, it is much closer
than is the UHF [21]. Excited, ionized, and elec-
tron-attached states can be described within the
equation-of-motion coupled cluster (EOM-CC)
framework [22,23], and it is possible to make ac-
curate predictions about a wide range of proper-
ties, ranging from spin densities [24] to
hyperpolarizabilities [25] so that, for example,
predictions about quantum dot lasers can be made.

In order to facilitate this research, we take ad-
vantage of a convenient property of the quantum
dot Hamiltonian. Introducing the scaling rela-
tionship

i — Ty 7
pi = (7)

we can reduce the number of effective parameters
in the problem from four to two. Then the Ham-
iltonian for a quantum dot is
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It can easily be shown that
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This makes it possible to treat harmonically con-
fined electrons over wide ranges of frequencies
within our framework. Further, with typical ma-
terial constants (m* = 0.067 and k = 12.4), fre-
quencies of interest (w = 0.18 mH) scale into a
range more typical of atomic and molecular sys-
tems (o' = 0.42 H), where traditional quantum
chemical techniques and basis sets can be readily
applied.

In order to calibrate the method and choice of
basis set, we present a few sample results for two
electron systems (for which the exact solutions can
be found in both two [26,27] and three [28,29] di-
mensions). The exact solutions can be readily
found only for a discrete set of frequencies, but for
arbitrary materials constants; the eigenvalues re-
ported below were obtained in this manner and
explicitly obey the scaling relationship, which was
not used to find them. In each case in Table 1,
successive pairs of entries correspond to the same
solution for two different sets of materials con-
stants (and hence of different frequencies). We also
report the ratio of the energy at m* = k = 1 to that

at the other set of materials constants as the value
R, with R, being the R value predicted by the
scaling relationship (as this value appears in the
solution of the Schrodinger equation).

CCSD is exact for two electron systems; thus,
all error in these calculations is due to basis set
effects. As can be seen, the basis set chosen
yields an energy accurate to about 0.1% in two
dimensions; this basis set contains cartesian
Gaussians of s-, p-, d-, and f-types, with expo-
nents of 0.05 m*w, 0.1 m*w, 0.2 m*w, 0.4 m*w,
0.6 m*w, m*w, and 2 m*w. (This basis set is
constructed in an even-tempered manner[30].)
After removing the near-linear dependencies, this
amounts to 60 functions in two dimensions, or
127 functions in three. Also, it is noteworthy
that while the CCSD results are worse in two
dimensions than they are in three, they are still
quite good, while the HF results are much
poorer in two dimensions than in three. Finally,
note that the scaling relationship is numerically
verified by both HF and CCSD.

The need for correlated methods in molecular
systems is clear; it may in fact be greater in artifi-
cial atoms. An examination of Fig. 1 shows that as
a fraction of the total energy, the correlation en-
ergy remains significant (a few percent of the total
energy) even as the number of electrons in the
system becomes larger. Note that the correlation
energy may be numerically quite substantial for
large systems even when it constitutes only 1% of
the total energy. Further, as the confining fre-
quency becomes lower, the correlation energy be-
comes more important. Clearly, if one wants
accurate energies and properties, correlation ef-
fects are critical.

Table 1

Results for basis set and scaling calibrations in both two and three dimensions®
m K » Npim Escr Eccsp Eexact Rscr Reesp Rexact
1 1 1 2 3.1619 3.0032 3 50.000 50.000 50
0.5 5 0.02 0.0632 0.0601 0.06
1 1 0.1667 2 0.7687 0.6671 0.6667 6.667 6.667 6%
0.6 2 0.025 0.1153 0.1001 0.10
1 1 0.5 3 2.0384 2.0003 2 25.000 25.000 25
0.16 2 0.02 0.0815 0.0800 0.08
1 1 0.1 3 0.5290 0.5001 0.5 12.500 12.500 12.5
0.32 2 0.008 0.0423 0.0400 0.04

# All numbers are given in hartree atomic units.
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Fig. 1. Correlation energy as a fraction of total energy for a
quantum dot in the absence of a magnetic field. Frequencies are
measured in hartree atomic units and m* =k = 1.

This can also be seen by examining the addition
spectra in the absence of a magnetic field, the re-
sults for which are summarized in Table 2. Fig. 2
shows the addition spectrum at the HF and CCSD
levels, with m* = k = w = 1. In HF, u(5) and u(6)
are about 100 mH too high as compared to the
CCSD results; this represents an error of about
2%. This actually changes the character of the
spectrum. It shows too strong a peak at the half-
filled p-level (n = 5) and too weak a peak at the
onset of the d-level (n = 7).

These effects become more pronounced as the
binding frequency becomes lower and correlation
becomes more important. Fig. 3 shows the HF and
CCSD addition spectra for the same set of mate-
rial constants as Fig. 2, but with w = 1/2. Again,
u(5) and p(6) are about 100 mH too high, an error
of about 3%. More significantly, the qualitative
character of the HF spectrum now shows no
‘magic number’ at n = 6, while this is still easily
seen in the CCSD results. Correlation thus has a
profound effect even in the addition spectrum,
where one might expect it to be less important,
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Fig. 2. Addition spectrum for a quantum dot in the absence of
a magnetic field at frequency w =1 a.u. Energies are also
measured in hartree atomic units and m* =k = 1.
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Fig. 3. Addition spectrum for a quantum dot in the absence of
a magnetic field at frequency w = 0.5 a.u. Energies are mea-
sured in hartree atomic units and m* = k = 1.

since the errors made by ignoring correlation
might be expected to partially cancel in these cases.

In summary, we demonstrate the application
of the CCSD formalism to artificial atoms. We
also develop a basis set which allows for basis-set
error on the order of 0.10% in these calcula-
tions. Correlation effects are shown to be signif-

Table 2
Addition energies for two-dimensional quantum dots for two frequencies®
w Method u(3) u(4) u(5) (6) w(7) 1(8)
1.0 HF 3.404 3.956 4.836 5.361 6.407 6.884
CCSD 3.364 3.921 4.722 5.259 6.385 6.856
0.5 HF 1.951 2.332 2.905 3.284 3.793 4.103
CCSD 1.920 2.299 2.818 3.185 3.782 4.096

“Energies are given in hartree atomic units, and u(N) is defined as E(N) — E(N — 1).



142 T.M. Henderson et al. | Chemical Physics Letters 337 (2001) 138—-142

icant, having a particular effect on the addition
spectrum. We also show that the method obeys
a scaling relationship which obviates the need
to explicitly consider the material constants of
the dot.
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