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Finite-basis-set optimized effective potential exchange-only method
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The finite-basis-set optimized effective potenti®EP method is presented from an integral
equation point of view. It is shown that the projection method for solving the OEP integral equation
provides a consistent and convenient approach for including orbital-dependent functionals and
potentials in the finite-basis-set implementations of the Kohn-Sham theory. Different
finite-basis-set realizations of the OEP method are introduced and tested within the exchange-only
approximation. An exact condition involving the local multiplicative exchange potential and the
nonlocal Hartree—Fock exchange potential built from Kohn—Sham orbitals is incorporated in our
schemes. Numerical results are presented.2@2 American Institute of Physics.

[DOI: 10.1063/1.1427712

INTRODUCTION AND DEFINITIONS
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Recent advancés'® in developing computational r=r'|

schemes featuring explicitly orbital-dependent exchange- xdr'dr, 1)
correlation functionals and potentials within the Kohn—Sham

(KS) formalism of density functional theoryDFT) (Refs within the KS theory leads to a Fredholm linear equation for
" . _the o-spin component of the corresponding local exchange

11-13 require a general and consistent approach for SOlvm%otentialv (1) (= SE,[n]/an, ), whereN, is the number of
Fredholm integral equations of the first kind with a real sym-g,octrons g’f spinr Trxle integgra{l equatiog reads

metric kernef*!® These types of integral equations appear

within  the optimized effective potential (OEP JX (1o (r)dr”
So 1 Xo

method!~1%161"which presents a computational framework
for handling orbital-dependent functionals and potentials occ, unocg, * )
her than | licit density functionals and il B L Pio(D @ao(r
rather than just explicit density functionals and potentials. = (PaclVygl @iy — +cC.cf, (2
i, a, €ic™ €ao

The OEP method provides a computational scheme for an

exact exchange treatment within the KS theory. The incluwhere yML(r) is the nonlocal HF-type exchange potential
sion of correlation effects requires certain approximationspuilt from KS orbitals. In Eq(2), the kernel of the integral
due to the fact that the correlation energy functidgdin] is  equation can be readily identifiedi>°as the static KS linear
yet unknown in terms of the ground-state KS single determitesponse functioXs,(r,r’), which is known in terms of KS
nant in contrast to the exchange energy functidigin],  orbitals and energies, i.e.,

which is known explicitly in terms of the occupied KS orbit-
| PACTEY P SR a1 @i(r) 9l (1) Pag(r)
as: Xso(r,r)=2 2 — +e.c.
The purpose of this work is to present a general basis-set o 8 €io™ €ao

formulation of the OEP method with particular emphasis on )
the exact exchange-only treatment. In this basis-set formula-ere, the orbitals,,(r), and the energies,,,, are obtained
tion, the OEP linear integral equation is solved by means oby solving the one-particle KS equations given by

the projection methodf, Different choices for projection ba- 1 n(r')
sis sets built from atomic orbitalAO) basis sets are dis- ’L——V2+fﬁdr’+vxa(r)+vw(r)+vo(f) @palr)
cussed, and numerical results are presented. An important 2 r=r|

exact condition;®*819ysually invoked to test the accuracy = €prPpoll), (4)

of numerical results, is incorporated in our computational , . ,
. , .whereuv ,(r) is the external spin-independent potential for the
schemes. It is demonstrated numerically that when suffi- . ;
stem of interest, and|(r) is the total ground-state electron

. o . )
mently large projection basis sets are used, the .ground-StaB%nsity, le.n(r)=2,_,gN,(r), which is uniquely associ-
energies obtained from the basis-set formulations of theiaq with vo(r) by virtue of the Hohenberg—Kohn
Hartree—FockHF) and of the OEP exchange-only methods theorenf®2! Pure state v-representability is assumed

are very close. throughout our work? The exchange potential,(r) is the
The utilization of the explicit form of the exchange en- solution to integral Eq(2), and v, (r) is the correlation

ergy functionalE,[ n] given by potential defined formally as the functional derivative of
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E.[Nn], i.e.,v,(r)=S8E[n]/n,(r). The spin density,(r) Since 7, IS Not zero, unles® ,,.(r) =const., it follows that

throughng(r)=EiN:"1|gin(r)|2. stant. The unknown constant is further determined by the

requirement that the unknown potentig),(r) must vanish
t the boundaries, i.gr,|—°. This finding is consistent with
revious work by Gding and Levy? Graboet al,®*® and

Throughout our consideration we shall neglect the cor
relation effects, and focus our attention on the exchange-onl

formalism. In other words, we shall assume tBafn]=0, . . )
Batn] Hirata et al.'° showing that the solution of the OEP equa-

anduv,(r)=0. When this assumption is madg,[ n] is not . : . : "
the exactexchange energy for the system of interest as deiEIOnS is unique given the boundary condition thaj(r) van-

fined in the KS theory since E¢) with v,(r)=0 doesnot ishes agr|—c-.

lead to the exact ground-state spin densitigg). This ap- i i
proximate KS method, known as the OEP exchange-only',:INITE BASIS-SET OEP METHOD

utilizes the exact orbital dependent formBf{ n], Eq. (1), The practical implementation of any OEP method hinges
but with orbitals which are solutions to E¢}) with v ,(r)  on the efficient approach for solving integral E). The
=0. numerical grid-based realization of the OEP method presents

Formula(2) is a Fredholm linear integral equation of the limitations in its applicability to many-electron molecular
first kind with a real symmetric kernel. We also note that thesystems without high symmetry. With this in mind, we
kernel of Eq.(2) is nondegenerat¥,when the infinite sum- present convenient finite-basis-set algorithms directed to-
mation in Eq.(3) is carried out. In other words{,(r,r’) ward solving Eq.(2).
cannot be exactly represented afinite sum of products of In the typical basis set realization of the KS theory, the
functions ofr andr’, i.e., X, (r,r’)#=M ,S(r)Ri(r’). The  one-particle orbitals are expanded in an AO basis set of finite
nondegeneracy oX,(r,r’) is a direct consequence of the size. As a result, the kernel of integral EQ) is approxi-
fact that the space built from all products of occupied andmated with a finite number of products of occupied and un-
unoccupied KS orbitals is complete minus a constanpccupied KS orbitals, and thus becomes degenéfélbe
functiont® in the limit of an infinite number of orbitals. For fundamental domain of the degenerate kernel is restricted to
such a nondegenerate kernel, the following eigenvalue equéunctions, which are not orthogonal to each pair of occupied
tion: and unoccupied orbitals, i.ep; () ¢2,(r). In this case, the

kernel is highly singular since the zero eigenvalues are asso-
, o ciated not only with constant functions, but also with all
®m"(r):77m"f Xso(1,1") Omg(r7)dr?, ®) functions orthogonal to each paip;,(r)¢,,(r). Conse-
quently, integral Eq(2), when expressed in a finite basis set,
generates a complete set of eigenfunctions, #9ap}, with  cannot determine the potential uniquely within an additive
real eigenvaluesy,,.'* Further, due to the specific form of constant.
the kernel, the zero eigenvalues are inevitably associated Qpe of the methods for solving integral equations with
with constant eigenfunctiorfs’® As a result, by restricting gegenerate kernels is the projection metfthe projection
the domain of the eigenfunctior,(r) in Eq. (5) to non-  of integral Eq. (2) onto a finite real orthonormal

constant ones, we can assume thgtml are nonzero. In. M-dimensional space spg,} yields a set of linear equa-
terms of the orthonormal eigenfunctions, the known functioryjons given in a matrix form by

on the right-hand side of E@2) can be expressed as

Xs,Co=A,. ©
0CG, UNOCG, * I’) (r) . . . .
S (ealv e >M+c.c. where the projection oX,,(r’,r) is described by a real sym-
Lo a6, € metric matrix whose elements are
= > AngOmo(r). (6) (;(s(r)mlzf Em(r’) Xse(r’,r)éy(r)dr'dr. (10
m=1

o . .. The elements of the vector-colurﬁ(} are given by
Note that the expansion is exact even with the restriction
imposed upon the domain of eigenfunctiddg,,(r). If the A ) D NL (@ioléml @ac)
unknown v, (r) is expanded in the complete orthonormal ~ (Ae)m= ~ (aslvxs|@ic) P

set of eigenfunctions oXg,(r,r'), spaf®,,}, each of the (12)
unknown coefficient<,,, in the representation af,(r),

0CG, UNocG,

and the unknowm,(r) is represented by

“ M
0xo()= 2 CrosOrmo(r), Y Vo= 3 (€ k(). (12
is given by where (E:U)m is themth element of the unknowEZU.
The matrix Eq.(9) can be solved by obtaining the in-
T 1 (@io]Omo| @ac) ee verse ofX,, or the pseudoinverse o, whenXs, is sin-

Crmo= ”m"% aEa (@aolvxol €ic) gular. The pseudoinverse ofg, is obtained by singular

(8)  value decomposition, i.e., for an eigenvalueXaf,, whose

€0~ €ar
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absolute value is less than some positive threshold, the irproach advanced by @ing® does not lead to the direct obe-
verse is set to zero. The solution of E§) is given by dience of the HOMO condition. The ground-state energies
C _Pig-1% (13 obtained from.Gding.'s approach are ggnerally higher t_han.
o so o the ones obtained via the implementations presented in this
Where'°'>~(;(,1 is the pseudoinvers@l) of )~(S(,. work. As a result, we shall only consider different computa-
In order to demonstrate certain connections between thiéonal schemes in which E@14) is exactly satisfied without
integral equation consideration outlined in the previous secexplicitly enforcing—1/r| decay ofv,,(r).
tion and our finite-basis-set implementation, we note that the To arrive at schemes in which the HOMO condition is
matrix P';ggl is obtained by the following two-step proce- attained, we consider two general realizations. In the first
dure. In the first step, the real symmetric nonpositive matrixOne, a constant is addedug,(r) in such a way that Eq14)

X., is diagonalized through an orthogonal transformationn©!ds. The orbital energies are shifted by this constant, but
U,, i.e., X,=U,Q U1 whereQ, is a diagonal matrix the final form of the KS orbitals is not effected by the addi-
g ) So g g g

that contains the nonfpr)o’sitive eigenvalues &hd contains tive constant.. As a resullt, t_he ground-state enc_ergie; are un-
the eigenvectors. This step is analogous to solving Bdor chqnge;d. This constant is viewed asan approximation to the
®. (). and 7,. In the second step PIx — 1 prOJegtlon ofv{(,,(r) onto'the funqtlon space orthogonal to '

mat s m 1.5 the eigenfunctions of a finite-basis-set representation, and it

=U,"PQ_ U . Each element of the diagon&_ ! is the o o g e .
. e : . 4 . _must vanish in the limit of an infinitely large projection basis
reciprocal of the corresponding eigenvalue when the eigen-

. i . S
value is smaller than or equal to a prespecified negative

threshold, and is set to zero if the eigenvalue is greater than In order to alleviate the undesired asymptotic behavior
i 9 9 of v,,(r) when a constant is added to the potential to satisfy

the threshold. This replacement with zero is similar to eX_Eq. (14), we incorporate the HOMO condition via a

cluding the eigenfunctions with zero eigenvalues, i.e., CONY S aranae multiolier technique. According to this approach
stant functions, from the representation given by &g. grang P que-. 9 PP '

Recently, a finite-basis-set formulation and implementa-.Eq' (9) is modified to include Eq(14), and takes the follow-

tion of the OEP method for atoms and molecules have bee'rr11g f:)ml: B

reported’®1° Two possible projection basis sets for solving Xs,Co=A,+v,L,, (15
the OEP equations have been discussed: orthonormal Gaussr—] L . h el W) -

ian basis sefs and biorthogonal Gaussian basis sets with"' ;}rti UL'S a vector V}Itl I'e emeg f_(r)g—(ww Eml o)
explicit 1 asymptotic ternf° It shall be shown that the 2Nd € Lagrange multiplier, 1S defined as
orthonormal-basis-set formulation is very similar to the bior- ;= (o, v op,)— LT PI;(EIZU)/(LZ P|>~(;1LU).
thogonal approach, when a specific choice for the projection 16

basis set is made. Different choices for the projection basi th . fficients of th K d
set shall be discussed and numerical results shall be pr}- e expansion coefficients of the unknown,(r) are de-

sented. A specific exact condition will be considered and it ermined through Eq(15), thenv,,(r) vanishes at infinity

incorporation in our finite-basis-set OEP schemes, denote@nd _constram(14) 1S Sat'Sf'e_d' We also nqt_e that EQL5)
by EXX, will be presented. provides a general formulation for determining,(r), sub-

ject to specific constraints. When a specific choice for the

projection basis set is made and the exact asymptotic decay
DIFFERENT CHOICES FOR PROJECTION BASIS of v,,(r) is ensured by means of a Lagrange multiplier tech-
SETS AND EXACT CONDITIONS nique, Eq.(15) leads to similar matrix elements as those

In the following, we consider only real basis sets, and alld€fined by Eqs(5) and(6) in Ref. 8.

equations in the rest of our paper reflect this fact. We also  N€Xt, we turn our attention to the choice of projection
make use of the following exact conditibh'®°to assess basis sets that shall be used for the practical implementation

of Egs.(9) and(15). The projection basis set has to be care-
fully chosen. It has to not only adequately represent any
(@NolUxol Ene) = (ENal Vo | PNe) (14 product of ¢;(r) and ¢4(r) formed from combinations of
where ¢,(r) is the highest occupied molecular orbital ©cCuPied and unoccupied KS orbitalsx@,(r’,r), but also
(HOMO) of spin o. Constraint(14), named in this work the provide functions .Wlth the correct asympto_nc behavior
HOMO condition, is closely related to the asymptotic decayn€€ded for expansion of the exchange potential. In order to
of v,,(r). When finite Gaussian basis sets are usgg(r) keep our method self-contained, we consider only projection
may not satisfy Eq(14) due to the unphysical exponential basis gets built from the AO ba}5|s set usgd tp repre§ent the
decay of the potentials as opposed to the correlfr| decay KS orbitals. Wg choose four dlffer(_ant projection basis sets
despite that ,,(r) correctly vanishes at infinity by construc- O Our calculations. These four options are:
tion since it is expanded in a basis set whose functions van- I. Direct use of the AO basis set, i.e., sp&ag
ish at infinity. Alternatively, when the biorthogonal projec- =spafyx,}, wherey, represents an AO basis function. The
tion basis sets are used,,(r) vanishes either as a implementation of EXX with this projection basis set will be
constantf|,X° or as —1/[r] when this asymptotic decay is denoted by EXXy.
enforced via a Lagrange multiplieiEven though condition II. Construction of a function space built from products
(14) is intimately connected with the correct asymptotic de-of all possible pairs of the AO basis functions. We denote
cay of v,,(r), our numerical results suggest that the ap-this computational scheme by EX}.

the quality ofv,,(r) obtained from EXX calculations, i.e.,
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I1l. Asymptotically correct projection basis set with the basis set is made, the auxiliary basis set is given by
same dimension as the original AO basis set, built from  spafx,x,}. This choice features projection and auxiliary
basis sets with dimensionality which in turn is equal to the

2/

Em(r): Xm(f,)dr, (17)  dimensionality of the AO basis set. When choid¥) is

[r—r’| made, the auxiliary basis set used for the resolution of the
IV. Asymptotically correct product projection basis set identity is given by spaix,xq}. The dimensionality of the

built from projection basis set is equal to the number of unique combi-
, ) nations between two AO basis functions. The advantage of

E (r):f Xp(r") Xq(r )dr’. (18) the auxiliary basis sets used with choiddl$) and (1V), is

m Ir—r’| that all integrals are analytically available. The only new

In Egs. (17) and (18), the bar sign indicates that the element is the calculation of four-index overlap integrals.

projection basis functions are not orthonormalized. The orlfowever, these four-index overlap integrals are the same as

thogonalization procedure shall be discussed in the next sell® ones needed for implementation of choitlg for the

tion. The computational schemes based on chaitEsand projection basis set. Hence, the reali;ation of choigdds .
(V) will be denoted by EXXy/r and EXX-~y?/r, respec- and(IV) does not require any substantial extra programming

tively. We note that when these asymptotically-correct ortho£fort once choicell) is implemented. _
We also note that our implementation of choidél$)

normal projection basis sets are used in E4) and (11), P X
one obtains a matrix formulation very similar to the one@1d (V) becomes very similar to the biorthogonal
within biorthogonal basis sets. Further, if one imposes th@ojection-basis-set meth8d” In both formulations, the
constraint thab ,(r) approaches zero at infinity asl/|r| by same types of two—center four—lndex eIectron—eIegtron inte-
means of Eq(15) with the appropriate choices fdr, and grals are required. In addition, the e>.<change poteuug;ﬂr)_
v, one obtains the analog of the approach introduced by’ both approaches takes the following general expansion:
Gorling 8 y -
r
OEDY (Dg>mf e (21)

IMPLEMENTATION AND NUMERICAL RESULTS m=1 |r r |

The actual implementation of the computational schemeg\ccording to the present work,,(r) = x,(r) x,(r) [choice
based on Eq(9) or Eq. (15) with the projection basis sets (IIl)] or f,(r) = xp(r) x4(r) [choice(IV)], and ©,)n is the
corresponding to choices | and Il is straightforward withinmth element of the vector-columrD, given by D,
any standard HF program. The only new elements needed fat W*lEm whereW 1 is the inverse of the transformation
these schemes are three and four-index overlap integrajfatrix W, which orthonormalizes the basis functions given
which can be computed analytically. Once these integrals argy Eqgs.(17) or (18). The form off,(r) in the biorthogonal
available, Eq(9) or Eq.(15) is solved by finding the pseudo- projection basis set is effectively the same. The expansion
inverse ofXs,, as outlined in Sec. II. coefficients D,), are similar and reflect the different nor-

The implementation of choice@ll) and (IV) is more  malization conditions of the basis functions in the biorthogo-
complex since it requires an orthonormal projection basisal and the orthonormal projection basis sets.

functions which are given by Eq$17) and (18). For the In Table |, we compare results for the Ar atom obtained
orthogonalization of the projection space, one needs the forom four different realizations of EXX denoted by EXX-
lowing general type of integrals: EXX-x-L, EXX-x/r, and EXX-x/r-L against numerical

, / " " grid-based OEP results taken from Ref. 9. The suffindi-
— — r r r r
<gm|§k>:j f f Xp(|r—))r(?|( ) XS(“l):f,( )dr’dr”dr. cates that constrair{fl4) is introduced via a Lagrange mul-

(19 tiplier. When the suffiXx is omitted, the HOMO condition is
satisfied by adding a constant to the exchange potential, re-

Since the above integrals are not readily available, we respectively to all orbital energies. The HF results from nu-

express Eq(19) by means of the resolution of identity, i.e., merical grid-based and basis set schemes are also reported.

1=324])(¢| as The basis used in the calculations is the even-tempered
© B Gaussian Partridge-3 basis é&iVhen the projection space
E (Eml O € built from AO functions is used without any constraint, EXX
I=1

leads to a slightly lower ground-state energy than the one
Yo(r ) xg(r") from numerical grid-based OEP. The agreement between the
=> f f 2P 2~ r(n)dr'dr orbital energies is also excellent, supporting the viability of
=1 [r=r| the approach based on adding a constanttqr). The sig-
Xo(r)x1(r") nificant negative shift can be attr_ibuted to th.e fgster decay of
XJ J () |r_#dr”dr. (20 vy.(r), when represented as a linear combination of Gauss-
ian functions, than the correet1/r|.
In our finite basis implementation, we approximate the infi-  The negative constant shift in, (r) obtained from
nite summation in the representation of the identity by aEXX-y is substantially reduced by considering projection ba-
finite sum of orthonormal auxiliary basis functions formed sis sets capable of capturing the correct asymptotic form of
from the AO basis set. When choi¢gl ) for the projection v,,(r), namely choice(lll), method EXXx/r. When this
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TABLE I. Comparison of numerical HF and OEP calculations against HF and different EXX realizations for Ar
atom in even-tempered Gaussian Partridge-3 basis set. All values in a.u.

Method EXX-x EXX-x-L  EXX-x/r EXX-x/r-L
Functions used fop,,(r)? HF? OEP (65) (65 (19 (19

Total energy —-526.8175 —526.8122 —526.8123 —526.8112 —526.7859 —526.7859
HOMO shift —0.208 —0.002
1s —118.61084) —114.5424 —114.4514 —114.4521 —113.9914 —-113.9881
2s —12.32221) —11.1534 -—11.1539 —11.1552 -—-11.0004 —10.9981
2p —-9.5715 —-8.7339 —8.7343 —8.7355 —8.6031 —8.6010
3s —1.27743) —1.0993 —1.0993 -—1.0959 —1.1023 —1.1020
3p —-0.5910 —-0.5908 —0.5908 —-0.5876 —0.5943 —0.5939

4n parentheses, number of projection basis functions used in the representatigiirof
PBasis set calculations. In parentheses are given the last figures corresponding to numerical grid-based calcu-
lations. Numerical results for HF and OEP from Ref. 9.

C<¢N<r| U)’:‘LH qDNzr) - < ‘PNU|U>«r| (PNU'>'

computational approach is tested, the ground-state energy iations of EXX in uncontracted ccPVTZ basis $&When
higher than the one obtained by means of EXXFhis result  the projection space of type lll is used, the shift constant is
is not particularly surprising given the fact thaf,(r) is less negative for all three molecules, and for carbon monox-
represented with only 23 projection basis functions. The inide and nitrogen it becomes even positive suggesting that
clusion of the HOMO condition through Eq15) leads to  v,,(r) is too deep and/or it vanishes slower thaf/|r|. It is
slightly higher ground-state energies than the correspondingorth mentioning that Partridge-3 and ccPVTZ basis sets do
schemes featuring constant shiftsvig,(r). not contain very diffuse functions. As a result, these basis
We do not present results corresponding to choitids sets provide a better description of the occupied and lower
and (IV) since the basis sets formed from products of twolying states. The total ground-state and orbital energies from
AO basis functions contain very large numbers of linear de-all EXX calculations are very close to one another. This sug-
pendencies. The AO basis set used in the calculations igests that the particular choice of projection basis and how to
nearly complete with respect 8 and p-functions. We have incorporate constraintl4) is of lesser importance than the
also implemented the condition on the correct asymptoticsize of the AO basis set, which in our implementations, de-
decay ofv,,(r) as proposed by Gling within choices(lll)  termines the size of the projection space. As the AO basis set
and (IV) for projection basis sets. In all calculations this becomes larger and better balanced, it is expected that any
scheme leads to higher ground-state energies when compardeviations from the equality in Eq14) would be smaller.
to any other realization of EXX. In addition, we have ob- The choice of projection basis set | has a certain advantage,
served slower self-consistent field convergence, and condiramely, this basis set is already orthonormal, so that it does
tion (14) is not well satisfied in our implementation for the not contain linear dependencies. Choitlé) effectively cor-
chosen AO basis sets. We do not present further results olbesponds to a smaller projection basis sets for the considered
tained by means of that scheme, even though the exchanggstems since there is a significant number of linear depen-
potentialv,,(r) has the correct asymptotic behavior and de-dencies.

cays as—1/r|. In our choices(lll) and (IV) for projection In Tables V-VII, we report results from all four different
basis setsy,,(r) decays as a constant/rather than—1/r|. choices for the projection basis sets with or without includ-
However, we choose not to enforce the correct value df  ing the HOMO condition via a Lagrange multiplier. We used
but rather ensure that E¢L4) is satisfied. Sadlej-type basis sets,which are most commonly used in

In Tables II-IV, we present results from different real- calculations for describing excited-state properties. These ba-

TABLE II. HF and EXX results for HO in an uncontracted ccPVTZ basis 8et.

Method EXX-x EXX- x-L EXX- xIr EXX-x/r-L
Functions used fop,,(r)" HF (81) (81) (61) (62)

Total energy(a.u) —76.05775 —76.05545 —76.05534 —76.05532 —76.05529
HOMO shift (a.u) -0.322 0.000 -0.231 0.000
Enomo_s (€V) ~559.38 ~517.06 -517.01 —~516.78 ~516.67
Enomo-3 (€V) —36.64 -31.96 -31.96 -31.94 -31.93
Enomo_z2 (€V) —-19.29 -19.28 ~19.26 -19.21 -19.19
Enomo-1 (€V) -15.77 —-15.74 -15.74 —-15.70 —15.69
Enomo (€V)° -13.76 -13.71 -13.71 -13.73 -13.73
Enomor1 (€V) 3.58 -5.35 -4.84 -5.51 -5.22
Eromo+2 (€V) 5.43 —-3.31 —2.42 -3.30 —2.88

%Equilibrium geometryRqo;=0.959 A, Ay o=103.9.
PIn parentheses, number of projection basis functions used in the representatigirdf
‘Experimental ionization potential, 12.68V).
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TABLE IIl. HF and EXX results for N in an uncontracted ccPVTZ basis 8et.

Method EXX-x EXX-x-L EXX-x/r EXX- x/r-L
Functions used fop,,(r)" HF (94 (94 (65) (65)

Total energy(a.u) —108.98468 —108.97948 —108.97926 —108.97941 —108.97939
HOMO shift (a.u) —0.392 0.000 0.178 0.000
Enomos (€V) —426.75 —390.65 —390.46 ~390.16 ~390.17
Eromo-4 (€V) —426.65 —390.62 —390.43 —390.12 —390.13
Enomo_s (€V) —40.01 —35.58 —35.56 —35.62 ~35.62
Evovo_2 (€V) ~21.18 ~20.23 ~20.21 ~20.17 ~20.17
Enomo_1 (€V) ~17.23 ~18.12 ~18.08 —18.00 ~18.01
Enono (€V) ~16.67 ~17.16 ~17.15 ~17.19 ~17.19
Enomos1 (€V) 4.35 -7.01 ~7.83 ~7.85 ~7.82
Enomosa (€V) 10.77 ~0.26 -0.13 ~0.19 ~0.18

3 quilibrium geometryRyy=1.098 A.

bIn parentheses: number of projection basis functions used in the representatigirof

‘Experimental ionization potential: 15.58V). HF approximation does not correctly predict the symmetry of
the highest occupied state.

sis sets contain very diffuse functions. As a result, the corredbecomes greater, the absolute value of the difference
asymptotic decay ob,,(r) is essential for capturing the (oy,|vrs|ene) —(@nolUxolene), N general, becomes
long-range shape of the KS orbitals built from these basismaller. The satisfaction of Eq14) is better when imple-
sets. It is interesting to note that when choitlé is made, mentationg(lll) and(IV) are considered, namely, projection
the ground-state energies from HF and EXX calculations argasis sets capable of describing the correct long range decay
extremely close. Effectively, this choice corresponds to thegy Uxa(r). However, selecting a finite projection basis set that
largestprojection space needed to describe the kernel of th%mphasizes the representation of the long range behavior
OEP integral equation given the choice for AO basis set. Thigg ¢ enough since the projection basis set must describe
follows from the fact that each pair af;(r) and ¢,(r) is well the product space built from all pairs;, () @..(r).
actually a linear combination of products of two AO basisIn other words, well-balanced projection ILE)asis Usets are

functions r r). However, our numerical results N .
Xp(") Xq(r) needed to minimize the magnitude don,|vks|ens)

should not be used to infer that EXX and HF ground-states . . '
B " ! grou —{©Nno|Vxol ©no)- Note the different signs of the shift con-

are identical. The HF energy is lower than the energy ob- . .
tained from the OEP method as numerical red@lfs®and  Sténts when choiced) and (Il) are compared againslil)

very recent derivatiori€ indicate. For two-electron diamag- 2d (IV). This indicates that different projection basis sets
netic systems, the HF and OEP ground-state energies af@Pture different features af,,(r), and that the constant
equal. We also note that, in general, the numerical grid-baseglift has its origin in the incompleteness of the projection
ground-state energies are lower than the finite-basis-set ond¥asis sets. It should be stressed though that a complete pro-
and it is possible that the numerical grid-based OEP groundection basis set does not guarantee arriving at the exact

state energies are lower than certain finite-basis-set HF réxq(r) unless the AO basis is also complete.
sults. We also note that when choicéh and (lll) with the

We also present the number of functions used to expantagrange multiplier approach are compared, the ground-state
vy (r). As the number of functions used in the representaenergies corresponding ttll) are lower than the ones cor-
tion of v, (r) within choices(l) and (Il), or (lll) and (1V), responding tgl). These findings ascertain the intimate con-

TABLE IV. HF and EXX results for CO molecule in an uncontracted ccPVTZ basi8 set.

Method EXX-x EXX- x-L EXX-x/r EXX-x/r-L
Functions used fovxl,(r)b HF (94) (94) (63 (63

Total energy(a.u) —112.78160 —112.77652 —112.77643 —112.77628 —112.77615
HOMO shift (a.u) -0.234 0.000 0.575 0.000
Enomo-s (eV) —562.34 —519.63 -519.61 —519.43 —519.44
Enomo_s (€V) —-309.11 —279.17 -278.98 —278.40 —278.62
Enomo-3 (€V) —-41.41 —36.23 —36.22 -36.27 —36.30
Enomo_2 (€V) -21.88 —-20.57 —-20.57 —20.61 —20.64
Enomo-1 (€V) -17.4 —-17.99 —-17.96 -17.94 -17.96
Enomo (€V)° -15.07 -15.03 -15.02 -15.04 -15.04
Eromos1 (€V) 3.72 -7.23 -7.19 —-7.22 -7.34
Enomos2 (€V) 7.02 -2.19 -1.82 -1.88 -2.13

%Equilibrium geometryRco=1.128 A.
PIn parentheses, number of projection basis functions used in the representatigirdf
‘Experimental ionization potential, 14.Q&V).
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TABLE V. HF and EXX results for HO in the Sadlej basis sét. TABLE VII. HF and EXX results for the CO molecule in the Sadlej basis

set?
Total Bound HOMO Functions
energy EHOMO unoccupied shift used for Total Bound HOMO Functions
Method (a.u) (eV) states (a.u) Uyo(N)P energy EHOMO unoccupied shift  used for
Method (a.u) (eV) states (@a.u)  vy,(r)P°
HF —76.05439 -13.87 0 0.000
EXX-x —76.05322 —13.98 8 —0.277 4344 HF —112.77165 —15.10 0 0.000
EXX- x-L —76.05270 -—13.81 2 0.000 434 EXX-x —112.768 30 —15.06 9 1.052 5&2)
EXX- x? —76.05438 —13.87 7 —0.122 154280 EXX-x-L —112.768 03 —15.06 12 0.000 552)
EXX-x2-L —76.05413 -13.85 4 0.000 15280 EXX-x? —112.77164 -15.11 11 —0.278 225352
EXX- x/r —76.05319 -—13.87 7 -0.231 4041 EXX- x%-L —112.77160 —15.12 9 0.000 22352
EXX-x/r-L  —76.05308 —13.86 3 0.000 4@1) EXX- xIr —112.76817 —15.09 10 -0.172 4Q45)
EXX-x2/r —76.05416 —13.86 8 —0.097 136171 EXX-x/r-L  —112.76813 —15.08 5 0.000 4@5)
EXX-x?/r-L —76.05414 —13.86 6 0.000 13@71 EXX-x2Ir —112.77091 -15.11 12 —0.194 151206
EXX-x%/r-L —112.77088 —15.11 9 0.000 14@06)

3 quilibrium geometryRo,=0.959 A, A0, =103.9.

PNumber of projection basis functions used in the representation gf). aequilibrium geometryRco=1.128 A.

In parentheses: number of linearly independent projection basis function®Number of projection basis functions used in the representation, ¢f).

Total number of projection basis functiongspace: 44 ?-space: 990. In parentheses: number of linearly independent projection basis functions.

‘Experimental ionization potential, 12.68V). Total number of projection basis functiong:space: 52;y>-space: 1378.
‘Experimental ionization potential: 14.G&V).

nection between Ed14) and the long range decay of,(r)

as represented in the projection basis set. lations targeting ground-state properties. When the main ob-

jective is excited-state properties obtained by means of the
time-dependent KS formalism, one should make use of
choices(lll) and (IV) as they incorporate projection basis
In the present paper, a general finite-basis-set formulasets capable of capturing the long range behaviar,gfr).
tion of the OEP method has been presented. The curremnthe proper asymptotic decay of,,(r) is particularly impor-
formulation can be viewed as a generalization of previousant for arriving at the correct unoccupied KS orbitals. We
work."#1° Different computational schemes have been disnote that choicegll) and (IV) can be computationally very
cussed. Our consideration of EXX within only one basis sedemanding in large basis sets due to the size of the formed
has certain advantages especially for routine calculationgrojection basis.
over other work that requires a projection basis different  The options of adding a constant tg,(r) to satisfy
from the AO basis set. For a given AO basis, we proposeonstraint(14) or building the HOMO condition via E15)
four different projection basis sets for solving the OEP inte-for a given projection basis set, lead to similar results for the
gral equation. We choose to enforce the HOMO condition bytotal ground-state and orbital energies. Of course, the
means of adding a constant to the exchange potential, or Ryround-state energies obtained from E3j.are always lower
means of a Lagrangian multiplier technique. than the ones from E@15) for the same projection basis set.
Taking into account the main objective of the EXX cal- The very good agreement between numerical OEP and EXX
culations and the choice of AO basis set, we will summarizgesylts coming from Eq9) in even-tempered Gaussian basis
the possible use of our proposed schemes as follows. Projegets for atoms. Table I, and Ref. 7, suggests that adding a
tion basis set¢l) and(Il) are expected to be used for calcu- constant tav,,(r) in order to satisfy equality14) is a rea-
sonable way to compensate for the incompleteness of the AO
and projection basis sets.

CLOSING REMARKS

TABLE VI. HF and EXX results for the nitrogen molecule in the Sadlej

basis set.
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