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Formal connections between the high-density scaling limit of the correlation energy functional
Ec@n# in density functional theory and second-order energy expressions from different perturbation
theory formulations are presented. It is demonstrated that the second-order correlation potential
considered by Grabowskiet al. @J. Chem. Phys.116, 4415~2002!# is equivalent to the high-density
limit of the exact correlation potential, and thus provides the first self-consistent finite-basis-set
implementation of a Kohn–Sham~KS! potential correct through second-order. A different
second-order correlation functional based on the exchange-only KS approach is introduced. It is
shown that this second-order correlation functional leads to the same self-consistent KS realization
as the one derived from the second-order component ofEc@n#. © 2003 American Institute of
Physics. @DOI: 10.1063/1.1522570#
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INTRODUCTION AND DEFINITIONS

Very recently Grabowskiet al. ~GHIB! ~Ref. 1! have
presented exciting new results from computational sche
based on the optimized effective potential~OEP! ~Refs.
2–14! method with an inclusion of correlation potentials d
rived from a second-order many-body perturbation the
~MBPT! energy expression. Approximate second-ord
implementations have been considered and excellent num
cal results have been reported.1 The explicit orbital-
dependent correlation potentials proposed in Ref. 1 pre
an enormous improvement over the widely-used potent
derived from explicit density approximations to the corre
tion energy functional. However, because these potentials
obtained from somewhat different viewpoint, the quest
has arisen about how the GHIB approach relates to the
introduced by Go¨rling and Levy~GL!.6,15

Here, we shall establish some connections between
specific choices of the second-order correlation energy fu
tionals considered in Ref. 1, and the second-order compo
Ec

(2)@n# ~Refs. 15–19! of the exact correlation energy func
tional Ec@n# ~Refs. 16, 20–26! in density functional theory
~DFT!. We shall prove that second-order energyEc

(2),PT from
the conventional PT provides a lower bound forEc

(2)@n#. In
that,Ec

(2),PT is more negative thanEc
(2)@n# for the same set o

Kohn–Sham~KS! orbitals. Previous connections betwe

a!Present address: Analytic Solutions, 422 Park Avenue, Clarendon H
Illinois 60514.

b!Present address: Pacific Northwest National Laboratory, P.O. Box
Richland, Washington 99352.
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the high-Z limit of the common quantum chemistry corre
tion energy and different DFT correlation energy function
have been made by Perdew, McMullen, and Zunger,27 by
Chakravorty and Davidson,28 and by Ivanov and Levy.29,30

The importance of PT considerations in DFT has been
cently demonstrated by Engel31 in his work on van der Waals
interactions.

Also of interest is the second-order energyEc
(2),PT2x de-

rived by means of PT within the exchange-only OE
method. It will be shown that the potential derived fro
Ec

(2),PT2x can be a convenient choice for self-consistent
calculations. The potential derived fromEc

(2),PT2x has been
considered by Ivanov and Levy32 in their integral equation
formulation of density functional perturbation theory. Th
formulation enables one to derive correlation potentials w
out explicitly taking functional derivatives. Their approach
an extension of previous work by GL~Ref. 6! in which the
integral equation treatment was initially applied to the ze
order Hamiltonian in GLPT, whereas in Ref. 32 the integ
equation perturbation formalism is applied to any appropri
zero-order Hamiltonian.

We shall demonstrate that certain second-order appr
mations considered in Ref. 1, can lead to the finite-basis
realizations of exact KS schemes through second orde
particular, we shall compare the computational scheme
GHIB with the one developed by GL~Ref. 6! based on their
adiabatic perturbation theory.6,15,33 We shall prove that the
second-order correlation potential given by Eq.~36! in Ref.
1, GHIB, is the finite-basis-set analog of the high-dens

s,

9,
© 2003 American Institute of Physics
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scaling limit of the correlation potential in DFT. We wi
show thatEc

(2),PT2x and Ec
(2)@n# have the same functiona

form and thus lead to the same final results when their
spective potentials are included in self-consistent
schemes.

We briefly review the KS scheme based on the O
method2–14 which, in turn, allows one to include explic
orbital-dependent functionals and potentials in se
consistent KS calculations. In atomic units, define the Ham
tonian operatorĤ@n# as

Ĥ@n#5(
i 51

N H 2
1

2
¹ i

21vext~@n#;r i !J
1 (

j 5 i 11

N

(
i 51

N21
1

ur j2r i u

5(
i 51

N

ĥ~r i !1 (
j 5 i 11

N

(
i 51

N21
1

ur j2r i u
, ~1!

whereĥ(r )[2 1
2¹

21vext(@n#;r ), andvext(@n#;r ) is the ex-
ternal spin-independent potential for theN-electron system
of interest. According to the Hohenberg–Kohn theorem20

the potentialvext(@n#;r ) is a unique functional of the ground
state densityn(r ).20,34,35

The ground-state energy ofĤ@n#, EGS@n#, is given by

EGS@n#5^Fn
KSuĤ@n#uFn

KS&1Ec@n#

5 (
s5↑,↓ (

i 51

Ns H ^w isuĥuw is&1
1

2
^w isu E n~r 8!

ur2r 8u
dr 8

1 v̂xs
HF~@woccs#;r !uw is&J 1Ec@n#, ~2!

whereFn
KS is the single determinant obtained through the

method. Here,Fn
KS is the wave function that minimizes th

expectation value of the kinetic energy operator and yie
the true ground-state densityn(r ).34 In other words,Fn

KS is
built from theN lowest energy solutions to the one-partic
KS equations,

H ĥ~r !1E n~r 8!

ur2r 8u
dr 81vxs~@ns#;r !1vcs~@n#;r !J wps~r !

[ĥss~@n#;r !wp~r !5epswp~r !, s5↑,↓, ~3!

whereĥss(@n#;r ) is the one-particle KS operator defined
the sum of the operators in the curly parentheses, ans
denotes the spin orientation. Pure statev-representability35 is
assumed throughout our consideration.

In the above equation,vxs(@ns#;r ) is the solution to the
following Fredholm linear integral equation of first kind,
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E Xs~r 8,r !vxs~@ns#;r 8!dr 8

5(
i 51

Ns

(
a5Ns11

`

^w isuv̂xs
HF~@woccs#;r !uwas&

3
was* ~r !w is~r !

e is2eas

1c.c., ~4!

wherev̂xs
HF(@woccs#;r ) is the nonlocal spin-dependent HF e

change operator built from theNs occupied KS orbitals, and
wherens(r ) is the spin density. The kernel of the integr
equation~4! is given by

Xs~r 8,r !5(
i 51

Ns

(
a5Ns11

` w is* ~r 8!was~r 8!was* ~r !w is~r !

e is2eas

1c.c.

~5!

The correlation energy functionalEc@n# in Eq. ~2! is
defined by

Ec@n#5^Cnu(
i 51

N

ĥ~r i !1V̂eeuCn&

2^Fn
KSu(

i 51

N

ĥ~r i !1V̂eeuwn
KS&

5^CnuT̂1V̂eeuCn&2^Fn
KSuT̂1V̂eeuFn

KS&, ~6!

whereCn is the true ground-state wave function of the i
teracting HamiltonianĤ@n#, andFn

KS is the KS single deter-
minant. The operatorV̂ee is the electron–electron interactio
operator, i.e.,V̂ee[( j 5 i 11

N ( i 51
N211/ur j2r i u, and T̂ is the ki-

netic energy operator, i.e.,T̂[( i 51
N 2 1

2¹ i
2. The right-hand

side of Eq.~6! follows from the fact thatFn
KS is constructed

to yield the same density as the one obtained fromCn .34 In
other words,Fn

KS andCn yield the ground-state density

n~r !5^Cnur̂uCn&

5^Fn
KSur̂uFn

KS&

5n↑~r !1n↓~r !

5(
i 51

N↑
uw i↑~r !u21(

i 51

N↓
uw i↓~r !u2, ~7!

where r̂ is the density operator. In Eq.~3!, the correlation
potential vcs(@n#;r ) is formally defined as the functiona
derivative ofEc@n#, i.e., vcs(@n#;r )5dEc@n#/dns(r ).

SECOND-ORDER CORRELATION ENERGY
FUNCTIONALS

Since the exact form ofEc@n# is intractable in practice,
Ec@n# must be approximated. Hence, we can consider
initial approximation toEc@n# derived from a conventiona
PT due to
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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V̂ee2 (
s5↑,↓ (

i 51

Ns H E n~r 8!

ur12r 8u
dr 81vxs~@ns#;r i !

1vcs~@n#;r i !J 5V̂ee2 (
s5↑,↓ (

i 51

Ns

vuxcs~@n#;r i !, ~8!

wherevuxcs(r ) is a short-hand notation for the sum of the
r

-
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three components in the curly parentheses. Each subscriu,
x, andc represents the Hartree, the exchange, and the co
lation potentials, respectively. We note that Eq.~8! might be
a typical choice for a perturbation treatment when the
Hamiltonian is chosen as zero-order approximation.

By assuming that all components ofvuxcs(r ) are of the
same order, we consider
Ec
~2!,PT5 (

k51

` u^FkuV̂ee2(s5↑,↓( i 51
Ns vuxcs~@n#;r i !uFo&u2

Eo2Ek

5 (
k51
D.E.

` u^FkuV̂eeuFo&u2

Eo2Ek

1 (
s5↑,↓ (

i 51

Ns

(
a5Ns11

` u^w isuv̂xs
HF~@woccs#;r !2vxs~@ns#;r !2vcs~@n#;r !uwas&u2

e is2eas

5Ec,D
~2!,PT1 (

s5↑,↓ (
i 51

Ns

(
a5Ns11

` u^w isu f̂ s~@wocc#;r !uwas&u2

e is2eas

, ~9!
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whereEc,D
(2),PT denotes the sum over all doubly-excited~DE!

states in the second line of Eq.~9!. The one body-operato
f̂ s(@wocc#;r ) is given by

f̂ s~@wocc#;r !5ĥ~r !1 v̂uxs
HF ~@wocc#;r !. ~10!

In Eq. ~10!, we have made use of Eq.~3! along with the fact
that

f̂ s~@wocc#;r !5ĥss~@n#;r !1 v̂xs
HF~@wocc#;r !

2vxs~@ns#;r !2vcs~@n#;r !. ~11!

By considering Eqs.~10! and ~11!, and by noticing that
^w isuĥss(@n#;r )uwas&50, the last line of Eq.~9! is readily
obtained. The subscriptsi anda denote occupied and unoc
cupied KS orbitals, respectively.
Since the approximations proposed in Ref. 1 are seco
order, we also consider the second-order expression fro
specific type of PT advanced by GL.6,15,33Their adiabatic PT,
which keeps the density fixed at each order of perturbat
enables one to establish connections between the fully in
acting Hamiltonian of the system of interest, and the resp
tive KS Hamiltonian. In addition, the second-order energy
GLPT can be identified with the high-density scaling limit
the full Ec@n#.6,15–17,22,33

By considering adifferentfirst-order perturbation,

V̂ee2 (
s5↑,↓ (

i 51

Ns H E n~r 8!

ur i2r 8u
dr 81vxs~@ns#;r i !J

5V̂ee2 (
s5↑,↓ (

i 51

Ns

vuxs~@n#;r i !, ~12!
GL arrived15 at

lim
g→`

Ec@ng#5Ec
~2!@n#5 (

k51

` u^FkuV̂ee2(s5↑,↓( i 51
Ns vuxs~@n#;r i !uFo&u2

Eo2Ek

5Ec,D
~2! 1 (

s5↑,↓ (
i 51

Ns

(
a5Ns11

` u^w isuv̂xs
HF~@woccs#;r !2vxs~@ns#;r !uwas&u2

e is2eas

, ~13!
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where the scaled densityng(x,y,z) is defined22 as

ng~x,y,z!5g3n~gx,gy,gz!. ~14!

In order to establish some connections betweenEc
(2),PT and

Ec
(2)@n#, we shall make use of the fact thatEc,D

(2),PT5Ec,D
(2) ,

and of Eq.~4! re-expressed as

ns
~1!,GL~r ![(

i 51

Ns

(
a5Ns11

`

^w isuv̂xs
HF~@woccs#;r !

2vxs~@ns#;r !uwas&
was* ~r !w is~r !

e is2eas

1c.c.50,

~15!
f

be

ia

t

Downloaded 26 Sep 2005 to 128.227.192.244. Redistribution subject to A
or for any one-body multiplicative operatorg(r ),

(
i 51

Ns

(
a5Ns11

`

^w isuv̂xs
HF~@woccs#;r !!

2vxs~@ns#;r !uwas&
^wasug~r !uw is&

e is2eas

1c.c.

5E ns
~1!,GL~r !g~r !dr50. ~16!

As shown by Eq.~15!, its left-hand side can be readily iden
tified as the first-order spin-densityns

(1),GL(r ) resulting from
the perturbation given by Eq.~12!.

First, we note that
(
i 51

Ns

(
a5Ns11

` u^w isuv̂xs
HF~@woccs#;r !2vxs~@ns#;r !2vcs~@n#;r !uwas&u2

e is2eas

5(
i 51

Ns

(
a5Ns11

` u^w isuv̂xs
HF~@woccs#;r !2vxs~@ns#;r !uwas&u2

e is2eas

1(
i 51

Ns

(
a5Ns11

` u^w isuvcs~@n#;r !uwas&u2

e is2eas

2H (
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Ns

(
a5Ns11

`

^w isuv̂xs
HF~@woccs#;r !2vxs~@ns#;r !uwas&

^wasuvcs~@n#;r !uw is&

e is2eas

1c.c.J . ~17!
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The expression in the curly parentheses in Eq.~17! is zero
because of Eq.~16!. Hence, by combining Eqs.~9!, ~13!, and
~17! we obtain

Ec
~2!,PT5Ec

~2!@n#

1 (
s5↑,↓ (

i 51

Ns

(
a5Ns11

` u^w isuvcs~@n#;r !uwas&u2

e is2eas

.

~18!

Equation~18! implies

Ec
~2!,PT<Ec

~2!@n#. ~19!

Further, according to Eq.~15!, the first-order spin-
density ns

(1),GL(r ) in GLPT is zero at each point o
space, and thusEc

(2)@n# is a unique functional ofn(r ). How-
ever, the perturbation given by Eq.~8! does not keep the
density fixed since the corresponding first-order density
comes

ns
~1!,PT~r !52(

i 51

Ns

(
a5Ns11

`

^w isuvcs~@n#;r !uwas&

3
was* ~r !w is~r !

e is2eas

1c.c., ~20!

and thereforeEc
(2),PT is not a functional ofn(r ) only. In fact,

Ec
(2),PT is a functional ofn(r )1n(1),PT(r ).

However, GHIB noted that the correlation potent
vcs(@n#;r ) is at least one order higher thanV̂ee

2(s5↑,↓( i 51
Ns vuxs(@n#;r i), so in order to get a consisten
-

l

second-order approximation, the second term on the rig
hand side of Eq.~18! is effectively a higher-order energ
contribution.

We point out some inferior features ofEc
(2),PT to

Ec
(2)@n# as possible approximations toEc@n#. The second-

order energyEc
(2),PT is not a functional of the ground-stat

density n(r ) only and, in general, the highest occupie
KS orbital corresponding to the potential derived fro
Ec

(2),PT will no longer bear a rigorous connection to th
ionization potential.36,37 For example, the converge
self-consistent density is not exactlyn(r ), if the system
of interest is in the high-density limit. For such a syste
Ec

(2)@n# becomes the exact correlation function
and its functional derivative leads to the exact correlat
potential.

We also note thatEc
(2),PT is more negative than

Ec
(2)@n#, which is often already too negative when compar

with Ec@n#. The latter statement obviously follows from
Eqs. ~18! and ~19! unless^w isuvcs(@n#;r )uwas&50 for all
pairs of occupied and unoccupied spin–orbitals. Follow
Hirata et al.,12 Eq. ~19! will be equality if and only if
vcs(@n#;r ) is a constant. Sincevcs(@n#;r ) is not generally a
constant, the contribution from single excitations involvin
vcs(@n#;r ) is not zero and as a resultEc

(2),PT,Ec
(2)@n#, in

general. In conclusion,Ec
(2),PT would not be a better choice

than Ec
(2)@n# as an approximation toEc@n#. Even though

there are numerical differences, they are expected to be
small, and effectively these differences are one order hig
when compared toEc

(2)@n#.
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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If we consider an exchange-only scheme, i.e.,vcs(@n#;r )50 in Eq. ~3!, we note that the PT approach leads to the sa
perturbation as in GLPT, Eq.~12!. However, inthis casen(r ) must be replaced by the ground-state density from the excha
only calculation, namelynx(r ). With this in mind, we define

Ec
~2!,PT2x5Ec,D

~2!,PT2x1 (
s5↑,↓ (

i 51

Ns

(
a5Na11

` u^w is
x uv̂xs

HF~@woccs
x #;r !2vxs~@ns

x #;r !uwas
x &u2

e is
x 2eas

x

5Ec,D
~2!,PT2x1 (

s5↑,↓ (
i 51

Ns

(
a5Ns11

` u^w is
x u f̂ s~@wocc

x #;r !uwas
x &u2

e is
x 2eas

x
. ~21!
ls
K

-
d

er
om

in
.
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m

en-
e
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t
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e

The superscript‘‘x’’ indicates that the one-particle orbita
and energies are associated with the exchange-only
Hamiltonian. We note that Eq.~21! takes on the same func
tional form as Eq.~13!, but with exchange-only orbitals an
energies.

Very recently, Ivanov and Levy32 have considered an
exchange-only scheme as one of their choices for a z
order Hamiltonian used to derive correlation potentials fr
an integral equation DFT formulation.6,32 In this approach,
the respective correlation potentials are derived by impos
specific density constraints for each order of perturbation

GHIB SECOND-ORDER CORRELATION POTENTIAL

In this section, we address some issues associated
different second-order expressions for the correlation po
tial as discussed and implemented by GHIB. We shall de
Downloaded 26 Sep 2005 to 128.227.192.244. Redistribution subject to A
S
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onstrate that the second-order potentialvcs
(2),GHIB(r ), given

by Eq. ~36! in Ref. 1, is the same as the second-order pot
tial vcs

(2)(@n#;r ) from GLPT. Although the two potentials ar
derived in quite different ways, they assume the same fu
tional form due to the fact that the first-order dens
n(1),GL(r ) is zero at each point of space. As a result, the t
potentials keep the second-order density zero38 as required
by GL adiabatic PT.

In order to establish connections betweenvcs
(2),GHIB(r )

andvcs
(2)(@n#;r ), we first note that Eq.~36! in Ref. 1 repre-

sents the projection ofvcs
(2),GHIB(r ) in an auxiliary basis se

needed for the finite-basis-set implementation
vcs

(2),GHIB(r ). @Formula~36! is the closed-shell analog of th
generalvcs

(2),GHIB(r ).]
In the following, we study the specifics-contribution to

the sum over all single excitations in Eq.~13!, namely,
m
states.
Ecs,S
~2! @n#5(

i 51

Ns

(
a5Ns11

`
^w isuv̂xs

HF~@woccs#;r !2vxs~@ns#;r !uwas&^wasuv̂xs
HF~@woccs#;r !2vxs~@ns#;r !uw is&

e is2eas

. ~22!

We note that the contributions from double excitations in Eq.~36! in Ref. 1 are identical to the components stemming fro
doubly-excited states invcs

(2)(@n#;r ). Hence, we shall concern ourselves with the terms associated with singly-excited
We take the functional derivative of Eq.~22! with respect tons(r ) to obtain

vcs,S
~2! ~ @n#;r !52(

i 51

Ns

(
a5Ns11

` u^w isuv̂xs
HF~@woccs#;r !2vxs~@ns#;r !uwas&u2

~e is2eas!2 E @ uw is~r 8!u22uwas~r 8!u2#Xss
21~r 8,r !dr 8

1H (
i 51

Ns

(
a5Ns11

`
^w isuv̂xs

HF~@woccs#;r !2vxs~@ns#;r !uwas&

e is2eas

3F (
s51,sÞa

`
^wssuv̂xs

HF~@woccs#;r !2vxs~@ns#;r !uw is&

eas2ess

E wss~r 8!was* ~r 8!Xss
21~r 8,r !dr 8

1 (
s51,sÞ i

`
^wasuv̂xs

HF~@woccs#;r !2vxs~@ns#;r !uwss&

e is2ess

E w is~r 8!wss* ~r 8!Xss
21~r 8,r !dr 8

2(
j 51

Ns

(
s51,sÞ j

`
^waswssuw j sw is&

e j s2ess

E wss~r 8!w j s* ~r 8!Xss
21~r 8,r !dr 8

2(
j 51

Ns

(
s51,sÞ j

`
^wasw j suwssw is&

e j s2ess

E w j s~r 8!wss* ~r 8!Xss
21~r 8,r !dr 8G J 1c.c.2E n~1!,GL~r 8!wxs~r 8,r !dr 8,

~23!
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where wxs(r 8,r ) is the static exchange kernel, i.e
wxs(r 8,r )[dvxs(@ns#;r 8)/dns(r ). In the above equation
Xss

21(r 8,r ) is the effective inverse ofXss(r 8,r ). The former
is defined on the restricted space excluding all constant fu
tions to ensure proper invertibility.12 In Eq. ~23!, c.c. indi-
cates the complex conjugate of the sum in the curly par
theses, and
-

l

g
.
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^wpswqsuwssw ts&

5E E wps* ~r !wqs* ~r 8!wss~r !w ts~r 8!

ur2r 8u
dr 8dr . ~24!

In our current notation, the contribution from single excit
tions in Eq.~36! in Ref. 1 can be readily re-expressed as
vcs,S
~2!,GHIB~r !52(

i 51

Ns

(
a5Ns11

` u^w isuv̂xs
HF~@woccs#;r !2vxs~@ns#;r !uwas&u2
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21~r 8,r !dr 8

1H (
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^w isuv̂xs

HF~@woccs#;r !2vxs~@ns#;r !uwas&

e is2eas
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HF~@woccs#;r !2vxs~@ns#;r !uw is&

eas2ess

E wss~r 8!was* ~r 8!Xss
21~r 8,r !dr 8

1 (
s51,sÞ i

`
^wasuv̂xs

HF~@woccs#;r !2vxs~@ns#;r !uwss&

e is2ess

E w is~r 8!wss* ~r 8!Xss
21~r 8,r !dr 8

2(
j 51

Ns

(
s51,sÞ j

`
^waswssuw j sw is&

e j s2ess

E wss~r 8!w j s* ~r 8!Xss
21~r 8,r !dr 8

2(
j 51

Ns

(
s51,sÞ j

`
^wasw j suwssw is&

e j s2ess

E w j s~r 8!wss* ~r 8!Xss
21~r 8,r !dr 8

12(
j 51

Ns

(
s51,sÞ j

`
^wsswasuw j sw is&

e j s2ess

E wss~r 8!w j s* ~r 8!Xss
21~r 8,r !dr 8

12(
j 51

Ns

(
s51,sÞ j

`
^w j swasuwssw is&

e j s2ess

E w j s~r 8!wss* ~r 8!Xss
21~r 8,r !dr 8G J 1c.c. ~25!
n

To obtain Eq.~25!, we have used the following defini
tion:

f spq[espdpq1^wpsuv̂xs
HF~@woccs#;r !2vxs~@ns#;r !

2vcs~@n#;r !uwqs&, ~26!

along with the assumption1 that the correlation potentia
vcs(@n#;r ) is at least one order higher thanv̂xs

HF(@woccs#;r )
2vxs(@ns#;r ). In this case, there is no term containin
vcs(@n#;r ) in Eq. ~25!. We note that all terms in Eqs
~23! and~25! are identical except the last one in Eq.~23!, and
the terms in the last two lines of Eq.~25!. We further note
that

2(
i 51

Ns

(
s51,sÞ j

`
^wsswasuw j sw is&

e j s2ess

3E wss~r 8!w j s* ~r 8!Xss
21~r 8,r !dr 8

12(
j 51

Ns

(
s51,sÞ j

`
^w j swasuwssw is&

e j s2ess
3E w j s~r 8!wss* ~r 8!Xss
21~r 8,r !dr 8

52E E E was* ~r2!w is~r2!

ur12r2u
dr2Xss~r1 ,r 8!

3Xss
21~r 8,r !dr 8dr1

52E was* ~r 8!w is~r 8!

ur2r 8u
dr 8. ~27!

The third line of Eq.~27! is a consequence of Eq.~5!, and the
fact that

E Xss~r1 ,r 8!Xss
21~r 8,r !dr 85d~r12r !.

Formula ~27! is further manipulated with the commo
term in front of the square brackets in Eq.~25! to give rise to
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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2(
i 51

Ns

(
a5Ns11

`

^w isuv̂xs
HF~@woccs#;r !2vxs~@ns#;r !uwas&

3E was* ~r 8!w is~r 8!

ur2r 8u
dr 81c.c.

52E ns
~1!,GL~r 8!

ur2r 8u
dr 8. ~28!

In their original contribution, GHIB have introduced
in

e

Downloaded 26 Sep 2005 to 128.227.192.244. Redistribution subject to A
2E ~ns
~1!,GL~r 8!/ur2r 8u!dr 8

instead of

2E n~1!,GL~r 8!wxs~r 8,r !dr 8.

In order to eliminate the possible appearance ofwxs(r ,r 8),
the contribution from single excitations invcs

(2),GHIB(r ) is ob-
tained by means of
H d

dns~r !
(

s5↑,↓ (
i 51

Ns

(
a5Ns11

` u^w isu f̂ s~@wocc#;r !uwas&u2

e is2eas
J U

vcs~r !50

. ~29!
due

q.
a-

or-

en

he
.

1.

i-
P-

-

-

the

ge

es

ce is
In this case, there is no term containingwxs(r ,r 8) whose
form is quite involved. The static kernelwxs(r ,r 8) is elimi-
nated by making use of

d f̂ s~r !

dns~r 8!
5

d

dns~r 8!
$ĥ~r !1 v̂uxs

HF ~@woccs#;r !%

and

f̂ s~r !uvcs~r !505 v̂xs
HF~@woccs#;r !2vxs~@ns#;r !.

Similarly, the contributions from single excitations
Eq. ~25! can be viewed as derived fromEcs,S

(2) @n# by replac-
ing the functional derivative that appears in the last two lin
of Eq. ~23!, i.e.,

d

dns~r 8!
$v̂xs

HF~@woccs#;r !2vxs~@ns#;r !%

5
d v̂xs

HF~@woccs#;r !

dns~r 8!
2wxs~r ,r 8!, ~30!

with

d

dns~r 8!
H 2(

k51

Ns E wks* ~r 8!wks~r 8!

ur2r 8u
dr 81 v̂xs

HF~@woccs#;r !J
5

2

ur2r 8u
1

d v̂xs
HF~@woccs#;r !

dns~r 8!
. ~31!

By noticing the difference between Eqs.~30! and ~31!, we
easily confirm that2*n(1),GL(r 8)wxs(r 8,r )dr 8 in Eq. ~23! is
replaced by 2*(ns

(1),GL(r 8)/ur2r 8u)dr 8 in Eq. ~25!.
Clearly, the response functionswxs(r ,r 8) and 2/ur2r 8u

are different, and thereforevcs
(2)(@n#;r ) andvcs

(2),GHIB(@n#;r )
would be different unless the integrals

2E n~1!,GL~r 8!wxs~r 8,r !dr 8

and
s

2E ~ns
~1!,GL~r 8!/ur2r 8u!dr 8

are identical. However, both integrals are equal to zero
to the fact that the first-order densityns

(1),GL(r ) is zero at
each point of space according to Eq.~15!. As a result,
vcs

(2),GHIB(r ) is precisely the same asvcs
(2)(@n#;r ), when Eq.

~13! is used as a starting point. The implementation of E
~36! in Ref. 1 is effectively the first finite-basis-set realiz
tion of the potential derived fromEc

(2)@n#.
Furthermore, unlike the exchange-only OEP, the KS

bitals here are generated in the presence ofvcs
(2)(@n#;r ),

which is added to the exchange-only KS Hamiltonian. Wh
the second-order energy is evaluated with Eq.~13!, then we
have an exact correspondence with GLPT~2!. Alternatively,
if Eq. ~9! is used, we can estimate the contribution of t
term containingvcs

(2)(@n#;r ) on the right-hand side of Eq
~18!. We note that the second-order energies in Eqs.~9! and
~13! can be related through$Ec

(2),PT%uvcs(r )505Ec
(2)@n#.

In order to demonstrate the validity of Eqs.~18! and
~19!, we refer to the numerical results in Table I, in Ref.
For any two-electron diamagnetic density,Ec

(2)@n#
5Ec,D

(2),PT,29,30 i.e., there is no contribution from single exc
tations in Eq.~13!. As a result, the scheme denoted by OE
MBPT~2!D corresponds to GLPT~2! in terms of the second
order potential and functional. Note that in Eqs.~23! and
~25!, vcs,S

(2) (@n#;r )50 for any two-electron diamagnetic den
sity since ^wasuv̂xs

HF(@woccs#;r )2vxs(@ns#;r )uw is&50. Fur-
ther, the scheme OEP-MBPT~2!SD ~Ref. 1! uses the same
potential, and the converged KS orbitals are the same as
ones associated with the potential from GLPT~2!. To numeri-
cally support this fact, we point out that the exchan
energies corresponding to OEP-MBPT~2!SD and OEP-
MBPT~2!D are identical. However, the correlation energi
from OEP-MBPT~2!SD and OEP-MBPT~2!D are not the
same even though the orbitals are the same. The differen
exactly the contribution stemming from
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp



he

q
he
it

m
he
s

I

l
e
d
o

na
t

n
co
i

d
P
n.
fi-
te

o

on
c

-

d-
d

e
ex

nce
po-

nc-
nd-
pur-
tion
l

is

n
-

F

tion

and
59

on

s
er
ni-
t

ite
mi-

468 J. Chem. Phys., Vol. 118, No. 2, 8 January 2003 Ivanov et al.
2(
a52

` u^w1suvcs~@n#;r !uwas&u2

e1s2eas

,

as Eq.~18! dictates. Clearly, for the same set of orbitals, t
functionalEc

(2),PT is more negative thanEc
(2)@n#.

We emphasize the fact that the potential given in E
~36! in Ref. 1, which was the objective of the study, is t
finite basis-set realization of the potential associated w
Ec

(2)@n#.
It is worth mentioning that the potential derived fro

Ec
(2),PT2x in Eq. ~21! accepts exactly the same form as t

one given by Eq.~25!, with the KS orbitals and energie
being replaced by their exchange-only analogs.
vc

(2),PT2x(r )@[dEc
(2),PT2x/dns(r )# is included in self-

consistent calculations, then the final results are identica
those obtained from GLPT~2! since both potentials have th
same functional form, and both expressions are evaluate
the converged orbitals. In addition, the implementation
vcs

(2),GHIB(r ) is equivalent to the second-order computatio
schemes discussed in Ref. 32. See the potential given by
combination of Eqs.~22!–~24!.32 According to Ivanov and
Levy,32 one starts with the OEP exchange-only Hamiltonia
and considers a perturbation expansion for the unknown
relation potential. Each correlation potential component
the series is determined by solving an integral equation
rived from the constraint that density from the standard
approach is attainable from a generalized KS Hamiltonia32

A generalization of the integral equation formulation to in
nite order in PT and coupled-cluster theory will be presen
elsewhere.38

We also remark that the correlation functional and p
tential corresponding to OEP-MBPT~2!D ~Ref. 1! can be di-
rectly included in a generalized KS scheme. In this case,
uses the nonlocal HF exchange potential along with a lo
correlation potential derived fromEc

HF@n#,15,16,39or from the
integral equation approach.6,32 The correlation energy func
tional Ec

HF@n# is defined15,16,39as

Ec
HF@n#5^Cnu(

i 51

N

ĥ~r i !1V̂eeuCn&

2^Fn
HFu(

i 51

N

ĥ~r i !1V̂eeuFn
HF&

5^CnuT̂1V̂eeuCn&2^Fn
HFuT̂1V̂eeuFn

HF&, ~32!

where the single determinantFn
HF minimizes the expectation

value ofĤ@n#, but it is constrained to yield the true groun
state densityn(r ). When this generalized KS method is use
one obtainsn(r ) upon self-consistency. SinceEc

HF@n# satis-
fies the following scaling identity:15,29,30

lim
g→`

Ec
HF@ng#5Ec,D

~2!,PT, ~33!

the hybrid scheme based on OEP-MBPT~2!D ~Ref. 1! is ex-
act within the high-density scaling limit. This scheme will b
the method of choice for ground-state calculations. It is
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pected to lead to an easier self-consistent field converge
since it does not require solving for the local exchange
tential at each iteration.

Having established some connections between the fu
tionals and the potentials studied by GHIB, and the seco
order components of different KS-type schemes, we can
sue further extensions by means of the adiabatic integra
formula.40,41 In this approach, the full correlation functiona
Ec@n# can be obtained16,42–44via

Ec@n#5E
0

1 ]Ec
a@n#

]a
da, ~34!

where

lim
a→0

H a21
]Ec

a@n#

]a
J 52Ec

~2!@n#. ~35!

The quantity 2Ec
(2)@n# is especially important because it

the initial slope15 ~slope at zero coupling constant! in the
adiabatic connection formula for the correlatio
energy.16,40,41,45–49Promising results in constructing correla
tion energy functionals by making use of Eqs.~34! and~35!
have been reported by Ernzerhof,48 and by Perdew and
co-workers.49–53

Expressions similar to Eqs.~34! and ~35!, hold for
Ec

HF@n# and Ec
QC@nHF#.30,39 The latter functional is

defined54–56 as

Ec
QC@nHF#5^Cnu(

i 51

N

ĥ~r i !1V̂eeuCn&

2^FHFu(
i 51

N

ĥ~r i !1V̂eeuFHF&, ~36!

where the single determinantFHF minimizes the expectation
value ofĤ@n# without the constraint to yieldn(r ). In other
words,FHF is the HF single determinant that yields the H
density nHF(r ). The functionalEc

QC@nHF# is meant to be
added to the converged HF energy as a tack-on correla
functional to produce the exact ground-state energy.54–58

Formal extensions of the generalized Kohn–Sham
hybrid formulations have been studied in depth in Refs.
and 60.

A simple realization of a computational scheme based
the exact second-order contribution might be given by

Ec@n#'Ec
~2!@n#1$Ec

APP@n#2 lim
g→`

Ec
APP@ng#%, ~37!

where Ec
APP@n# is an explicit density approximation with

bounded high-density limit. In contrast to Eq.~13!, the local-
density approximation~LDA ! correlation energy diverges a
2 ln g, asg→`, because of the Gell–Mann and Brueckn
contribution to the correlation energy per particle of a u
form electron gas.27 In Eq. ~37!, the second-order componen
Ec

(2)@n# is calculated by means of Eq.~13!. We note that in
the finite-basis-set realization of KS schemes, the infin
summation over unoccupied orbitals becomes finite. Si
larly, one can construct approximations toEc

HF@n# and
Ec

QC@nHF# by usingEC,D
(2),PT.
IP license or copyright, see http://jcp.aip.org/jcp/copyright.jsp
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It is expected that Perdew–Burke–Ernzerhof~PBE!,61 or
Wilson–Levy ~WL! ~Ref. 62! functionals would be good
choices for using Eq.~37! to generate improved approxima
tions with particular emphasis on their potentials. As pre
ously demonstrated29,30 for certain model densities, th
second-order components of PBE and WL produce v
good results for some exact conditions. As a result, when
~37! is utilized, the new hybrid correlation functionals wou
lead to substantially improved shapes of their correspond
potentials without worsening the quality of the new functio
als as approximations toEc@n# andEc

HF@n#.

CLOSING REMARKS

New formal connections between the second-order
tential advanced by GHIB and the second-order correla
potential from GLPT are established. It is proven that GH
second-order potential is the same asvcs

(2)(@n#;r ) from
GLPT, and thus provides the first self-consistent finite-ba
set implementation of a KS Hamiltonian exact in the hig
density limit.

Different second-order energy expressions are con
ered and new relationships are derived. It is demonstra
that for the same set of KS orbitals the second-order exp
sion from common perturbation theory,Ec

(2),PT, constitutes a
lower bound for the high-density limit ofEc@n#, i.e.,
Ec

(2),PT,Ec
(2)@n#. It is argued thatEc

(2)@n# provides a better
choice thanEc

(2),PT as an approximation toEc@n#.
A new type of second-order energy functionalEc

(2),PT2x

is introduced. It is defined through second-order PT app
to the exchange-only OEP formalism. The function
Ec

(2),PT2x takes on the same form asEc
(2)@n#, but with

exchange-only orbitals and energies. WhenEc
(2),PT2x and

vc
(2),PT2x(r ) are included in self-consistent calculations, t

final results are identical to those obtained from GLPT~2!
since all expressions are evaluated with the converged
orbitals. In turn,vc

(2),PT2x(r ) leads to the same KS sel
consistent orbitals and energies as the ones f
vcs

(2)(@n#;r ). The potentialvc
(2),PT2x(r ) can be derived with-

out explicitly taking functional derivatives, via an integr
equation formulation of density functional PT.6,32

As discussed in Ref. 32, the finite-basis-set implemen
tions of second- and higher-order potentials, eliminate
long-range divergence32,63 of the correlation potentials de
rived from PT approaches. The undesired divergence st
from the fact that the second-order density does not vanis
infinity.32 However, when finite basis sets whose basis fu
tions vanish at infinity are used, the second-order den
decays to zero. As a result, the second-order potentials
ish as ur u→`. In addition, the finite-basis-set implement
tion of the OEP involves a projection method9,10,12,14,32for
solving the required integral equations, and by construc
all potentials are expanded in terms of functions that van
at infinity.

The shapes of the potentials presented by GHIB are
very good agreement with the highly accurate potentials
Umrigar and co-workers.64,65 The finite-basis-set implemen
tation of KS schemes featuring explicit orbital depend
exchange-correlation potentials open new opportunities
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only for very accurate ground-state calculations, but also
developments of improved time-dependent approaches a
cently demonstrated by Hirataet al.66

Different computational schemes based upon an exp
determination of the corresponding second-order energies
discussed. Possible choices for conventional~explicit-
density-dependent! correlation energy functionals, which ca
be combined with orbital dependence second-order energ
are proposed.
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