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Formulation and implementation of the full coupled-cluster method
through pentuple excitations
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Using the quasilinearized formulation of CC theory in terms of recursively computed intermediates,
we present the detailed equations and implementation of coupled-cluster theory with single, double,
triple, quadruple, and pentuple excitations, CCSDTQP. We illustrate its results by comparison with
several full CI results in double zeta, polarized basis sets~DZP!, at different geometries. The
maximum error compared to full CI occurs for H2O at twiceRe which is 0.026 mH. For all other
cases, HF, SiH2 , and CH2 in its singlet state, the largest errors are 0.001 mH. The magnitude of the
connectedT5 contribution is as large as 0.35 mH, but usually less than 0.1 mH for these examples.
© 2002 American Institute of Physics.@DOI: 10.1063/1.1445744#
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I. INTRODUCTION

In the search for a method to provide benchmark res
for the electronic correlation energy of molecules too la
for full CI, we present the initial, general purpose impleme
tation of the full coupled-cluster method through pentu
excitations, CCSDTQP. The coupled cluster~CC! method1–15

has been recognized as an essential tool in the treatme
electron correlation calculations since its introduction in
quantum chemistry by Cizek and Paldus.1 The first general
implementation at the level of CCD~CC Doubles! soon
appeared3,4 followed by the CCSD approach with the fu
inclusion of the single and double excitations.5–7 The higher
rank approaches with approximate8 CCSDT-1, and full9–11

inclusion of connected triple excitations, CCSDT, were s
sequently coded and tested, and its noniterative triples
proximations, CCSD@T# and particularly its CCSD~T! vari-
ant, have become quite popular.12,13 The next step in the
development of the CC method was the formulation a
implementation of connected quadruple excitations, theT4

operator. This was first done in an approximate form14 and
then followed by its full CCSDTQ realization.15 The first
applications of the CC method with inclusion of theT4 op-
erator were compared to FCI results in small basis sets.15 The
recent applications16,17 involve larger basis sets, e.g., for th
C2 molecule, calculations with the cc-pVTZ basis set,17 in-
dicated that the full CCSDTQ method is definitely applicab
to larger systems than the FCI approach. In addition,
detailed analysis of possible approaches involving theT4 op-
erator resulted in the new approximate methods denote
CCSDT(Qf) and CCSD(TQf)

18 in which theT4 operator is
treated in a factorized way. Both methods have ann7 scaling

a!Author to whom correspondence should be addressed.
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for (Qf), the same as~T!. Demonstrating the efficiency, th
former, built upon the full CCSDT, has been applied to ba
set limit calculations for N2 and C2, where the number of
basis functions was;200.16,17

Following a similar philosophy, we evaluated the corr
lation contribution due to the operator responsible for co
nected pentuple excitations,T5 . We began with its approxi-
mate treatment resulting in the CCSDTQ~P! method,19 in
which we solve the full CCSDTQ equations and then
evaluate the noniterative contributions due to the lowest
der T5 operator computed on the basis of the convergedT2 ,
T3 , and T4 amplitudes. The role of pentuples was demo
strated to be essential in achieving;1 cm21 accuracy in the
vibrational frequency of N2 . Now, in the current work we
report the results of the rigorous, full CCSDTQP method

There are two main barriers to the successful realiza
of the project. The first corresponds to the very comp
form of the amplitude equations that define the CCSDT
model, which makes the coding of the scheme rather cu
bersome. The second pertains to the high rank of the c
putational procedure,n12, which makes the fullT5 calcula-
tion quite costly. We know how to partially circumvent th
first difficulty. Although theT5 equation consists of 99 anti
symmetrized diagrams~or, equivalently, 205 diagrams if we
choose to work within a Goldstone formalism! the method
can still be implemented very efficiently. Following the a
proach introduced in Refs. 15, 20 we may formulate
CCSDTQP equations in a quasilinear form replacing
complicated 99 diagrammatic terms with 14 linear diagra
~or 205 with 20, for the Goldstone formulation!. Obviously,
in order to reduce theT5 equation to its linear form, the
proper intermediates must be defined and computed. H
ever, most of them are already constructed at the CCSD
level.15 When adding theT5 operator, only three new inter
2 © 2002 American Institute of Physics
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mediates need to be defined, while two others require a s
modification.

There is no immediate remedy to the second difficu
connected with theT5 operator, barring further approxima
tion of some type. One observation to be made is that
number of combinations of the hole indices to be conside
when solving theT5 equation is comparable with those o
curring for theT3 andT4 amplitudes. Within the formalism
we present for constructing theTn amplitude the hole indices
should fulfill the condition:i> j >k> l>¯ and no more
than two indices can have the same value. Due to this
have:

for no53: n(T3)57, n(T4)56, n(T5)53;
for no54: n(T3)516, n(T4)519, n(T5)516;
for no55: n(T3)530, n(T4)545, n(T5)551;
for no56: n(T3)550, n(T4)590, n(T5)5126, etc.,

where byn(X) we mean the number of the hole index com
binations for theX operator;no is the number of occupied
orbitals. Thus, the computational steps responsible~for e.g.,
T4⇒T4 and T5⇒T5! differ—for low numbers of the occu

TABLE I. Schematic form of the quasilinear CCSDTQP equations.

^F i
au(I 0

11I 18
1T11I 2

1T21I 28
2T11I 38

2T21I 4
2T3)cuF0&50

^F i j
abu(I 0

21I 1
1T21I 2

1T31I 18
2T11I 29

2T21I 3
2T31I 4

2T4)cuF0&50

^F i jk
abcu(I 1

1T31I 2
1T41I 19

2T21I 2
2T31I 3

2T41I 4
2T5)cuF0&50

^F i jkl
abcdu(I 1

1T41I 2
1T51I 1

2T31I 2
2T41I 3

2T51I 18
3T21I 28

3T3)cuF0&50

^F i jklm
abcdeu(I 1

1T51I 1
2T41I 2

2T51I 19
3T31I 29

3T41I 18
4T2)cuF0&50
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pied levels—only by the summations over the virtual lev
which scale asnv

6 and nv
7, respectively, for theT4 and T5

equations.
The second promising route to more general purpose

culations involving higher cluster operators is indicated
Refs. 21–23, where the higher excitation operators~in the
cited works-T3 andT4! may be defined within an active sub
space of the full one-particle space, the size of which
significantly smaller than that of the full space. This allow
for the inclusion of the higher cluster operators in a ve
efficient way, presumably retaining~due to the properly se
lected active space! all their important effects. The sam
scheme can be easily extended to theT5 operator, and since
the active space corresponds to a small number of o
particle states, theT5 operator can be treated very efficientl
A third route is to explore our factorized ansatz, namely w
ing the CC wave function as exp(Tf)exp(Tu), where theTf

indicates diagrams which may be factorized in the new w
we discuss elsewhere,18 andTu are those that do not perm
such factorization. If the numerical effects of the latter c
be proved to be bounded, this ansatz offers a very powe
one that can be applied to quite high-order cluster operat

In the next section we give a short description of t
CCSDTQP method with definitions of the amplitude equ
tions and required intermediates. This will be followed
the results of the test calculations.

II. THEORY

General coupled-cluster equations are obtained by ins
ing the wave function, expressed through the exponen
Ansatz
e

TABLE II. Coupled cluster equations for the CCSDTQP method in quasilinear form.

Expressiona

Di
at i

a 5 f i
a1t i

f I f
a2tn

aI i8
n1tni

f aI f
n1tn

f v f i
na2

1
2tno

f av f i
no1

1
2tni

f gv f g
na1

1
4t ino

a f gv f g
no

Di j
abt i j

ab 5 v i j
ab1P(a/b)I f

at i j
f b2P( i / j )I i

ntn j
ab1

1
2t i j

f gI f g8
ab1

1
2tno

abI i j
no

1P(a/b)P( i / j )t in
a fI f j

nb 1
2P(a/b)I f g

natni j
f gb

2
1
2P( i / j )I f i

notno j
f ab1tni j

f abI f
n1P( i / j )t i

f I f j8
ab2P(a/b)tn

aI i j8
nb1

1
4t i jno

ab f gv f g
no

Di jk
abct i jk

abc 5 P(a/bc)I f
at i jk

f bc2P( i / jk)I i
ntn jk

abc1
1
2P(a/bc)t i jk

a f gI f g
bc1

1
2P( i / jk)t ino

abcI jk
no

1P(ab/c)P( i j /k)t i jn
ab fI f k

nc1P(a/bc)P( i j /k)t i j
a fI f k

bc2P(ab/c)P( i / jk)t in
abI jk9

nc

1tni jk
f abcI f

n1
1
2P(a/bc)I f g

natni jk
f gbc2P( i / jk)I f i

notno jk
f abc1

1
4t i jkno

abc f gv f g
no

Di jkl
abcdt i jkl

abcd 5 P(a/bcd)I f
at i jkl

f bcd2P( i / jkl )I i
ntn jkl

abcd1
1
2P(ab/cd)t i jkl

ab f gI f g
cd1

1
2P( i j /kl)t i jno

abcdI kl
no

1P(abc/d)P( i jk / l )t i jkn
abc fI f l

nd1P(ab/cd)P( i jk / l )t i jk
ab fI f l

cd2P(abc/d)P( i j /kl)t i jn
abcI kl

nd

1P(a/bcd)P( i j /kl)t i j
a fI f kl8bcd2P(ab/cd)P( i / jkl )t in

abI jkl8ncd1P(ab/cd)P( i j /kl)t i jn
ab fI jk8

ncd

1
1
2P(abc/d)P( i / jkl )t ino

abcI jkl8nod1tni jkl
f abcdI f

n1
1
2P(a/bcd)I f g

natni jkl
f gbcd

2
1
2P( i / jkl )I f i

notno jkl
f abcd

Di jklm
abcdet i jklm

abcde5 P(a/bcde)I f
at i jklm

f bcde2P( i / jklm)I i
ntn jklm

abcde1
1
2P(abc/de)t i jklm

abc f gI f g
de1

1
2P( i jk / lm)t i jkno

abcdeI lm
no

1P(abcd/e)P( i jkl /m)t i jkln
abcd fI f m

ne1P(abc/de)P( i jk / lm)t i jkn
abc fI f lm9nde

1
1
2P(abcd/e)P( i j /klm)t i jno

abcdI klm8noe1
1
2P(ab/cde)P( i jkl /m)t i jkl

ab f gI f gm8cde

1P(abc/de)P( i jkl /m)t i jkl
abc fI f m

de2P(abcd/e)P( i jk / lm)t i jkn
abcdI lm

ne

1P(ab/cde)P( i jk / lm)t i jk
ab fI f lm9cde2P(abc/de)P( i j /klm)t i jn

abcI klm
nde

1P(a/bcde)P( i j /klm)t i j
a fI f klm8bcde2P(ab/cde)P( i / jklm)t in

abI jklm8ncde

aSummation over repeated indices assumed;i,j ,..., run over occupied one-particle states;a,b,..., run over virtual one-particle states;P( i / j ) or P(a/b) implies
sum of two components differing by permutation ofi , j anda,b indices, respectively;P(ab.../e f...) indicates that in addition to the identity permutation th
summation should include all possible permutations exchanging labels between subsets~ab...! and ~ef...!. The same refers toP( i j .../mn...). The I tu..

rs...

intermediates are defined in Table IV.
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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TABLE III. Interrelations between various forms of intermediates and contributing standard diagrams.

I 0
1 I 1

1 I 18
1 I 2

1 I 0
2 I 1

2 I 18
2 I 19

2 I 2
2 I 28

2 I 29
2 I 3

2 I 38
2 I 4

2 I 18
3 I 19

3 I 28
3 I 29

3 I 18
4

OAIa 1 2 2 1 1 2 2 2 3 1 3 2 2 1 2 2 2 3 2
OGIa 1 2 2 1 1 2 2 2 4 2 4 2 2 1 2 2 3 4 2

Ab 1 10 8 2 1 26 8 24 13 1 12 4 2 1 23 30 2 3 17
Gb 1 13 16 3 1 48 9 45 20 2 19 4 2 1 44 63 5 6 36

aNumber of oriented-line antisymmetrized~Goldstone! intermediates corresponding toI k
n arrowless intermediate.

bNumber of standard antisymmetrized~Goldstone! diagrams contributing toI k
n arrowless intermediate.
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C5eTFo ~1!

into the Schro¨dinger equation which then takes the form

HNeTuFo&5ECCeTuFo&, ~2!

e2THNeTuFo&5~HNeT!cuFo&5ECCuFo&, ~3!

where the normal ordered HamiltonianHN is defined as

HN5H2^FouHuFo&

5(
r

er$r
†r %1(

rs
f s

r$r †s%1
1

4 (
rstu

v tu
rs$r †s†ut%

5HN
o 1FN1WN . ~4!

The er are one-particle eigenenergies andFN and WN are
one- and two-body operators withFN disappearing for the
canonical Hartree–Fock reference state;v tu

rs5^rsi tu& is an
antisymmetrized two-electron integral;ECC is the coupled-
cluster correlation energy and the subscriptc recognizes that
in the commutator expansion ofe2THNeT only connected
terms ~i.e., those which show common indices amongT’s
andH! survive, as any independently summed term will ca
cel from the commutator;uFo& is the reference determinan

The working equation for the CCSDTQP amplitudes a
obtained by projecting Eq.~3! onto the subspaces of excita
tions. As the cluster operator is expressed as

T5T11T21T31T41T5 , ~5!

where Tn5(n!) 22St i j ...
ab...a†b†...j i , we obtain five sets of

equations for single, double, triple, quadruple, and pentu
excitation amplitudes, respectively,

^F i
au~HNeT!cuFo&50, ~6!

^F i j
abu~HNeT!cuFo&50, ~7!

^F i jk
abcu~HNeT!cuFo&50, ~8!

^F i jkl
abcdu~HNeT!cuFo&50, ~9!

^F i jklm
abcdeu~HNeT!cuFo&50. ~10!

The more detailed form of the above equations can
obtained by expanding the exponential Ansatz. For the s
of compactness we explicitly list only those terms which
not occur in the CCSDTQ approach:15

T1~CCSDTQP!5T1~CCSDT!, ~11!

T2~CCSDTQP!5T2~CCSDTQ!, ~12!

T3~CCSDTQP!5T3~CCSDTQ!1R3~WNT5!, ~13!
Downloaded 26 Sep 2005 to 128.227.192.244. Redistribution subject to A
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T4~CCSDTQP!5T4~CCSDTQ!1R4~FNT5

1WN~T51T1T5!!c , ~14!

T5~CCSDTQP!5R5~FN~T51T1T51T2T41T3
2/2!

1WN~T41T51T1T4

1T1T51T2T31T2T41T2T51T3
2/2

1T3T41T1
2T4/21T1

2T5/21T1T2T3

1T1T2T41T1T3
2/2

1T2
3/61T2

2T3/21T1
3T4/61T1

2T2T3/2

1T1T2
3/6!!c . ~15!

Here Tn(X) represents the set of terms occurring in theTn

equation of the X method,̂i j ...
ab...u is ann-tuply excited deter-

minant and theRn operator is defined as

Rn~X!5~n! !22(
^F i j ...

ab...uXuFo&
ei1ej1...2eb2ea

a†b†...j i ~16!

to ensure the presence of the required denominator and
proper projection subspace for theTn operator.

The quasilinear form of the CC equations for the curre
model is defined in the most compact way in Table I. We s
that in each term only one cluster operator occurs; all oth
are ‘‘hidden’’ in the properly defined intermediates,I k

n ,
where n and k indicate that this is ann-body intermediate
with k annihilation lines. Since the annihilation lines orig
nate exclusively from the two-electron integral, thek index is
never greater than 4. For example, theI 1

2 indicates the two-
body intermediate with one annihilation line

the I 4
2 ~two-body with four annihilation lines! represents just

the two-electron integral

The intermediates introduced in Table I occur either in th
complete form ~not primed! or in their incomplete one
~primed and double-primed!. The complete form tells us tha
the intermediate can be identified with the terms occurring
the H̄ expansion:
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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H̄5e2THeT. ~17!

We see, e.g., that in theT5 equation the first three interme
diates (I 1

1,I 1
2,I 2

2) occur in the complete form, while in the las
three terms their incomplete form should be appl
(I 19

3,I 29
3,I 18

4).
The two incomplete intermediates of the same type u

ally differ, i.e., a different number of standard diagrams co
tribute to them, hence we use prime and double-prime
distinguish between them. For example, the incomplete
termediateI 1

2 occurring in theT2 and T3 equations takes a

TABLE IV. Algebraic expression for the intermediates used in the CC
DTQP equations.

Intermediate Expressiona

I a
i f a

i 1tn
f va f

in

I b
a

f b
a1tn

f vb f
an2

1
2tno

a f vb f
no2tn

aI b
n

I j
i I j8

i1t j
f I f

i

I j8
i

f j
i 1tn

f v j f
in1

1
2t jn

f gv f g
in

I bc
ai

xbc
ai 2

1
2tn

avbc
ni

xbc
ai

vbc
ai 2

1
2tn

avbc
ni

I ka
i j

xka
i j 1

1
2tk

f v f a
i j

xka
i j

vka
i j 1

1
2tk

f v f a
i j

I cd
ab

I cd8
ab1

1
2tno

abvcd
no

I cd8
ab vcd

ab2P(a/b)xcd
antn

b

I kl
i j

vkl
i j 1P(k/ l )xk f

i j t l
f1

1
2tkl

f gv f g
i j

I b j
ia

xb j9 ia1vb f
in t jn

a f1
1
2I b f

ia t j
f

xb j
ia

vb j
ia2

1
2vb j

in tn
a1xb f

ia t j
f

xb j8 ia
vb j

ia2
1
2vb j

in tn
a1

1
2xb f

ia t j
f

xb j9 ia
vb j

ia2vb j
in tn

a1
1
2I b f

ia t j
f

I ci
ab

vci
ab1vc f

abt i
f2P(a/b)tn

axci
nb2I c

ntni
ab1P(a/b)I c f

ant in
b f1

1
2tno

abI ci
no

2
1
2tnoi

a f bvc f
no

I ci8
ab

vci
ab1

1
2vc f

abt i
f2P(a/b)tn

axci8
nb

I jk
ia I jk9

ia1I f
i t jk

f a

I jk9
ia

v jk
ia2v jk

intn
a1P( j /k)t j

fx f k9
ia1P( j /k)I j f

intkn
a f1

1
2I f g

ia t jk
f g

1
1
2v f g

in t jnk
f ga

I jk8
ia

v jk
ia2

1
2v jk

intn
a

I di j8abc 1
2P(ab/c)I d f

abt i j
f c1P(a/bc)I d f

ant i jn
bc f1

1
2P( i / j )I di

notno j
abc

2
1
2vd f

notnoi j
a f bc

I di j9abc
P(ab/c)I d f

abt i j
f c1P(bc/a)P( i / j )I di

natn j
bc1

1
2( i / j )I di

notno j
abc

1P(a/bc)I d f
ant i jn

bc f2
1
2vd f

notnoi j
a f bc

I jkl8 iab
2

1
2P( jk/ l )I jk

intnl
ab2P(a/b)P(kl/ j )I f j

iatkl
f b1P( j /kl)I j f

intkln
ab f

1
1
2P(a/b)I f g

ia t jkl
f gb1

1
2v f g

in t jnkl
f gab

I jkl
iab 2P( jk/ l )I jk

intnl
ab2P(a/b)P(kl/ j )I f j

iatkl
f b1P( j /kl)I j f

intkln
ab f

1
1
2P(a/b)I f g

ia t jkl
f gb1I f

i t jkl
f ab1

1
2v f g

in t jnkl
f gab

I klm8 i ja 1
2v f g

i j tklm
f ga

I dei8abc 1
2tnoi

abcvde
no

I c jk8 iab 1
2vc f

in t jkn
ab f

I c jk9 iab vc f
in t jkn

ab f

xc jk
iab I c jk9 iab1P(a/b)I c f

ia t jk
f b2P( j /k)I c j

intnk
ab

I ei jk8abcd
P(bcd/a)I f e

nat i jkn
bcd f1

1
2P( i / jk)I ei

notno jk
abcd

1
1
2P(abc/d)P( i / jk)I ei f8abct jk

f d2
1
2ve f

notnoi jk
a f bcd

I jklm8 iabc
P(klm/ j )I f j

nitklmn
abc f1

1
2P(a/bc)I f g

ia t jklm
f gbc

2
1
2P(a/bc)P( jkl /m)I jkl8 iantnm

bc

1P(c/ab)P( lm/ jk)x f jk
iabt lm

f c

1
1
2v f g

in t jnklm
f gabc

aSummation over repeated indices assumed, summation indices belo
the set$ f,g,n,o%.
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different form in either of the two equations; hence in theT2

equation we useI 18
2, and in theT3 equation,I 19

2.
We should be aware that the intermediates denoted aI k

n

in Table I correspond to the diagrammatic terms expresse
arrowless form~sometimes this kind of diagram is referred
as a skeleton diagram24!. On the other hand, theI uv¯

rs¯ inter-
mediates, used in the CC equations, see Table II, refer to
regular~i.e., with oriented lines! diagrammatic expressions
For example theI 1

1 intermediate, see Table I can be e
pressed diagrammatically as

in fact, it corresponds to two terms in Table II:I f
a

with the diagrammatic forms in parenthesis. In general
intermediatesI 1

n ~one annihilation line! and I 3
n ~three annihi-

lation lines,n.1! correspond to two regular diagrammat
terms, and the intermediatesI 2

n ~two annihilation lines,n
.1! correspond to three regular diagrammatic terms.
clarify this point, we give following the definition of theI k

n

intermediates expressed through their regular forms as u
in the T5 equation of Table II.

I 1
15( I f

aa†f 1( I i
nn†i ,

I 1
25( I f m

ded†e†m f1( I lm
nen†e†ml,

I 2
25( I f g

ded†e†g f1( I lm
non†o†ml1( I f m

nen†e†m f,

I 19
35( I f lm9cdec†d†e†ml f1( I klm

nden†d†e†mlk,

I 29
35( I f lm9nden†d†e†ml f1( I klm8noen†o†e†mlk

1( I f gm8cdec†d†e†mg f,

I 18
45( I f klm8bcdeb†c†d†e†mlk f

1( I jklm8ncden†c†d†e†mlk j.

Thus, although we have only six terms contributing
the T5 equation in Table I, when writing down the interme
diates in their regular~i.e., oriented-line! diagrammatic form,
the number of relevant terms increases to 14; see the
equation in Table II.

We should mention also that there exists a very sim
formula to evaluate the rank of the computational proced

-

to
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Downloaded 26 Sep
TABLE V. Correlation corrections with various CC methods relative to FCIa values@mH#.

CCSD CCSDT CCSDTQ CCSDTQP

Re 3.006 0.266 0.018 0.000
HF~DZP! 1.5Re 5.099 0.646 0.041 0.000

2.0Re 10.181 1.125 0.062 0.001
Re 4.122 0.531 0.023 0.002

H2O(DZP) 1.5Re 10.158 1.784 0.139 0.025
2.0Re 21.404 22.472 20.015 0.026
Re 2.843 0.100 0.002 0.001

SiH2(DZP) 1.5Re 6.685 0.058 20.015 0.001
2.0Re 14.869 23.689 20.346 0.001
Re 3.544 0.206 0.007 0.000

CH2(DZP) 1.5Re 6.961 0.310 0.026 0.000
2.0Re

b 14.648 21.900 20.050 0.000

aThe FCI values, basis sets and geometry taken from Ref. 27 for HF; Ref. 28 for H2O; Ref. 29 for SiH2 and Ref.
30 for CH2 .

bFor CH2 system the FCI 2Re result is not available; the CCSDTQP value was used as the reference.
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for each term in Table I. Namely, for the general termI k
nTm

the rank of the computational procedure~scaling! is equal to
n2(n1m)2k.25

The relationships between theI k
n intermediates in Table

and their oriented-line counterparts are presented in Table
The second~third! row of that Table indicates the number
regular, i.e., with oriented lines, antisymmetrized~Gold-
stone! forms corresponding to the given intermediate list
in the first row. The fourth~fifth! row gives the number o
standard antisymmetrized~Goldstone! diagrams contributing
to the I k

n intermediate. For instance, by summing the nu
bers (1012611313013117599) corresponding to the
intermediates occurring in theT5 equation (I 1

1,I 1
2,

I 2
2,I 19

3,I 29
3,I 18

4) we obtain the full number of antisymmetrize
diagrams contributing to theT5 equation written in the stan
dard form. This can be done for each CC equation. Simila
the last row of Table III helps us to evaluate the total num
of the Goldstone diagrams contributing to the given C
equation, although in this case one should keep in mind
certain intermediates~having two annihilation lines: particle
and hole! can be contracted withTn in more than one way.

The important thing is that once a given intermediate
constructed it can be used in all equations. For example,
I 1

1 intermediate is composed of 10 antisymmetrized d
grams, and in each equation, theI 1

1Tn term represents 10
 2005 to 128.227.192.244. Redistribution subject to A
II.

-

y
r

at

s
he
-

antisymmetrized diagrams contributing to theTn equation~in
case ofT1 the I 18

1 consists of 8 diagrams!.
In Table II we give the detailed algebraic expressions

the terms occurring in the CC equation fort i
a , t i j

ab , t i jk
abc ,

t i jkl
abcd and t i jklm

abcde amplitudes. To each term the proper perm
tation of the external indices should be applied. The interm
diatesI uv¯

rs¯ are defined in Table IV. Note that we adopted
the last two Tables the tensor notation with implied summ
tion over repeated indices. Throughout the paper the u
notation convention is assumed with letters:a,b,... (i , j ,...)
representing the particle~hole! indices, and ther ,s,...-the
general indices. The annihilation operator is represented
the presence of the hole index as the superscript or the
ticle index as the subscript. Thus e.g., theI b j

ia intermediate
corresponds to two annihilation operators, : indicated w
the indicesi ~hole and superscript! andb ~particle and sub-
script!.

The intermediates collected in Table IV are defined
the recursive way~RGI—recursive generation of intermed
ates, see Ref. 20!, i.e., the lower rank intermediate can b
used in the definition of the intermediate of higher rank.

III. RESULTS AND DISCUSSION

In order to verify the correctness of the program as a fi
step we reproduced the CCSDTQP results of Hirata
TABLE VI. Net correlation effects due to particular cluster operators@mH#.

DE(CCSD) DE(T3) DE(T4) DE(T5)

Re 2200.876 22.740 20.248 20.018
HF~DZP! 1.5Re 2222.066 24.453 20.605 20.041

2.0Re 2253.355 29.056 21.063 20.061
Re 2211.960 23.591 20.508 20.021

H2O(DZP) 1.5Re 2260.753 28.374 21.645 20.114
2.0Re 2348.579 223.876 2.457 0.041
Re 2114.008 22.743 20.098 20.001

SiH2(DZP) 1.5Re 2137.469 26.627 20.073 0.016
2.0Re 2210.241 218.558 3.343 0.347
Re 2137.342 23.338 20.119 20.007

CH2(DZP) 1.5Re 2172.173 26.651 20.284 20.026
2.0Re 2242.752 216.548 1.850 0.050
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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Bartlett,26 obtained with a FCI program for HF and H2O
molecules at the 6-31G basis set level. To investigate
performance of the method for larger basis sets we sele
four molecules~HF, H2O, SiH2 , and CH2! for which the FCI
values are available at the DZP level. The results are
lected in Tables V and VI. The values in Table V repres
the deviations of the calculated correlation energies from
exact~i.e., FCI! results. Table VI provides the net correlatio
corrections due to the particular cluster operators.

For the HF molecule the CCSDTQP results are right
the FCI values for all three bond lengths: equilibriumr
5Re), intermediate (r 51.5Re) and stretched (r 52Re). It is
interesting to observe the improvement in the correlation
ergy due to each cluster operator. We see that the CC
method generates errors of ca. 3, 5, and 10 mHartree fo
three considered geometries. An inclusion of theT3 operator
~CCSDT method! reduces the error by approximately an o
der of magnitude to ca. 0.3, 0.6, and 1.1 mHartree. The m
sophisticated approach, CCSDTQ, brings the errors do
again by somewhat more than one order of magnitude
0.02, 0.04, and 0.06 mHartree. Finally, the full inclusion
the T5 operator reduces the error below the accuracy of
reported results, i.e., below 0.001 mHartree~for the r 52Re

the error rounds up to 0.001 mHartree!. We see from the ne
values of the correlation corrections connected with e
cluster operator collected in Table VI, that for the HF mo
ecule the CC method behaves in a quasivariational ma
approaching the exact value from above, i.e., each net v
is negative.

The next examples refer to the situation where t
bonds are simultaneously stretched. A general observatio
be made here is that while theT3 operator substantially re
duces the CCSD error for the equilibrium and intermedi
distances, it overshoots in the case of the stretched b
~although the absolute deviation for that geometry is a
much smaller than that of CCSD!. This is particularly appar-
ent in the case of the SiH2 molecule where the CCSD erro
of 14.869 mHartree is reduced to23.689 mHartree. TheT4

correction for this case is large and positive, see Table
being equal to 3.343 mHartree. However, this is not eno
to compensate the total negative error due to theT3 operator.
The CCSDTQ method still overshoots by 0.346 mHartr
The T5 correction works in the same direction and, with t
value of 0.347 mHartree, reduces the CCSDTQP erro
0.001 mHartree.

That situation is characteristic of all three systems c
sidered with two single bonds. For the equilibrium and int
mediate geometries theT4 andT5 corrections are both nega
tive, approaching the exact value in a quasivariatio
manner as in the case of the HF molecule. The CCSDT
error for these geometries is of the order of 0.001 mHart
or lower, with an exception for the H2O molecule, where it is
equal to 0.002 and 0.025 mHartree, respectively for theRe

and 1.5Re bond lengths. For the stretched geometry bothT4

and T5 corrections are large and positive, working cons
tently to cancel the negative error introduced by theT3 op-
erator. We see that in the case of the H2O molecule an inclu-
sion of T5 still leaves some error for the intermediate a
stretched geometries. However, the deviations are nearly
Downloaded 26 Sep 2005 to 128.227.192.244. Redistribution subject to A
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same which means that the CCSDTQP curve stays parall
the exact one.

IV. CONCLUSIONS

We have shown that with the proper factorization of t
diagrammatic terms the implementation of the full CC
DTQP method is feasible. The program requires coding
fourteen terms contributing to theT5 equation supplemente
with small modifications for theT4 andT3 equations. Three
new intermediates have been defined; two of them are
resented by theI 18

4 type, the third oneI f gm8cde belongs to the
I 29

3 type. A small modification was required also in the ca
of the I 1

3 intermediate, in theT5 equation referred to asI 19
3.

Computationally, the method is not yet as efficient as
can be, since although it scales inherently asno

5nv
7, some of

the terms contributing to theT5 equation require quite a larg
number of permutations. In this, the program can be subs
tially improved by eliminating permutations among the ho
indices of the same value and applying appropriate sym
trization procedures, as is currently being done.

The results obtained with CCSDTQP generate an ac
racy of the order of 0.001 mHartree in the majority of th
cases studied. This indicates that the approach is a good
didate as a method that can provide high accuracy ben
mark values for small molecular systems.
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